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ABSTRACT

The slope-number of a graph G is the minimum number of distinct edge
slopes in a straight-line drawing of G in the plane. We prove that for A > 5

and all large n, there is a A-reqular n-vertex graph with slope-number at least

n'~A%5. This is the best known lower bound on the slope-number of a graph

with bounded degree. We prove upper and lower bounds on the slope-number
of complete bipartite graphs. We prove a general upper bound on the slope-
number of an arbitrary graph in terms of its bandwidth. It follows that the
slope-number of interval graphs, cocomparability graphs, and AT-free graphs is
at most a function of the maximum degree. We prove that graphs of bounded
degree and bounded treewidth have slope-number at most O(logn). Finally
we prove that every graph has a drawing with one bend per edge, in which the
number of slopes is at most one more than the maximum degree. In a companion
paper, planar drawings of graphs with few slopes are also considered.

TDepartment of Mathematics and Statistics, McGill University, Montréal, Québec, Canada
(vida@cs.mcgill.ca). Supported by NSERC.

SMcGill Centre for Bioinformatics, School of Computer Science, McGill University, Montréal,
Québec, Canada (msuder@cs.mcgill.ca). Supported by NSERC.

1TDepartament de Matematica Aplicada Il, Universitat Politécnica de Catalunya, Barcelona,
Catalunya, Spain (david.wood@upc.edu). Supported by a Marie Curie Fellowship of the European
Community under contract 023865, and by the projects MCYT-FEDER BFM2003-00368 and Gen. Cat
2001SGR00224.

*A preliminary version of this paper was published as: “Really straight graph drawings.” Proceed-
ings of the 12th International Symposium on Graph Drawing (GD '04), Lecture Notes in Computer
Science 3383:122-132, Springer, 2004.



1 INTRODUCTION

This paper studies straight-line drawings of graphs’ in the plane with few distinct
edge slopes’. Wade and Chu [46] introduced this topic, and defined the slope-number
of a graph GG to be the minimum number of distinct edge slopes in a drawing of G.
Let the convex slope-number of G be the minimum number of distinct edge slopes
in a convex drawing® of G. Let sn(G) and csn(G) respectively be the slope-number
and convex slope-number of G. By definition sn(G) < csn(G) for every graph G.
In this paper we prove lower and upper bounds on sn(G) and csn(G) for various
(families of) graphs G. In a companion paper [15], planar drawings of graphs with
few slopes are also considered.

We start by considering some elementary lower bounds on the number of slopes.
In a drawing of a graph, at most two edges incident to a vertex v can have the same
slope. Thus the edges incident to v use at least %deg(v) slopes. Hence the number
of slopes is at least half the maximum degree. For some vertex v on the convex hull
of the drawing, every edge incident to v has a distinct slope. Thus the number of
slopes is at least the minimum degree. In a convex drawing, every edge incident
to each vertex v has a distinct slope. Thus the number of slopes is at least the
maximum degree. Summarising:

(@) sn(G) > $A(G), (b)sn(G) > 8(G), and (c) csn(G) > A(G). (1)

Given these three lower bounds, it is natural ask whether there is a function
f such that sn(G) < f(A(G)) for every graph G. (A result by Malitz [34] implies
that there is no such function f for convex slope-number®.) This question was first
posed in the conference version of this paper [17]. It was subsequently solved in the
negative for A > 5 independently by Pach and Pélvélgyi [37] and Barat et al. [2] °.
The best bound, due to Pach and Palvdlgyi [37], states that for all A > 5 and for all
sufficiently large n, there exists an n-vertex graph G with maximum degree A and
slope-number

sn(G) > n2msz o),

"We consider undirected, finite, and simple graphs G with vertex set V(G) and edge set E(G).
The number of vertices and edges of G are respectively denoted by n = |V(G)| and m = |E(G)].
The minimum and maximum degrees of G are respectively denoted by 6(G) and A(G).

2Consider a mapping of the vertices of a graph to distinct points in the plane. Now represent each
edge by the closed line segment between its endpoints. Such a mapping is a (straight-line) drawing
if the only vertices that each edge intersects is its own endpoints. The slope of a line L is the angle
swept from the X-axis in an anticlockwise direction to L (and is thus in [0,7)). The slope of an edge
or segment is the slope of the line that contains it. Of course two edges have the same slope if and
only if they are parallel. A crossing in a drawing is a pair of edges that intersect at some point other
than a common endpoint. A drawing is plane if it has no crossings.

3A drawing is convex if all the vertices are on the convex hull, and no three vertices are collinear.

