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Abstract

A hole in a graph is an induced subgraph which is a cycle of length at least four. A hole is called even
if it has an even number of vertices. An even-hole-free graph is a graph with no even holes. A vertex of a
graph is bisimplicial if the set of its neighbours is the union of two cliques. In this paper we prove that every
even-hole-free graph has a bisimplicial vertex, which was originally conjectured by Reed.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

All graphs in this paper are finite and simple. Let G be a graph. The complement, G, of G is
the graph with vertex set V (G) and such that two vertices u, v € V(G) are adjacent in G if and
only if they are non-adjacentin G. A clique in G is a set of vertices, all pairwise adjacent. Let S be
a subset of V(G). We denote by G|S the subgraph of G induced on S, and by G \ S the subgraph
of G induced on V(G) \ S. We say that S is connected if G|S is connected. A component of S
is a maximal subset S’ of S such that G|S’ is connected. An anticomponent of S is a maximal

1 This research was conducted at Princeton University during the period the author served as a Clay Mathematics
Institute Research Fellow.
2 Partially supported by ONR grant N00014-01-1-0608, and NSF grant DMS-0070912.

0095-8956/$ — see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jctb.2007.12.006



1120 L. Addario-Berry et al. / Journal of Combinatorial Theory, Series B 98 (2008) 1119-1164

subset S’ of S such that G |S” is connected. The neighbourhood of S, denoted by Ng(S) (or
N (S) when there is no risk of confusion), is S together with the set of all vertices of V(G) \ S
with a neighbour in S. If § = {v}, we write N (v) instead of Ng({v}) (and, respectively, N (v)
instead of N ({v})). For an induced subgraph H of G, we define N(H) to be N(V(H)). The
non-neighbourhood of S is the set V(G) \ N(S). A vertex is called bisimplicial (in G) if its
neighbourhood is the union of two cliques. Two disjoint subsets A, B of V(G) are complete to
each other if every vertex of A is adjacent to every vertex of B, and anticomplete to each other if
no vertex of A is adjacent to any vertex of B. If A = {a}, we write “a is complete (anticomplete)
to B” instead of “{a} is complete (anticomplete) to B.”

A hole in a graph is an induced subgraph which is a cycle of length at least four. An antihole
in a graph G is the complement of a hole in the complement of G. A hole is even if it has an
even number of vertices (and, equivalently, edges), and odd otherwise. A graph is even-hole-
free if it contains no even hole. Even-hole-free graphs were studied in [2] and are known to be
recognizable in polynomial time [1,3]. In [4] it is shown that every even-hole-free graph contains
a vertex whose neighbourhood induced a graph with no holes at all. However, the following
conjecture of Reed has remained open [5], and is our main result:

1.1. Every non-null even-hole-free graph has a bisimplicial vertex.

A graph G is called odd-signable if there exists a function f:E(G) — {0, 1} such that
ZeeE(H) f(e) is odd for every hole H of G. It is natural to ask whether 1.1 is true if we re-
place “even-hole-free” by “odd-signable.” The answer to this question is “no,” and the eight
vertex graph which is the 1-skeleton of the cube is a counterexample.

The goal of this paper is to prove 1.1. However, for inductive arguments, it turns out to be
helpful to consider a slightly stronger statement. Instead of just finding one bisimplicial vertex,
we prove that every subgraph with certain properties contains one.

A set S of vertices in a graph G is called dominating (in G) if N(S) = V(G), and non-
dominating otherwise. An induced subgraph H of G is dominating if V (H) is dominating, and
non-dominating otherwise. We can now state our main theorem.

1.2. Let G be an even-hole-free graph. Then both the following statements hold:

1. If H is a non-dominating hole in G, then some vertex of V(G) \ N (H) is bisimplicial in G.
2. If K is a non-dominating clique in G of size at most two, then some vertex of V(G) \ N(K)
is bisimplicial in G.

Clearly the second statement of 1.2 with K = ¢J implies 1.1. We remark that the second state-
ment of 1.2 is false if we replace “at most two” by “at most three.” The graph obtained from K4
by choosing a vertex and subdividing once the edges incident with it is a counterexample.

Let us now outline the proof of 1.2. The proof uses induction. Let G be a graph such that 1.2
holds for all smaller graphs. First we suppose that G fails to satisfy the first statement, that is there
is a non-dominating hole H in G, but there is no bisimplicial vertex in the non-neighbourhood
of V(H). Now the idea is to examine the neighbourhood of V (H) and try to find what we call a
“useful cutset” in G, that is, a subset C of V(G) and an edge e with both ends in C such that
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e V(G)\ C is the disjoint union of two non-empty sets, L and R, anticomplete to each other;
e C C N(e) and the non-neighbourhood of e in the graph G|(C U R) is a non-empty subset of
the non-neighbourhood of V(H) in G.

If we find such a cutset C, then it follows, from the minimality of G, that R contains a ver-
tex v which is bisimplicial in G|(C U R); and since L is anticomplete to R, it follows that v is
a bisimplicial vertex of G, which is a contradiction.

Unfortunately, we do not always succeed in finding a useful cutset; sometimes we have to
make do with aset C and alist uy, ..., ug, vy, ..., vg of vertices of C (possibly with repetitions)
where u; is non-adjacent to v; in G for every 1 < i < k, such that:

V(G) \ C is the disjoint union of two non-empty sets, L and R, anticomplete to each other;

e the graph G’ obtained from G|(R U C) by adding the edge u;v; for every 1 <i < k is even-
hole-free;

e for some edge ¢ of G', C C N(e), and the non-neighbourhood of e in the graph G’ is a
non-empty subset of the non-neighbourhood of V(H) in G;

e if v is a bisimplicial vertex of G’ contained in the non-neighbourhood of e, then v is bisim-

plicial in G.

Having found such a set C etc., the same argument as in the case of a “genuine” useful cutset
leads to a contradiction.

So G satisfies the first statement of 1.2. Suppose it fails to satisfy the second. This means that
there is a non-dominating clique K of size at most two in G with no bisimplicial vertex in its
non-neighbourhood. An easy argument shows that there is a hole H of G such that K is included
in V(H). Since the first assertion of the theorem holds for G, we deduce that H is dominating
in G. Now we can examine the structure of G relative to H, and again find variations on the idea
of a useful cutset, such as the one described above, that lead to a contradiction. So G satisfies the
second statement of 1.2 too. This completes the inductive proof.