*The book thickness of a graph G is the minimum integer k such that G' has a drawing in which
each edge receives one of k colours, and edges with the same colour do not cross; see [18]. Since
parallel edges do not cross, the book thickness of G is a lower bound on csn(G). Malitz [34] proved
that there are A-regular n-vertex graphs G with book thickness Q(v/An'/2=1/2). Barét et al. [2]
proved the same result for all A > 3. Thus csn(G) > Q(VAR'/?~1/4),

>The geometric thickness of a graph G is the minimum integer k such that G has a drawing in which
each edge receives one of k colours, and edges with the same colour do not cross; see [12, 19, 20, 23].
Since parallel edges do not cross, the geometric thickness of G is a lower bound on sn(G). Barat
et al. [2] proved that for all A > 9 and £ > 0, for all sufficiently large n > n(A,¢), there exists a
A-reqular n-vertex graph with geometric thickness at least cv/Anl/2=4/47¢,



The first contribution of this paper is to prove an analogous lower bound of

8+e
sn(G) > n' A,

for all A > 5 (Section 2). This is the best known bound for all A > 9. More
importantly, our bound tends to n for large A, whereas the previous bounds by Pach
and Palvolgyi [37] and Barét et al. [2] both tend to /n.

The other main contributions of this paper establish graph families for which the
slope-number is at most a function of the maximum degree. First, we consider the
slope-number of complete k-partite graphs (Section 3).

We then show that the slope-number is at most a function of the maximum degree
for interval graphs®, cocomparability graphs’, and AT-free graphs®. These results are
established by first proving a general upper bound on the slope-number in terms of
the bandwidth (Section 4.1).

For graphs with bounded degree and bounded treewidth?, we prove a O(logn)
upper bound on the slope-number (Section 4.2). The proof is based on a result of
independent interest: every tree T has a drawing with A(T) — 1 slopes and 2k — 1
distinct edge lengths, where k is the pathwidth of T

Our final contribution is to show that every graph G has a drawing with A(G)+1
slopes, if we allow one bend in each edge (Section 5).

1.1 RELATED RESEARCH

We now outline some related research from the literature. Drawings of lattices
and posets with few slopes have been considered by Ferber and Jirgensen [24],
Czyzowicz et al. [9-11] and Freese [26].

Ambrus et al. [1] introduced the following slope parameter of graphs. Let P C R?
be a finite set of points in the plane. Let S C RU {oco} be a set of slopes. Let
G(P,S) be the graph with vertex set P where two points v,w € P are adjacent if
and only if the slope of the line vw is in S. The slope parameter of a graph G is
the minimum integer k such that G = G(P, S) for some point set P and slope set S
with |S|k. This idea differs from our definition in that a clique can be represented
by a set of collinear points. Amongst other results, Ambrus et al. [1] characterised
the graphs with slope parameter 2, and proved that the slope parameter of a tree T’
equals A(T).

A famous result by Ungar [45], settling an open problem of Scott [42], states that
n non-collinear points determine at least n — 1 distinct slopes. The configurations

®A graph G is an interval graph if one can assign to each vertex v € V(G) a closed interval
[Ly, Ry] C R such that vw € E(G) if and only if [Ly, Ry] N [Lw, Rw] # 0. The pathwidth of a graph
G is the minimum k such that G is a spanning subgraph of an interval graph with no clique on k£ + 2
vertices.

’Let < be a partial order on a ground set P. The cocomparability graph of < has vertex set P,
where two vertices are adjacent if they are incomparable under <. For example, every permutation
graph is a cocomparability graph.

8An asteroidal triple in a graph is an independent set of three vertices such that each pair is joined
by a path that avoids the neighborhood of the third. A graph is asteroidal triple-free (or AT-free) if it
contains no asteroidal triple. AT-free graphs include interval, trapezoid, and cocomparability graphs.

%A graph is chordal if every induced cycle is a triangle. The treewidth of a graph G is the minimum
integer k such that G is a subgraph of a chordal graph with no clique on k + 2 vertices. This
parameter is particularly important in algorithmic and structural graph theory; see [5, 40] for surveys.
The treewidth of a graph is at most its pathwidth.



of n points that determine exactly n — 1 distinct slopes have been investigated by
Jamison [29, 30]. Jamison [32] generalised the result of Ungar by proving that any
set of non-collinear points has a spanning tree whose edges have distinct slopes.
Jamison [32] conjectured that any set of points in general position has a spanning
path whose edges have distinct slopes. In this direction, Kleitman and Pinchasi [33]
proved that every n-vertex caterpillar has a drawing on any n prespecified points in
general position such that no two edges have the same slope.