For a graph G, we denote by x (G) the chromatic number of G, and by @ (G), the size of the
largest clique of G. Finally, we would like to point out the following easy corollary of 1.1:

1.3. Let G be an even-hole-free graph. Then x (G) < 2w(G) — 1.

Proof. By 1.1, some vertex v of G is bisimplicial, and therefore v has degree at most 2w — 2.
Now the result follows by deleting v and applying induction. O

2. Preliminaries

Let us start with some definitions. We say that P is a path in G if P is an induced connected
subgraph of G, such that either P is a one-vertex graph, or two vertices of P have degree one,
and all the others have degree two. (This definition is non-standard, but very convenient.) The
length of a path is the number of edges in it. A path is called even if its length is even, and odd
otherwise. Let the vertices of P be pi, ..., pr in order. Then pi, px are called the ends of P
(sometimes we say P is from pp to py or between p1 and py), and the set V(P) \ {p1, px} is
the interior of P and is denoted by P*. For 1 <i < j <k we will write p;-P-p; or p;-P-p;
to mean the subpath of P between p; and p;. Similarly, if H is a hole, and a, b and ¢ are three
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vertices of H such that a is adjacent to b, then a-b- H-c is a path, consisting of a, and the subpath
of H \ {a} between b and c.

A theta in a graph G means an induced subgraph 7 of G with two non-adjacent vertices s,
and three paths P, Q, R, each between s, ¢, such that P, Q, R are disjoint apart from their ends,
the union of every pair of them is a hole, and T = P U Q U R. A prism in G is an induced
subgraph P in which there are three paths Ry, Ry, R3, with the following properties:

e fori =1,2,3, R; has length > 0; let its ends be a;, b;;

e R1, Ry, R3 are pairwise disjoint, and V(P) = V(R; U Ry U R3);

e for 1 <i < j < 3, there are precisely two edges between V(R;) and V(R;), namely a;a;
and bibj.

An even wheel in G is an induced subgraph consisting of a hole H and a vertex v ¢ V (H) with
an even number, and at least four, neighbours in V (H).

It is easy to see that every theta, every prism, and every even wheel contains at least one even
hole, and therefore

2.1. No even-hole-free graph contains a theta, a prism or an even wheel.
Let H be ahole in G and let v € V(G) \ V(H). We say that (with respect to H) v is:

a leaf if it has exactly one neighbour in V(H),

a hat if it has exactly two neighbours in V (H) and they are adjacent,

a clone if its neighbours in V (H) form a two-edge subpath of H,

a pyramid if v has exactly three neighbours in V (H) and exactly one pair of them is an edge
of H, and

e a major vertex if either three neighbours of v in V(H) are pairwise non-adjacent, or
|[V(H)| =5 and v is complete to V (H).

If v is a leaf with respect to H and the neighbour of v in V(H) is n1, we say that v is a leaf
at n1. If v is a hat with neighbours n1, ny, then v is a hat at nyn;. If v is a clone with respect to H
and the neighbours of v in V(H) are ny, ny, n3 where n is non-adjacent to n3, we say that v is
a clone at nj. Finally, if v is a pyramid with respect to H with neighbours n1,ny,n3 in V(H)
where n is adjacent to ny, we say that v is a pyramid with base nin, and apex n3.

2.2. Let G be an even-hole-free graph and let H be a hole of G. Let v be a vertex of V(G)\ V(H)
with a neighbour in V(H). Then v is either a leaf, or a hat, or a clone, or a pyramid, or a major
vertex with respect to H.

Proof. Let N be the set of neighbours of v in V(H). We may assume that |N| > 1, no three
vertices of N are pairwise non-adjacent, and if |V (H)| =5, then v is not complete to V (H), for
otherwise the theorem holds. It follows that | N| < 4, and therefore by 2.1 |N| < 3.

Suppose |N| =2 and write N = {n1, np}. We may assume that n; is non-adjacent to n;, for
otherwise the theorem holds. But now the subgraph induced by G on V(H) U {v} is a theta,
contrary to 2.1.

Next assume that |[N| =3 and write N = {n, np, n3}. Since no three vertices of N are pair-
wise non-adjacent, we may assume that n is adjacent to ny. If n3 is anticomplete to {ny, n»},
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then v is a pyramid with respect to H, so we may assume that n3 is adjacent to ny, say. Since H
is a hole, n3 is non-adjacent to n1, and therefore n-n,-n3 is a two-edge subpath of H and v is a
clone with respect to H. So if |[N| = 3, the theorem holds. This completes the proof of 2.2. O

The following is a lemma that we use a number of times in the course of the proof.

2.3. Let G be even-hole-free, let K be a clique in G, and let S be a subset of V(G) \ K. As-
sume that V(G) \ (K U S) is the disjoint union of two sets, L and R, such that L is connected
and anticomplete to R. Assume also that every vertex of K has a neighbour in L, and there is
a vertex a € L, such that S is complete to a and anticomplete to L \ {a}.

Define the graph G’ as follows. Let V(G') = RU S UK, and let u,v € V(G') be adjacent if
and only if there is an odd path of G between them with interior in L.

Then G’ is even-hole-free.

We remark that every two vertices of G’ that are adjacent in G, are still adjacent in G’. Since S
is anticomplete to L \ {a} and K is a clique, it follows that every edge in E(G’) \ E(G) has one
end in § and the other in K.

Proof. We observe that, since L is connected and every vertex of K U S has a neighbour in L,
it follows that for every k¥’ € K and s’ € S, there is a path from k' to s” in G with interior in L.
Assume for a contradiction that there is an even hole H in G’. Since G|(K U RU §) is even-hole-
free, it follows that at least one edge of H belongs to E(G’) \ E(G). So there exist two vertices k
and s of H such that k € K, s € S, and k is adjacent to s in G" but not in G.

(1) Ifk’ € K is non-adjacent in G’ to s’ € S, then every path from k' to s’ with interior in R is
odd.

Let P be a path from k' to s” with interior in R and let Q be a path from &’ to s” with interior
in L. Since s’, k" are non-adjacent in G, it follows that Q is even. But now, since k’-Q-s’-P-k’
is not an even hole in G, it follows that P is odd. This proves (1).

(2) Letk' € K and s’ € S be adjacent in G' and non-adjacent in G. Then every path from k' to
s" in G with interior in R is even.

Let P be a path from k' to s’ in G with interior in R and let Q be a path from k" to s” in G with
interior in L. Since s’, k¥’ are adjacent in G, it follows that Q is odd. But now, since k'-Q-s’- P-k’
is not an even hole in G, it follows that P is even. This proves (2).

3) [VH)N(SUK)| > 2.

If V(H) N (K US) = {k, s}, then the graph induced by G on V(H) is an odd path from k to
s with interior in R, contrary to (2). This proves (3).

(4) Every vertex of K, incident with an edge of E(G) \ E(G), is complete to S in G'.

Let k1s; € E(G) \ E(G) for some k| € K and s; € S, and let s, be in S. Since kis| €
E(G')\ E(G), we deduce from the definition of G’ that in G there exists an odd path P from k;



1124 L. Addario-Berry et al. / Journal of Combinatorial Theory, Series B 98 (2008) 1119-1164

to s1 with interior in L. Since S is complete to a and anticomplete to L \ a, it follows that the
neighbour of s; in P is a, and ki- P-a-s> is an odd path from k; to s, with interior in L. But now,
kisy € E(G’), again by the definition of G’. This proves (4).

By (4) k is complete to S, and therefore |V (H) N S| < 2. Assume first that |[V(H) N S| =2,
and let s’ be the vertex of V(H) N S different from s. Since H is a hole, s is non-adjacent to s’
and V(H) \ {k, s, s’} is included in R. Let P be the path H \ {k}. Now, since H is an even hole,
P is even, and s- P-s’-a-s is an even hole in G, a contradiction. This proves that V(H) N S = {s},
and therefore, by (3) and since K is aclique, |V (H) N K| =2. Let k" be the vertex of V(H) N K
different from k. Then k' is non-adjacent to s and V(H) \ {k,k’, s} is a subset of R. But then,
since H is an even hole, the path H \ {k} is even, contrary to (1). This completes the proof
of23. O

Finally, we show the following:

2.4. Let G be a counterexample to 1.2 with |V (G)| minimum, and assume that there exists a non-
dominating clique K' of size at most two in G such that no vertex of V(G)\ N(K') is bisimplicial
in G. Then there exists a non-dominating clique K of size exactly two in G such that no vertex
of V(G) \ N(K) is bisimplicial in G.

Proof. First we show that we may assume |K'| = 1. For suppose that K’ = (. If G is a complete
graph, then every vertex of G is bisimplicial, contrary to the assumption, so there is a non-
dominating vertex k”. Now K” = {k”’} is a non-dominating clique of size one in G such that
no vertex of V(G) \ N(K") is bisimplicial in G. We therefore assume that K’ = {k’} for some
k' e V(G).

If there exists a neighbour k of k’, such that {k, K’} is non-dominating, then the clique K =
{k, K’} has the desired property. So we may assume that no such k exists and every k € N (k)
is complete to V(G) \ N (k). Since fora,b € N(k') \ {k'} and c € V(G) \ N(k'), k'-a-c-b-k' is
not a hole of length four, it follows that N (k') is a clique. By the minimality of V(G), there is
a bisimplicial vertex v in G \ N(k’). But now, since NG (v) = Ng\n)(v) U (N(K') \ {K'}), it
follows that v is bisimplicial in G, a contradiction. This proves 2.4. O

In the next few sections, we will be proving several statements about an even-hole-free
graph G such that 1.2 holds for all graphs with fewer vertices than G. We refer to this prop-
erty as “the minimality of |V (G)|.”

3. Non-dominating holes

The goal of this section is to prove the following:
3.1. Let G be an even-hole-free graph such that 1.2 holds for all graphs with fewer vertices
than G. Let H be a non-dominating hole of G. Then there is a vertex in V(G) \ N(H) which is
bisimplicial in G.
Proof. Assume no such vertex exists. Let {----- hi-h be the vertices of H in order. Let M =

V(G)\ N(H) and N = N(H) \ V(H). Then no vertex of M is bisimplicial in G. From the
minimality of |V (G)] it follows that G is connected, and therefore N # 7.
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(1) M is connected, and every vertex of N has a neighbour in M.

Assume that either M is not connected or there is a vertex n € N with no neighbour in M. In
the first case let X be a component of M, and in the second let X = {n}. Then M # X, and H is
a non-dominating hole in G \ X. By the minimality of |V (G)|, there is a vertex v in M \ X that
is bisimplicial in G \ X. But Ng(v) = Ng\x (v), and so v is bisimplicial in G, a contradiction.
This proves (1).

Let X be the set of leaves, Y the set of hats, C the set of clones, and B the set of major vertices
and pyramids with respectto H. By22 N=XUY UCU B.

(2) B is a cligue.

Suppose not. Let by, by € B be non-adjacent. By (1), both b1 and b, have neighbours in M
and M is connected, so there exists a path Py joining b1 and b, and otherwise contained in M.

Assume first that there is a vertex & € V(H), adjacent to both b; and by. Let 4’ and h” be
neighbours of 2 in H. Since by, by are in B, each of them has a neighbour in V(H) \ {h, h’, h"},
and therefore there is a path P; joining b1 and b, and otherwise contained in V (H) \ {h, h’, h"}.
But now the paths b1-Py-by, b1-h-by, b1- P1-by form a theta, contrary to 2.1. This proves that no
vertex of H is a common neighbour of b1 and b;.

We may assume that b is adjacent to h. Let i be maximum and j minimum such that
by is adjacent to h; and hj. Then i, j # 1. Since by is in B, it follows that i — j > 3.
Let R be the path of H between h; and h; containing k. Let h;s be the neighbour of b
in V(R) such that the subpath P; of R between h; and h;; contains no other neighbour of b,
and let hj and P; be defined similarly. If ;s and h;, are distinct and non-adjacent, then
by-Py-by, b1-hjr-Pi-hi-by, by-h j- Pj-h j-by form a theta in G, contrary to 2.1, so we may assume
not, and therefore b has at most two neighbours in V (R).

Assume first that by has exactly two neighbours in V(R), and therefore h; is non-adjacent
to hj, and hj to h;. Since |i — j| > 3, it follows that by has a neighbour in V(H) \ V(R)
non-adjacent to one of h;, hj, say h;. So there exists a path Q joining b; and b; and other-
wise containedin {h;, h i1, ..., hj_2}. Butthen by-Py-b2, b1-Q-b2, bi-hj- Pi-h;-b; form a theta
in G, contrary to 2.1. This proves that /11 is the unique neighbour of b; in V(R).

From the symmetry and since h;-R-hj-b-h; is not a hole of length four, we may assume
that j > 2. Since b is in B, it follows that b has at least two neighbours in V(H) \ V(R),
and in particular b; has a neighbour in V(H) \ V(R) non-adjacent to h;. So there ex-
ists a path Q joining by and by and otherwise contained in {hj;,hjy1,...,hi_2}. But then
b1-Po-ba, b1-Q-by, b1-hj- Pi-h;-by form a theta in G, contrary to 2.1. This proves (2).