Multi-dimensional graph drawings with few slopes are also of interest. Since
an orthogonal projection preserves parallel lines, and since there always is a ‘nice’
orthogonal projection from d > 3 dimensions into the plane, the best bounds on the
number of slopes are obtained in two dimensions. Here a projection is ‘nice’, if no
vertex-vertex or vertex-edge occlusions occur; see [8, 21, 28]. Thus multi-dimensional
drawings with few slopes are only interesting if the vertices are restricted to not all
lie in a single plane. Under this assumption, Pach et al. [39] proved that the minimum
number of slopes determined by n points in R3 is (exactly) 2n — 5 if n is odd, and
at least 2n — 7 if n is even. Earlier, Pach et al. [38] proved that under the additional
assumption that no three points are collinear (which is needed for a drawing of K,,),
the minimum number of slopes is (exactly) 2n — 2 if n is odd and 2n — 3 if n is even.
These proofs are based on generalisations of the above-mentioned result of Ungar
[45]. In related work, Onn and Pinchasi [36] studied the minimum number of edge
slopes in a d-dimensional convex polytope.

2 GRAPHS oF BouNDED DEGREE

Here we prove the following theorem, which was introduced in the introduction.
Theorem 1. For all A > 5 and ¢ > 0, for all sufficiently large n > n(A,¢), there
exists a A-reqular n-vertex graph G with slope-number

8+e
sn(G) > -e=

Proof. In this proof, ¢ is an positive (absolute) constant that might change from one
line to the next. We proceed as in the proof by Barat et al. [2]. The idea is to show
that there are more A-reqular graphs than A-reqular graphs with slope-number k&,
for an appropriately chosen k. For ease of counting we work with labelled graphs.

Let G be the set of labelled A-reqular n-vertex graphs. The first asymptotic
bounds on |G| were independently obtained by Bender and Canfield [3] and Wormald
[49]. Based on a further refinement by McKay [35], Barat et al. [2] proved that

o
3A

The key contribution of Barat et al. [2] was to show that the number of labelled
n-vertex m-edge graphs with slope-number at most k is at most

<50n2(k+1>>2n+k (k(n — 1))‘ (3)

2n + k m

An/2
G > ( ) for all n > ¢A. 2)

Suppose, on the contrary, that for some A > 5, for some € > 0, and for some n,
every A-regular n-vertex graph has slope-number at most

1— 8+¢
]{j =n A+4 |




We now derive a contradiction for all sufficiently large n > n(A,¢). By (2) and (3),

)" < s CRED)T () < ()

Since (3) < (e—b“)b

(£> / < (Ckn)2n+k <0Ak> )

Hence
n4An < (C]{I?’L)16n+8k(ck‘)4An.

Observe that 8k < en for all large n > n(A,e). Thus
n4A < (Ckn>16+a(ck)4A.

That ts,

n4A—16—6 4A+16+4-¢ k?4A+16+6.

<c
Since ¢*2T16+¢ < 2 for all large n > n(A,¢),

n4A—16—3a < k4A+16+£_

That ts,
4A—16—3¢ 1—_3244e 1— 8+e
k > niA+i6te = n = 1A+16+e > n- A+
which is the desired contradiction. Therefore for all sufficiently large n > n(A,¢),

there exists a A-reqular n-vertex graph G with sn(G) > k. O
The following open problem remains unsolved.

Open Problem 1. Does every graph with maximum degree at most 4 have bounded
slope-number? Note that Duncan et al. [20] proved that such graphs have geometric
thickness at most 2.

Another interesting problem is to determine the best possible bounds on the
slope-number of graphs with bounded degree.

Open Problem 2. Does every n-vertex graph with bounded degree have o(n) slope-

number?

3 CoMPLETE MULTIPARTITE GRAPHS

We start this section by considering the slope-number of the complete graph K, on
n vertices. Consider a drawing of a graph G on a reqular n-gon with vertex ordering
(v1,v2,...,v,). Scott [42] observed that the number of slopes is

{(i +j) mod n : vv; € E(G)}| . (4)

Thus for K,,, drawn on a regular n-gon, the number of slopes is n, as illustrated in
Figure 1. Thus sn(K,) < csn(K,,) < n. To see that this construction is optimal, let
u,v,w be three consecutive vertices on the convex hull of an arbitrary drawing of



K,,. Jamison [31] observed that the n — 1 edges incident to v and the edge uww have
distinct slopes'®. Thus:

Proposition 1 ([31)). csn(K,,) = sn(K,) = n.

U3
V4 (%)
Vs U1
Ve (%)
(
(a) n even 7 (b) n odd 8

Figure 1: Drawings of K,, with n slopes.

For k > 2, the complete k-partite graph Ky, n,... n, has vertex set V(G) :=
{vij :1<i<k1<j<ni} and edge set E(G) = {vipvjq: 1 <i<j<k1<
p<n;1<q<nglh

The slope-number of the balanced complete bipartite graph is easily determined.
Proposition 2. sn(K,,,,) = csn(Ky, ) = n.

Proof. Since K, , is n-reqgular, sn(K,,) > n by Equation (1b). For the upper
bound, position the vertices of K, , on a reqular 2n-gon (vy, va, . .., v2,), alternating
between the colour classes, as illustrated in Figure 2. Thus v;v; is an edge if and
only if i + j is odd. By (4), the number of slopes is |[{(i +j) mod 2n:1<i<j <
2n,i+ j is odd}| = n. O

U3

U4 V2
Vs (%1

Ve Us

vy
Figure 2: Drawing of K44 with 4 slopes.
Proposition 2 implies that sn(K, ) < csn(Kgyp) < max{a,b}. In fact, by Equa-

tion (1c), csn(K,p) > A(Kyp) = max{a,b}. Thus csn(K,p) = max{a,b}. Deter-
mining sn(K, ) is more challenging. We have the following bounds.

""More generally, Jamison [31] proved that if a drawing of K, has k vertices on the convex hull then
the number of slopes is at least k(n — 2)/(k — 2), and that every drawing of K, with exactly n slopes
is affinely equivalent to a regular n-gon. Note that Wade and Chu [46] independently proved that
sn(K,) = n, and also presented an algorithm to test if K, can be drawn using a given set of slopes.



Theorem 2. For all a <b, 2(a+b—1) <sn(K,p) <min{b, [2] +a—1}.

Proof. That sn(K,) < b follows from Proposition 2.

Now we prove the upper bound, sn(X, ) < [2]-+a—1. Without loss of generality
bis even. Suppose V(K p) = {v1,v2, ..., v} U{ur, ug, ... ,u%}u{wl,wQ, ... ,wg},
and E(K,p) = {viuj,v;wj: 1 <i<a,1 <j <25} Position each vertex u; at (j, 1);
position each vertex v; at (% +,0); and position each vertex w; at (g +a+j,-1).
Then every edge is parallel with one of the 34— a— 1 edges {viu; : 1 < j <
%} U{u1v; : 2 <i < a}, as illustrated in Figure 3.

Uy U U3 Uy U5  Ug

U3
V1 )

O O O O O O
wp W W3 Wg W5 We

Figure 3: Drawing of K312 with 8 slopes (highlighted).

Now we prove the lower bound (which is due to an anonymous referee). Let A
and B be the two colour classes of K, ;, where |A| = a and |B| = b. Given a drawing
of K, rotate it so that no two vertices are horizontal. Let L be a horizontal line
that intersects no vertex, and has at least |$(a + b)] vertices above and below L.
Let a; and ag be the number of vertices in A respectively above and below L. Let
b1 and by be the number of vertices in B respectively above and below L. Thus
a1 +b > |3(a+b)| and as + by > [3(a+b)]. Since (a1 +ba) + (a2 +b1) =a+b,
without loss of generality, a + b > [3(a +b)].

We claim that a; > 0 and by > 0. Suppose on the contrary that a; = 0. Thus
b=bi+bs > [$(a+b)]+[3(a+b)] = a+b, implying a = 0, which is a contradiction.
Thus a1 > 0, and similarly, b > 0. Consider the drawing of K,, 3, induced by the
ay vertices in A above L and the by vertices in B below L. Every edge of K, 4,
crosses L and there is some edge in K, ;,. Let vw be the leftmost edge of K, 4,
crossing L. Then the a; +bs — 1 edges of K, 3, incident to v or w all have distinct
slopes, as illustrated in Figure 4. O

Closing the gap in the bounds in Theorem 2 remains an interesting open problem.

Open Problem 3. What is the slope-number sn(/, ;) of the complete bipartite graph
Kap?

Now consider the general case of a complete k-partite graph G. Say G has
n vertices. Since csn(G) < n and A(G) > "1n, we have sn(G) < csn(G) <
k
T A>G).

Open Problem 4. Does every complete multipartite graph G with maximum degree
A have a (convex) drawing with at most A 4 o(A) slopes?



Figure 4: Finding a large separated subgraph in K.

We have the following partial solution to Open Problem 4.

Proposition 3. Given integers p > 0 and k > 2, where k— 1 is a power of two, let G
be the complete k-partite graph Kap 9p op+1__ov+1. Then sn(G) < csn(G) = A(G).