(3) If b € B and c € C are non-adjacent and c is a clone at h, then b is a pyramid with apex h.

We may assume that & = hy. Let H' be the hole H U {c} \ {h}. Assume first that b is ad-
jacent to hy. Then the number of neighbours of b in V(H’) differs by one from the number of
neighbours of b in V(H), and since G contains no even wheel, b has exactly two neighbours,
hi,hjin V(H'"). 2.2 applied to H' implies that /; is adjacent to / ;. But then b is a pyramid with
apex h1, and (3) holds.

So we may assume that b is non-adjacent to i1. Let i be maximum and j minimum such
that b is adjacent to /; and 4 ;. Since bisin B,i — j > 3. Let P;, P; be the subpaths of H \ {h}
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between h; and hy, and h; and & ; respectively. By (1), there is a path Py joining b and ¢ and oth-
erwise contained in M. But now b-Py-c, b-h;- P;-hi-c, b-h j-P;-h;-c form a theta in G, contrary
to 2.1. This proves (3).

A vertex h of H is a 1-base if some vertex of N is either a leaf at & or a clone at . An edge
hh' of H is a 2-base if some vertex of N is a hat at hh'.

(4) The set of all 1-bases is a clique.

Suppose not. We may assume that % is a 1-base, and there exists 3 <i < k — 1 such that k;
is a 1-base. Let x be a leaf or a clone at &1 and y a leaf or a clone at &;. By (1), there is a path
Py joining x and y and otherwise contained in M. Let P; and P, be the subpaths of H \ {h}
joining hy and h;_1, and h;41 and hy, respectively.

Now if x, y are both leaves, then h{-x-Po-y-h;, hi-ha-Pi-hi_1-h;, h1-hg-P>-hi11-h; form
a theta; if x,y are both clones and x is non-adjacent to y, then x-Py-y, x-ho-P1-h;_1-y,
Xx-hg-Py-hi41-y form a theta; and if, say, x is a leaf and y is a clone, then hi-x-Py-y,
hi1-hy-Pi-hi_1-y, hi-hg-P>-h;1-y form a theta, in all cases a contradiction to 2.1. So x and y
are both clones and they are adjacent. But then the graph G|(V(H) U {x, y} \ {h1}) is an even
wheel, again contrary to 2.1. This proves (4).

(5) At most one edge of H is a 2-base.

Suppose not. We may assume that h1h, is a 2-base, and for some 2 < i < k — 1, the edge
hihjy1 is a 2-base. Let x be a hat at h1hy and y a hat at h;h; 1. By (1), there is a path Py
joining x and y and otherwise contained in M.

Assume first that i = 2. Let P be the path H \ {h3}. Then h-P-h3-y-Py-x-hy is a hole H’,
and the neighbours of A, in H' are precisely {h{, x, y, h3}. So V(H’) U {h;} induces an even
wheel in G, contrary to 2.1. This proves that i # 2.

Let P; be the subpath of H \ {h>} joining A and h;11, and P, be the subpath of H \ {h}
joining s and ;. Then the three paths k- Pi-hj41, ho-Pa2-h;i, x- Py-y form a prism in G, contrary
to 2.1. This proves (5).

(6) There does not exist a clique K with |K| < 2, such that N C N(K) and M £ N(K).

Suppose such K exists. Let G’ = G\ (V(H)\ K). Then K is a clique of size at most two in G’,
and, since M N (K), it is non-dominating in G’. It follows from the minimality of |V (G)| that
there exists a vertex v in V(G’) \ N(K) which is bisimplicial in G’. Since N € N(K), we deduce
that v € M. But since V(G) \ V(G’) C V(H), it follows that Ng(v) = Ng/(v), and therefore v
is bisimplicial in G, a contradiction. This proves (6).

(7) Every 1-base is complete to B U C.

Suppose not. Let b in B U C be non-adjacent to a 1-base, say /1. Let x be a clone or a leaf
at hy. If b belongs to C, we get a contradiction to (4), so we may assume that b is in B.

Assume first that x is a clone, and let H' be the hole with vertex set V(H) U {x}\ {k1}. By (3)
b is adjacent to x. But now N(b) N V(H') = N(b) N V(H) U {x} and so b has an even number,
and at least four, neighbours in V (H’), contrary to 2.1.
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So x is a leaf. Let i be maximum and j minimum such that b is adjacent to ; and 4 ;. Let P;
be the subpath of H \ {h1} joining h; and h; and let P; be the subpath of H \ {A1} joining A,
and A ;. Since b belongs to B, i — j > 3. By (1) there exists a path Py joining x and b and
otherwise contained in M. But now hy-x-Po-b, h-P;-hi-b, h1-Pj-h;-b is a theta in G, contrary
to 2.1. This proves (7).

(8) C isa cligue.

Suppose not, and choose non-adjacent ¢y, co € C. We may assume that ¢; is a clone at A.
Since hs-c1-hg-c-hy is not a hole of length four in G, it follows that ¢; is not a clone at /.
By (4) we may assume that c¢; is a clone at /7; and /1 and ki are the only 1-bases.

First we claim that every 2-base is incident with one of %1, h>. Suppose not and let /;h; 4| be
a 2-base with i # 1,2, k. Let x be a hat at 4;h; 1. By (1) all of x, ¢1, ¢ have neighbours in M
and M is connected. Let Py = pi-----p;; be a path with p; =x, V(P) \ {p1} € M, and such
that p,, has a neighbour in {cy, c2} and {c1, >} is anticomplete to P \ {p;,}. From the symmetry
we may assume that p,, is adjacent to c¢;. Since c{-h2-c2-py-c1 is not a hole of length four, ¢y is
non-adjacent to p,,, and therefore has no neighbour in V (Pp).

Let P; be the subpath of H \ {h,} joining k3 and k;. Let P, be the subpath of H \ {h} joining
hi and hj4 1. If i # 3 then the three paths c2-py,- Po-x, h3-P1-h;, ha-c1-hg-Pa2-hj41 form a prism
in G; and if i = 3 then h4-P>-hy-c1-ha-c3-pm-Po-x-hy4 is a hole in G and h3 has exactly four
neighbours in it, in both cases contrary to 2.1. This proves that every 2-base is incident with one
of hy, hy.

Let K = {hy, hy}. Since hy, h; are the only 1-bases in H, every 2-base is incident with one
of hy, hy, every vertex of B is adjacent to both of &1, h; by (7),and N =XUCUY UB, it
follows that N is included in N (K). But M N N(K) = @, contrary to (6). This proves (8).

(9) There exists either a vertex in N that is not complete to M, or a 1-base, or a 2-base.