Proof. Equation (1c) implies that csn(G) > A(G). We now prove the upper bound.

Letn := (k—1)2P*! be the number of vertices in G. Note that n is a power of two,
and A(G) = n—2P. In what follows a = b means thata = b (mod n/2P), and a = +b
means thata =bora=—b. Foral 0 <i<k—1,let B,={j € V(G) : i = +j}.
Let V(G) :={0,1,...,n—1}. Below we prove that { Py, P1,..., Px_1} is a partition
of V(G) with |Py| = |Py_1| = 2P, and |P;j| = 2P™! for all 1 < i < k — 2. Thus
{Py, P1,...,Px_1} defines a valid assignment of the vertices to the colour classes.
To obtain the drawing of G, place the vertices in numerical order on the vertices of
a reqgular n-gon.

For each vertex j € V(G), let 5/ := jmodn/2P. If 0 < j' < n/2Pt!, then
Jj € Pj. Otherwise, n/2Ptl < ' < n/2P, and j € Py jop_jr. Thus, each vertex
belongs to at least one P;. Suppose that j € P, N Py. Thus i = £5 and h = £j,
implying i = +£h. Since 0 < i < n/2P*!, we have h = i. Thus, each vertex belongs
to exactly one P;, and {Py, Py, ..., Px_1} is a partition of V(G). The set Py has size
2P because it is the set of all multiples of n/2P in {0,1,...,n —1}. Similarly, P;_1
has size 2P because it is the set of all odd multiples of n/2P™1 in {0,1,...,n — 1}.
The remainder of the P;'s have the same size, 2P*1, by symmetry.

To prove that the number of slopes |{(i + j) mod n : ij € E(G)}| =n — 2P, by
(4), it suffices to prove that i+ j = 0 implies ij ¢ E(G). Suppose that i € Pj,. Thus
h+¢=0o0r h—i=0. In the first case, we have h +1¢ =1+ j, implying h — 5 = 0.
In the second case, we have h — i+ (i + j) = 0, implying h + j = 0. In both cases
Jj € Py, implying ij & E(G). O

Corollary 1. Given integers p > 0, ¢ < 2P, and k > 2, where k — 1 is a power of
two, let G be the complete k-partite graph K, op op+1__op+1. Then csn(G) = A(G).

Proof. Let G’ be the complete k-partite graph Kop 90 9p+1 _9p+1. Then G is a sub-
graph of G’, and A(G) = A(G') = (k — 2)2P*! 4+ 2P, The result follows from
Proposition 3. O



4 GEeNERAL GRAPHS

While Theorem 1 proves that there exist graphs of bounded degree with unbounded
slope-number, in this section, we prove that the slope-number of various classes of
graphs is bounded by a function of the maximum degree. For graphs of bounded
degree and bounded treewidth we prove a O(logn) bound on the slope-number.
Our results are based on the following structure. Let H be a (host) graph.
The vertices of H are called nodes. An H-partition of a graph G is a function
f:V(G) — V(H) such that for every edge vw € E(G) we have f(v) = f(w) or
f)f(w) € E(H). In the latter case, we say vw is mapped to the edge f(v)f(w).
The width of f is the maximum of |f~!(z)|, taken over all nodes = € V(H), where
fHz) :={v € V(G) : f(v) = z}. The following general result describes how to
produce a drawing of a graph G given an H-partition of G and a drawing of H.

Theorem 3. Let D be a drawing of a graph H with s distinct slopes and ¢ distinct
edge lengths. Let t := |{(slope(e),length(e)) : e € E(D)}| (which is at most
sf). Let G be a graph with an H-partition of width k. Then G has a drawing
with at most k + s + t(k? — k) < k + s + sl(k* — k) distinct slopes (and at most
|E)+ 0+ t(k? — k) < [E] + €+ st(k? — k) distinct edge lengths).

Proof. The general approach is to scale D appropriately, and then replace each node
of H by a copy of the drawing of K} on a reqular k-gon (described in Section 3).
The only difficulty is to scale D so that we obtain a valid drawing of G.

Observe that |¢1 — @2 is the size of the minimum angle formed by lines of slope
¢1 and ¢y. Let {01,05,...,0,} be the set of slopes of the edges of D. Rotate the
drawing of K} on a reqular k-gon so that, if {1, 32,..., 0k} is the set of slopes of
the edges of K}, then |6; — 3| > 0 for all ¢ and j. Let € := min; ;{|6; — 5;]}.

Replace each node = in D by a disc B, of uniform radius r centred at x, where
r is chosen small enough so that: (1) B, N B, = 0 for all distinct nodes x and y in
D; and (2) for every edge xy € E(H) with slope 6;, every segment with endpoints
in B, and B, and with slope ¢ intersects no other B;, and |¢ — 6;| < . Position
a regular k-gon on each B (using the orientation determined above), and position
the vertices f~!(z) of G at its vertices. Since |6; — 3;| > ¢, the slope of any edge
vw of G that is mapped to zy does not equal any 3;. Hence vw does not pass
through any other vertex of G.

Each copy of K}, contributes the same k slopes to the drawing of G. For each
edge xy € E(H), for all 1 < i < k, the edge of G from the i-th vertex on B, to
the i-th vertex on B, (if it exists) has the same slope as the edge zy in D. Thus
these edges contribute s slopes to the drawing of (G. Consider two edges e; and
ez of H that have the same slope and the same length in D (of the ¢ possibilities).
The edges of G that are mapped to e; use the same set of slopes as the edges of
G that are mapped to ey. There are at most k2 — k edges of G that are mapped
to a single edge of H and were not counted above. Thus in total we have at most
k + s +t(k® — k) slopes, as illustrated in Figure 5.

Each copy of K} contributes the same (%} distinct edge lengths. This, along
with analogous arguments to those presented above, gives an upper bound of L%J +
¢ +t(k® — k) on the number of distinct edge lengths. O



Figure 5: Illustration of the construction in Theorem 3 with H = Ky, s =4, { =2,
and k£ = 4.

4.1 DRAWINGS BASED oN PATHS

Theorem 3 suggests using host graphs that have drawings with few slopes and few
edge lengths. Thus a path is a natural choice for a host graph, since it has a drawing
with one slope and one edge length. The path-partition-width of a graph G, denoted
by ppw(G), is the minimum integer k such that G has a P-partition of width &, for
some path P. Theorem 3 with r = s = /¢ =1 implies:

Corollary 2. Every graph G has a drawing with ppw(G)? + 1 slopes. O

As indicated by the following lemma, path-partition-width is closely related
to the classical graph parameter bandwidth!'. The width of a vertex ordering
(vi,v2,...,v,) of a graph G is the maximum of |i — j|, taken over all edges v;v; €
E(G). The bandwidth of G, denoted by bw(G), is the minimum width of a vertex
ordering of G.

Lemma 1. For every graph G, 4(bw(G) + 1) < ppw(G) < bw(G).

Proof. Let (v1,vs,...,v,) be a vertex ordering of G with width b = bw(G). For all
0 <i<|[n/b],let B; :={vip+1,Vib+2,---,Vip+rp}- Then (B, By, ... 7BLn/bJ) defines
a path-partition of G with width b. Thus ppw(G) < bw(G).

Now suppose (Bi, B, ..., By,) is a path-partition of G with width k& = ppw(G).
Let (v1,v,...,v,) be a vertex ordering of G such that ¢ < j whenever v; € B, and
vj € By and p < g. For every edge v;v; € E(G) with v; € B, and v; € By, we have
|Ip —q| < 1. Thus |i — j| < 2k — 1. Hence the width of (v, v2,...,v,) is at most
2k — 1. Therefore bw(G) < 2ppw(G) — 1. O

Corollary 2 and Lemma 1 imply that every graph G has a drawing with bw(G)%+1
slopes. This bound can be tweaked as follows.

"Bodlaender [4] found essentially the same relation in the context of emulations of networks.

10



Theorem 4. Every graph G has slope-number sn(G) < 1bw(G) (bw(G) + 1) + 1.

Proof. Let G[B;, B;+1] be the bipartite subgraph of G with vertex set B; U B;y; and
edge set {vw € E(G) : v € B;,w € B;11} from the proof of Lemma 1. Observe that
in the construction of the path-partition in Lemma 1, the edges of each G[B;, B;+1]
are a subset of {{vip1j, vip1)pse} 1 <j < b1 <€ <5} If we consistently assign
the vertices in each B; to the reqular b-gon in Theorem 3, then each G[B;, B;y1] will
use the same set of slopes, since each G[B;, Bi+1] is a subgraph of the same graph.
The number of slopes in G[B;, Bi11] is 1+Zg~:1(j— 1), since each vertex v; € B; is
incident to j edges with endpoints in B;41, one of which is horizontal. Thus the total
number of slopes in the resulting drawing of G is b+1+3(b—1)b = 2b(b+1)+1. O

‘»AA»AA»AA;,
(X = QE/ME/M;V
N N = < ——

Figure 6: Drawing of a graph with bandwidth 4 with eleven slopes.