Suppose not. Then N = B and B is complete to M. It follows from the minimality of |V (G)|
that some vertex v of M is bisimplicial in G|M. Since Ng(v) = Ngjm(v) U B and by (2) Bisa
clique, it follows that v is bisimplicial in G, a contradiction. This proves (9).

(10) There exists a 2-base.

Suppose not, so ¥ = . If there exists a 1-base, let K be the set of all 1-bases, and otherwise
let K = {n} for some n € N that is not complete to M (the existence of such a vertex n follows
from (9)). Then M € N(K). By (4) K is a clique of size at most two. But by (2) and (7), and
since N = BU C U X, it follows that N € N (K), contrary to (6). This proves (10).

In view of (10) we may assume without loss of generality that 1/, is a 2-base.
(11) None of hy, h> is a 1-base.

Suppose one of 1, k7 is a 1-base, and from the symmetry we may assume it is 71. Let K be
the set of all 1-bases, then by (4) K is a clique of size at most two. Since by (5) Y is complete
to hi, it follows from (7) that N € N(K). But now, since K C V(H), it follows that N(K) N
M = @, contrary to (6). This proves (11).
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For a vertex v in B U C let i (v) be the minimum i > 2 such that v is adjacent to h;. We say
that v is of even type if i (v) is even, and of odd type otherwise. Let T be the set of all vertices of
even type. Please note that T is anticomplete to /.

(12) BUC is a clique.

Suppose not. It follows from (2), (3) and (8) that there exist a vertex h; of H, a clone c at &,
and a pyramid p with apex £ such that ¢ is non-adjacent to p. By (11), j #1,2. Let h;h; 11 be
the base of p.

First we claim that /4 is the only 1-base in H. For suppose for some m # j, h;, is another
I-base. By 4) m € {j — 1, j + 1}, and by (7) p is adjacent to h,,, contrary to the fact that & is
the apex of p. This proves the claim.

Next we claim that i = 1. Suppose not. From the symmetry we may assume that j <i. Let x
be a hat at hhy. By (1) all of x, ¢, p have neighbours in M and M is connected. Let Py =
pl1--c- pm be apath with p; =x, V(Py) \ {p1} € M, and such that p,, has a neighbour in {c, p}
and {c, p} is anticomplete to Py \ {p}. Since c-h j-p-p;,-c is not a hole of length four, not both ¢
and p are adjacent to p,,, and therefore one of ¢, p has no neighbour in V (Py).

If p is adjacent to p,,, then the subgraph induced by G on V(H) U V(Py) U {p, c} \ {h;} is
an even wheel if i = k and a prism if i # k, contrary to 2.1. If ¢ is adjacent to p,,, let P; be
the subpath of H \ {h;} between h;4 and A1, and let P, be the subpath of H \ {h} between h,
and & ;1. Then the three paths c-p;,-Po-x, hj-p-hi11-Pi-h1, hj_1-P>-h; form a prism if j > 3
and an even wheel otherwise, contrary to 2.1. This proves thati = 1. Consequently 4 < j <k—1.

Let L ={h3, hq,...,hj_1} and let B’ be the set of all vertices of B that are anticomplete to L.
Let S={h2}, K=BUCU{h;}\ B and R=MUXUY UB'.Then G|(KUSURUL) is
even-hole-free, by (3) and (7) both K and S are cliques, and L is connected and every vertex
of K has a neighbour in L. Let G’ be the graph obtained from G \ (V(H) \ {h2, h;}) by adding
edges between h and all its non-neighbours in 7" U {h}. Since p-hs-h3----- h j-p is not an even
hole, it follows that j is odd, and therefore, by (7), B’ N\ T = @. This implies that the only edges
of G’ that are not edges of G are those with one end in K and the other one in S. By 2.3 applied
to G|(K U S UL U R), it follows that G’ is even-hole-free.

Let U = {h2, h;}. Then M is disjoint from Ng/(U), and therefore U is a non-dominating
clique in G'. By (7), and since £ is the only 1-base in H, we deduce that BU C U X is complete
to & j, and by (5) Y is complete to s, so N is included in Ng/(U). It follows from the minimality
of |V (G)| that there is a vertex v € V(G’) \ Ng/(U) that is bisimplicial in G’, and therefore v is
in M. Since V(G) \ V(G') € V(H), we deduce that Ng(v) = Ng/(v), and so v is bisimplicial
in G, a contradiction. This proves (12).

(13) XUT #40.

Suppose X UT isempty. Then N = BUYUC.Let S = {h3}, K =BUC, L= H\{hy, ha, h3}
and R = MUY U{hjy}. Then, by (12), K, S are both cliques; L is connected and, by (5), anticom-
plete to R; and, by (11), every vertex of K has a neighbour in L. Let G’ be the graph obtained
from G|(K U S U R) by adding all edges between B U C and hj3. It follows from 2.3 that G’ is
even-hole-free.

Let U = {hy, h3}. Since N(U) N M =@, U is a non-dominating clique in G’. By the min-
imality of |V (G)|, it follows that there is a bisimplicial vertex v in V(G’) \ N(U). Since
V(G ={hy,h3} UBUCUY UM, and Y is complete to 4 and B U C to h3, we deduce
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that v is in M. But now Ng(v) = Ng/(v), and therefore v is bisimplicial in G, a contradiction.
This proves (13).

(14) For some even integer i with 3 <i < k there is a leaf at h;.

Suppose not. Let K’ be the set of all vertices 4; of H such that there is a leaf at ;. By (4)
and (11) |K'| < 1.

Assume first that K’ is empty and T is complete to M. Then N = B U C UY. Since every
y € Y has a neighbour m € M, every t € T is adjacent to m, and y-hp----- hi)-t-m-y is not
an even hole in G, it follows that Y is complete to 7. Choose t € T (by (13) T # ). Since
H is a non-dominating hole in G \ {¢}, it follows from the minimality of |V (G)| that some
vertex m of M is bisimplicial in G \ {t}. Now ¢ is complete to Ng\(;}(m), because Ng\ (1) (m) €
MUY U BUC, and by (12) and the previous argument ¢ is complete to M UY U B U C. Since
Ng(m) = Ng\(ry(m) U {t}, it follows that m is bisimplicial in G, a contradiction. This proves that
either K’ # ¢ or some vertex of T is not complete to M.

Suppose first that K’ = {h;} for some j > 3. Let L be the subpath of H \ {h{} from k3 to
hj_i.Let S = {h>}, and define K to be the union of K’ with the set of all the vertices of B U C
that have a neighbourin L. Let R=(M U XUY UBUC)\ K. Then by (7) and (12) both K, S
are cliques, L is connected and, by (5), anticomplete to R and every vertex of K has a neighbour
in L. Let G’ be the graph obtained from G|(R U K U S) by adding all edges between K’ U T
and hy. By 2.3 G’ is even-hole-free. Let U = {h», h;}. Then U is a non-dominating clique of size
two in G’, and it follows from the minimality of |V (G)| that there is a vertex v € V(G')\ Ng/(U)
that is bisimplicial in G’. Since, by (7), BU C U X is complete to h j and, by (5), Y is complete
to hy, it follows that v is in M. But then, since V(G) \ V(G’) is included in V (H), it follows
that Ng(v) = Ng(v), and so v is bisimplicial in G, a contradiction. This proves that if K’ = @,
then K’ = {h3}.

Next suppose that K’ = {h3}. Let G’ = G \ (V(H) \ {h2, h3}), and U = {h», h3}. Then U is a
non-dominating clique of size two in G’, and it follows from the minimality of |V (G)| that there
is a vertex v € V(G’) \ Ng/(U) that is bisimplicial in G’. Since, by (7), BU C U X is complete
to k3 and, by (5), Y is complete to k5, it follows that v is in M. But then, since V(G) \ V(G') is
included in V (H), it follows that NG (v) = Ng’(v), and so v is bisimplicial in G, a contradiction.
This proves that K’ = @4, and therefore some vertex of T is not complete to M, and, in particular,
T # 0.

Let L be the path H \ {hy,h>}, S=1{h2}, K=BUC and R =M U Y. We observe that
since K’ = @, it follows that X = . Then by (12) both K, S are cliques, L is connected and
anticomplete to R and every vertex of K has a neighbour in L. Let G’ be the graph obtained from
G|(RU K U §) by adding all edges between T and hj. By 2.3 G’ is even-hole-free. Let a be a
vertex in T that is not complete to M. Let U = {a, h}. Then U is a non-dominating clique of size
two in G’, and it follows from the minimality of |V (G)| that there is a vertex v € V(G’) \ Ng/(U)
that is bisimplicial in G’. Since, by (12), B U C is complete to a and, by (5), Y is complete to &»,
it follows that v is in M. But then, since V(G) \ V(G’) is included in V (H), it follows that
Ng(v) = Ng'(v), and so v is bisimplicial in G, a contradiction. This proves (14).

In view of (14) let i be an even integer such that 3 < iy < k and h;, is a 1-base. By (4), the set
of all 1-bases is a clique included in {h;,_1, h;,, hi;+1}, and from the symmetry we may assume
that h;,—1 is not a 1-base. Let L be the subpath of H \ {h1} between h; and h;,—1, and let R
be the union of X U M U {h; 1} with the set of all vertices of B U C that have no neighbour
in L. Let K ={h;;}UBUC\ R and let § =Y. Then (by (7) and (12)) K is a clique, L is
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connected, anticomplete to R, and every vertex of K U S has a neighbour in L. Moreover, h»
is a vertex of L complete to S, and S is anticomplete to L \ {#,}. Let G’ be the graph obtained
from G|(K U S U R) by adding all edges between K \ T and Y. By 2.3 G’ is even-hole-free. Let
U = {hi,, hiy+1}. Then U is a clique of size two in G’, and since M is anticomplete to U, it is
non-dominating. It follows from the minimality of |V (G)| that some vertex v of V(G’)\ Ng/(U)
is bisimplicial. Since U contains all 1-bases, by (7) BUC is complete to /;, and Y is complete to
hj, by the construction of G, it follows that v belongs to M. But since V(G) \ V(G’) is a subset
of V(H), it follows that NG (v) = Ng’(v), and so v is bisimplicial in G, a contradiction. This
completes the proof of 3.1. O

4. Star cutsets

A cutset in G is asubset C of V(G) such that V(G) \ C is the union of two disjoint non-empty
sets, anticomplete to each other. A star cutset is a cutset consisting of a vertex and some of its
neighbours. If v together with a subset of N (v) is a cutset, we say that v is a centre of this star
cutset. A star cutset C is called full if it consists of a vertex and all its neighbours. A double star
cutset in G is a cutset consisting of two adjacent vertices u, v and some of their neighbours. The
edge uv is then a centre of the double star cutset.

In the next few theorems, we develop tools that allow us to make use of certain variations of
star cutsets and double star cutsets in the proof of 1.2.

4.1. Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices
than G. Assume that there exists a non-dominating clique K of size at most two in G such that
no vertex of V(G) \ N(K) is bisimplicial in G. Let C be a star cutset of G with centre c such
that some component of V(G) \ C is disjoint from K and is not complete to c. Then K C C \ {c}.

Proof. By 2.4, we may assume that |K| =2. Let K = {x, y}. Let Cy, ..., Ci be the components
of V(G)\ C. Thenk >2.Let G; = G|(C U ;).

(1) c¢K.

Suppose ¢ € K. Assume without loss of generality that ¢ = x. Since K is a non-dominating
clique in G, K N V(G;) is non-dominating in G; for some 1 < i < k. From the minimality
of |V (G)|, there exists a vertex v € V(G;) \ N(K), such that v is bisimplicial in G;. It follows
that v € C;. But then Ng,(v) = Ng(v), and so v is bisimplicial in G, a contradiction. This
proves (1).

(2) KNC #£9.

Suppose K NC = ¢J. Then we may assume that K C Cy. By hypothesis some other component
of V(G) \ C, say C3, is not complete to c. Thus {c} is a non-dominating clique in G;. By the
minimality of |V (G)|, there exists a vertex v € V(G3) \ N ({c}), such that v is bisimplicial in G>.
It follows that v € C>. But now Ng, (v) = Ng(v), and so v is bisimplicial in G, a contradiction.
This proves (2).

To complete the proof, suppose that K Z C. By (1) and (2), we may assume that x € C \ {c},
and y € Cy. For 2 <i <k, let C; =C; \ N(c) and let C" = C; N N(c). Since some component
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of V(G) \ C is disjoint from K and is not complete to c, it follows that Uf:z C! # 0. Assume
first that for some 2 < i < k, x is not complete to le. Then {c, x} is a non-dominating clique
in G;, and by the minimality of |V (G)|, there exists a vertex v € V(G;) \ N({c, x}), such that v
is bisimplicial in G;. It follows that v € C!. But then Ng, (v) = Ng(v), and so v is bisimplicial
in G, a contradiction. This proves that x is complete to U;C:z Cl.