The following examples of Theorem 4 are corollaries of results by Fomin and
Colovach [25] and Wood [47] that bound bandwidth in terms of maximum degree.

e Every interval graph G has bw(G) < A(G) [25, 47], and thus has a drawing
with at most 3A(G) (A(G) 4 1) + 1 slopes.

e Every cocomparability graph G has bw(G) < 2A(G) — 1 [47], and thus has a
drawing with at most A(G) (2A(G) — 1) + 1 slopes.

e Every AT-free graph G has bw(G) < 3A(G) [47], and thus has a drawing with
at most 2A(G) (BA(G) + 1) + 1 slopes.

Open Problem 5. Does every interval graph G have a drawing with O(A(G)) slopes?

4.2 DRAWINGS BASED oN TREES

To obtain bounds on the slope-number of more general graphs, we consider T-
partitions for some tree T. This structure is called a tree-partition, and has been
extensively studied [6, 7, 13, 14, 16, 22, 27, 27, 43, 48]. Theorem 3 motivates the
study of drawings of trees with few slopes and few distinct edge lengths.

Theorem 5. Every tree T with pathwidth k > 1 has a plane drawing with max{A(T)—
1,1} slopes and 2k — 1 distinct edge lengths.

The proof of Theorem 5 is loosely based on an algorithm of Suderman [44] for

drawing trees on layers. We will need the following lemma'?.

Lemma 2 ([44)). Every tree T has a path P such that T\'V (P) has smaller pathwidth
than T, and the endpoints of P are leaves of T.

2In fact, Lemma 2 can be viewed as the basis for an alternative definition of the pathwidth of a
forest. In particular, the pathwidth of K, equals 0, the pathwidth of a forest F' equals the maximum
pathwidth of a connected component of F, and the pathwidth of a tree T" equals the minimum k such
that there exists a path P of T and the pathwidth of 7"\ V(P) is at most k — 1.

11



A path P satisfying Lemma 2 is called a backbone of T

Proof of Theorem 5. We refer to T" as 1. Let ng be the number of vertices in Ty, and
let Ag = A(Tp). The result holds trivially for Ay < 2. Now assume that Ay > 3.
Let S be the set of slopes

s )
= < — 0< 1 < —
S {2<1+A0—2) O_l_AO 2}

We proceed by induction on n with the hypothesis: “There is a real number ¢ =
£(ng, Ay), such that for every tree T' with n < ng vertices, maximum degree at most
Ap, and pathwidth & > 1, and for every vertex r of T with degree less than Ay, T
has a plane drawing D in which:

e 1 is at the top of D (that is, no point in D has greater Y-coordinate than r),
e every edge of T" has slope in S,
e every edge of T has length in {1,¢,...,¢*~1}, and

e if r is contained in some backbone of T, then every edge of T' has length in
{1,¢,... 022}

The result follows from the induction hypothesis, since we can take r to be the
endpoint of a backbone of Tj, in which case deg(r) = 1 < Ag, and thus every edge
of Ty has length in {1,¢,...,¢2k2},

The base case with n = 1 is trivial. Now suppose that the hypothesis is true
for trees on less than n vertices, and we are given a tree T with n vertices and
pathwidth k, and r is a vertex of 7" with degree less than Ay.

If r is contained in some backbone B of T, then let P := B. Otherwise, let P
be a path from r to an endpoint of a backbone B of T. Note that P has at least
one edge. As illustrated in Figure 7, draw P horizontally with unit-length edges.
Every vertex in P has at most Ay — 2 neighbours in 7'\ V(P), since r has degree
less than Ay and the endpoints of a backbone are leaves. At each vertex z € P,
the children {yo,v1,...,ya,—3} of z are positioned below P and on the unit-circle
centred at , so that each edge xy; has slope (1 + /(Ao —2)) € S.

Figure 7: Drawing of T" with few slopes and few edge lengths.

Every connected component 7”7 of 7'\ V(P) is a tree rooted at some vertex 7’/
adjacent to a vertex in P. By the above layout procedure, v’ has already been
positioned in the drawing of 7. If 7" is a single vertex, then we no longer need to
consider this 7.

12



We consider two types of subtrees 7”, depending on whether the pathwidth of
T" is less than k. Suppose that the pathwidth of 7" is k (it cannot be more). Then
T'N B # () since B is a backbone of T. Thus 7" N B is a backbone of 7" containing
r’. Thus we can apply the stronger induction hypothesis in this case.