We claim that for every 2 <i <k, x is complete to (C U C;"\ {x}) N N(C}). For suppose not,
choose n € (CUC! \ {x}) N N(C}) non-adjacent to x, and let c; € C| be a neighbour of n. Then
x is adjacent to ¢, and n-c1-x-c-n is a hole of length four, a contradiction. This proves the claim.

LetG'=G|(CUC U Uf:z C!"). Since K is a non-dominating clique in G, and x is complete
to Uf:z C/, it follows that K is a non-dominating clique in G’. By the minimality of |V (G)],
there exists a vertex v € V(G’) \ N(K), such that v is bisimplicial in G’. Since x is adjacent to c,
and for every 2 <i <k, x is complete to (C UC/\ {x}) N N(C)), it follows that either v belongs
to Uf:z C’UC \ {c}, and v is anticomplete to V(G) \ V(G’), or v belongs to Cy. In both cases,
Ng/(v) = Ng(v), and so v is bisimplicial in G, a contradiction. This proves 4.1. O

4.2. Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices
than G. Assume that there exists a non-dominating clique K of size at most two in G such that
no vertex of V(G) \ N(K) is bisimplicial in G. Then G does not admit a full star cutset.

Proof. By 2.4, we may assume that | K| = 2; and let the vertices of K be x and y. Suppose there
exists w € V(G) such that N(w) is a cutsetin G. Let N = N(w) \ {w} and let Cy, ..., C¢ be the
components of V(G) \ N(w). Thenk > 2. Let G; = G|(C; UN (w)). By 4.1, K C N.

(1) C; \ N(K) @ for every 1 <i <k.

Suppose C; € N(K). Since K is a non-dominating clique in G, it follows that K is a non-
dominating clique in G’ = G \ C;. By the minimality of |V (G)|, there exists a vertex v € V(G') \
N(K), such that v is bisimplicial in G’. If either v € U{-‘zz Ci, or v € N and v is anticomplete
to C1, then Ng/(v) = Ng(v), and so v is bisimplicial in G, a contradiction. So v € N, and v has
a neighbour ¢ € C1. Without loss of generality we may assume that c is adjacent to x. But now
v-c-x-w-v is a hole of length four, a contradiction. This proves (1).

) CiNNx)#£Dand C; N N(y) # 0 forevery 1 <i <k.

Suppose C1 N N(x) = @. By (1), y is not complete to Ci, and therefore {w, y} is a non-
dominating clique in G1. By the minimality of |V (G)|, there exists a vertex v € V(Gp) \
N({w, y}), such that v is bisimplicial in G. But now, v € Cy and so Ng,(v) = Ng(v) and
v ¢ N(K). Consequently, v is bisimplicial in G, and v € V(G) \ N(K), a contradiction. This
proves (2).

Let W be the set of vertices in N(w) \ N(K) that are anticomplete to Uf:l Ci. Let Z =
Nw)\ (N(K)UW)andlet Z;, =N(C;))N Z.

(3) For1<i < j<k, Z;NZ; =1 and there does not exist a path from a vertex of Z; to a vertex
of Z; with interior in W.
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Suppose (3) is false. Assume first that there exist z; € Z1 and z5 € Z3, such that there is a path
R of even length from z; to zo with R* C W, and either z{ =z, 0r z; ¢ Z> and zo ¢ Z;. By (2),
x has a neighbour in C; and in C3, and so for m = 1, 2 there exists a path P, between x and z,,,
such that P € Cy,. Since x-Py,-z,;-w-x is not an even hole, P,, is odd for m = 1, 2. But now,
x-P1-z1-R-z3-P>-x is an even hole in G, a contradiction. This proves that for 1 <i < j <k,
Z; N Z; = and every path from a vertex of Z; to a vertex of Z; with interior in W is odd.

We may therefore assume that there exist z; € Zy, z» € Z3, and a path R of odd length from z;
to zp with R* C W. Suppose there exist a path P from x to z; with Pl* CCi\N(y) and a
path P, from y to zo with P2* C C2 \ N(x). Since x-Pj-z1-w-x and y-P»-z2-w-y are not even
holes, it follows that both P; and P, are odd. But then x-P;-z1-R-z2-P»-y-x is an even hole,
a contradiction. This proves that no such P; and P; exist.

From the symmetry assume that there is no path from z; to x with interior in C; \ N(y). Let
S be the union of the components of C; \ N(y) that contain no neighbour of x. Now z; has a
neighbour, say ¢, in Cy. Since zi-c-y-w-z; is not a hole of length four, it follows that y is non-
adjacent to c. Since there is no path from z; to x with interior in C7 \ N (y), it follows that ¢ € S.
Let G' = G|(N(w) U (N(y) N C1) US). Then {w, y} is a non-dominating clique in G’. By the
minimality of |V (G)|, there exists a vertex v € V(G’) \ N({w, y}), such that v is bisimplicial
in G'. But this means that v € S, and therefore v is anticomplete to {x, y} and Ng/(v) = Ng (v);
and so v is bisimplicial in G, a contradiction. This proves (3).

For 1 <i <k, let W; be the set of vertices a € W, such that there is a path from w to
a vertex of Z;, with interior in W, and let Wy = W \ Ule W;. By (3), W; and W; are dis-
joint and anticomplete to each other for 0 <i < j < k. Let G' =G\ Ufzz(C,- UZ UW,).
By (1), K is a non-dominating clique in G’. By the minimality of |V (G)|, there exists a vertex
v € V(G')\ N(K), such that v is bisimplicial in G’. But this means that v € C; U Z; U W U Wy,
and therefore Ng/(v) = Ng(v); and so v is bisimplicial in G, a contradiction. This completes the
proof of 4.2. O

4.3. Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices
than G. Assume that there exists a non-dominating clique K of size at most two in G such that
no vertex of V(G) \ N(K) is bisimplicial in G. Then there does not exist a double star cutset C
in G with centre uv and a vertex w € V(G) \ (N (1) U N (v)), such that K and w are contained
in two different components of V(G) \ C.