Every T” has fewer vertices than T, and every 1’ has degree less than Ag in T".
Thus by induction, every 7" has a drawing with /' at the top, and every edge of 7’
has slope in S. Furthermore, if the pathwidth of T is less than k, then every edge
of T’ has length in {1,¢,...,¢?*=3}. Otherwise 7/ is in a backbone of 7", and every
edge of 7" has length in {1,¢,...,¢?¢=2},

There exists a scale factor ¢ < 1, depending only on ny and Ay, so that by
scaling the drawings of every 7" by ¢, the widths of the drawings are small enough
so that there is no crossings when the drawings are positioned with each r’ at
its already chosen location. (Note that ¢ is the same value at every level of the
induction.) Scaling preserves the slopes of the edges. An edge in any 7" that had
length ¢ before scaling, now has length £iF1,

Case 1. r is contained in some backbone B of T: By construction, P = B.
So every T” has pathwidth at most k£ — 1, and thus every edge of 7" has length in
{6402, ... 0?72} All the other edges of T" have unit-length. Thus we have a plane
drawing of T with edge lengths {1,¢,...,¢?*=2}, as claimed.

Case 2. r is not contained in any backbone of T Every edge in every 7" has
length in {¢',¢2 ..., 25=11 All the other edges of T have unit-length. Thus we
have a plane drawing of 7" with edge lengths {1,¢,...,¢2*71}, as claimed. O

Theorem 6. Let G be a graph with n vertices, maximum degree A > 1, and treewidth
k> 1. Then G has a drawing with O(k3A*logn) slopes.

Proof. Wood [48] proved that G has a T-partition of width at most w := 2(k +
1) (9A — 1) for some forest 7. (The proof is a minor improvement to a similar
result by an anonymous referee of the paper by Ding and Oporowski [13].) For each
node z € V(T), there are at most wA edges of G incident to vertices mapped to
x. Hence we can assume that 7" is a forest with maximum degree at most wA, as
otherwise there is an edge of T" with no edge of G mapped to it, in which case
the edge of 7" can be deleted. Similarly, 7" has at most n vertices. Scheffler [41]
proved that T has pathwidth at most log(2n + 1); see [5]. By Theorem 5, T" has a
drawing with at most wA — 1 slopes and at most 2log(2n + 1) — 1 distinct edge
lengths. By Theorem 3, G’ has a drawing in which the number of slopes is at
most w(wA — 1)(2log(2n + 1) — 1)(w — 1) + (wA — 1) + w € O(w3Alogn) C
O(k3A*logn). O

Corollary 3. Every n-vertex graph with bounded degree and bounded treewidth has
a drawing with O(logn) slopes. O

5 1-Benbp DRAWINGS

While Theorem 1 proves that some graph with bounded degree has unbounded slope-
number, we now show that there is no such graph if we allow bends in the edges.
For a graph G, let G’ be the graph obtained from G by subdividing each edge of G;
that is, for each edge e = vw of G, introduce a new subdivision vertex z. in G', and
replace e by the path vx.w. A 1-bend drawing of G is a drawing G'.
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Theorem 7. Every graph G has a 1-bend drawing with A(G) + 1 slopes.

Proof. Let S be a set of A(G) + 1 distinct slopes. Suppose the vertices of G have
been positioned in the plane. For each vertex v of G and each slope ¢ € S, consider
there to be a slope line through v with slope ¢. Position the vertices of G at distinct
points in the plane so that: (1) each slope line intersects exactly one vertex, and (2)
no three slope lines intersect at a single point, unless all three are the slope lines
of a single vertex. This can be achieved by positioning each vertex in turn, since at
each step, there are finitely many forbidden positions.

Consider each slope line to be initially unused. Each edge is drawn with one
bend, using one slope line at each of its endpoints, in which case, we say these
slope lines become used. Now draw each edge vw of G in turn. At most deg(v) — 1
slope lines at v are used, and at most deg(w) — 1 slope lines at w are used. Since
|S| > deg(v) + 1 and |S| > deg(w) + 1, there are two unused slope lines at v, and
two unused slope lines at w. Thus there is an unused slope line at v that intersects
an unused slope line at w. Position the bend for vw at their intersection point.

We now prove that this defines a drawing of G’. Suppose on the contrary that
there is an edge vu of G’ and a vertex w of G’ that intersects vu, and v # w # u.
Without loss of generality, v is a vertex of G and u is a subdivision vertex. Since
each slope line intersects exactly one vertex of GG, w is a subdivision vertex of some
edge wiws of G. Since edges are only drawn on unused slope lines, w; # v and
we # v. Therefore, the three slope lines containing the edges wjw, wow and vu
intersect in one point, and all three do not belong to the same vertex. This is a
desired contradiction. O
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