Proof. Suppose 4.3 is false. Let C; be the component of V(G) \ C with w € Cy, and let
G’ = G|(C U Cy). Then {u, v} is a non-dominating clique of size two in G’. By the minimal-
ity of |V (G)|, there exists a vertex z € V(G’) \ N({u, v}), such that z is bisimplicial in G’. But
this means that z € Cy, and therefore z is anticomplete to K and Ng/(z) = Ng(z), and so z is
bisimplicial in G, a contradiction. This proves 4.3. O

Another useful fact of similar flavour is the following:

4.4. Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices
than G. Assume that there exists a non-dominating clique K = {x, y} in G such that no vertex
of V(G) \ N(K) is bisimplicial in G. Let H be a hole in G, suchthat x € V(H) and y ¢ V(H).
Then G\ (N(H) \ {y}) is connected.
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Proof. Suppose G\ (N(H)\ {y}) is not connected, and let C; be the component of G\ (N (H) \
{y}) containing y, and C, # ¥ some other component. Let G' = G|(C, U N(H) \ {y}). Since
Cy # @, H is a non-dominating hole in G’. By the minimality of |V (G)|, there exists a vertex
v € V(G’) \ N(H) such that v is bisimplicial in G’. But this means that v € C5, and therefore
v is anticomplete to {x, y} and Ng(v) = Ng/(v); so v is bisimplicial in G, a contradiction. This
proves4.4. O

Let H be a hole, and w a major vertex with respect to H that is not complete to V(H). Let
us call a w-interval a maximal path of H whose vertex set is complete to w, and a w-gap a
maximal path of H whose vertex set is anticomplete to w. Thus every vertex of H either belongs
to a unique w-gap or to a unique w-interval. For a w-gap C, let the borders of C be the ends of
the path H \ V(C). So the borders of a gap are adjacent to w.

In view of 4.2 and 4.1, it is of interest to us to find out which even-hole-free graphs admit a star
cutset. While we do not know the complete answer to this question, we can prove the following:

4.5. Let G be even-hole-free, and let H be a hole in G, such that some vertex w of G is ma-
Jor with respect to H. Assume that w is not complete to V(H). Then G admits a star cutset
with centre w. Moreover, let C be a w-gap of H with borders x,y. Let A be the set of all
vertices h in V(H) N N(w) such that the subpath of H \ {x} from y to h contains an even
number of neighbours of w, and let B =V (H) \ (V(C) U N(w)). Let N' = N(w) \ A. Then
V(G)\ (N"U{w}) is the union of two disjoint sets Vi and V3, such that V| is anticomplete to Va,
V(C)Z Viand AUB C V,.

We start with some lemmas.

4.6. Let G be a graph and let P be a path in G with vertices pi, ..., py in order, and let x, y be
two non-adjacent vertices in V(G) \ V (P) such that each of x,y has two non-adjacent neigh-
bours in V(P). Suppose there do not exist two paths S and S» between x and y such that
S} US; C V(P) and S} is anticomplete to S3. Then, possibly with x and y exchanged, there
exists 1 <i < nsuchthat N(x)NV(P)<{p1,...,pix1}and N(y) N V(P) S {pi,..., Pn}

Proof. Let i, be minimum and j, maximum such that x is adjacent to p; and p; , and let i,
and j, be defined similarly for y. We may assume that iy <iy.If j, <iy + 1, then the theorem
holds, so we may assume not, and therefore p; and p;, are distinct and non-adjacent. Since
y has two non-adjacent neighbours in V(P), jy > iy + 1, and in particular p;, and p;, are
distinct and non-adjacent. Let P; be the subpath of P between p;, and p;, and P, the subpath
of P between p; and p iy Then V (P1) is anticomplete to V (P,), and there exist paths S, S>
between x and y with §¥ C V(Py) and Si C V(P;), a contradiction. This proves 4.6. O

We say that two major vertices x and y with respect to a hole H cross if there do not exist paths
Py and P, of H with |[V(P1)NV(Py)| < 1suchthat N(x)NV(H) CV(P1)and N(y)NV(H) C
V(Py).

4.7. Let G be even-hole free. Let H be a hole and let x,y be major vertices with respect to H.
If x and y cross then x is adjacent to y.
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Proof. Suppose not. Since G|(V(H) U {x}) and G|(V(H) U {y}) are not even wheels, it fol-
lows that each of x and y has an odd number of neighbours in V (H). Let the vertices of H be
h1-hs-----hy-hy. First we prove the following useful fact.

(1) x and y have no common neighbour in V(H).

Suppose k] is adjacent to both x and y. Let g,r € {3, ...,k — 1} be such that g is minimum
and r is maximum with x adjacent to k4, and h,. Let s, € {3,...,k — 1} be such that s is
minimum and ¢ is maximum with y adjacent to iy and h,. Since x and y are both major, h is
different from £, and kg from h,. Let 1’ = k if y is adjacent to &, and let ¢’ =t otherwise, and
define ¢’ similarly.

We claim that r > s. Suppose r < s. Since x-h1-h,-y-h is not a hole of length four in G, it
follows that r # s. Since x and y cross, we may assume, from the symmetry, that x is adjacent
to hy. Since G|({hy, hy41, ..., hi, X, y}) is not an even wheel or a theta by 2.1, it follows that y
is adjacent to /5. Since x and y are both major, it follows that r > ¢’ +2 and ¢’ > s + 2. But now
the three subpaths of H \ {h} from h; to h,, from h; to ks and from hy to hy, together with x
and y, form a theta, contrary to 2.1. This proves that r > 5. Similarly, > ¢.

Let A= H \ {h1, ho, hi}. Assume first that each of x, y has two non-adjacent neighbours
in V(A). If there exist two paths S; and S between x and y such that S} U S5 C V(A) and S
is anticomplete to Sik, then G|(V (S1) UV (S2) U {h1}) is a theta, contrary to 2.1. So no such pair
of paths exists, and, by 4.6 applied to x, y and A, and from the symmetry, we may assume that
r=s+1.

Since x-h1-y-h,-x and x-h1-y-hs-x are not holes of length four, x is non-adjacent to s and y
is non-adjacent to &,. Let s” > s be minimum such that y is adjacent to hy». Since y is major, we
deduce that s” < k. But now the paths y-hg-h,, y-hi-x-h, and y-hg»-A-h, form a theta, contrary
to 2.1. This proves that not both x and y have two non-adjacent neighbours in V (A), and hence
we may assume that r =¢q + 1.

Since x is major and G|(V (H) U {x}) is not an even wheel by 2.1, it follows that x is adjacent
to hi and hy. Since x-hg-y-hy-x is not a hole of length four, y is non-adjacent to at least one
of hy and h3 , and therefore y has two non-adjacent neighbours in V (A). Since x-h1-y-hy-x and
x-h1-y-h,-x are not holes of length four, it follows that y is non-adjacent to 4, and &, Let t">r
be minimum such that y is adjacent to 4,» and let s” < ¢ be maximum such that y is adjacent to
hgr. Let s’ =2 if y is adjacent to Ay, and let s’ = s otherwise. Let A’ = H \ {h}.

Now ¢/ <t <t. If t” <t — 1, then the three paths y-h,-A'-hg-x, y-hp-A'-h.-x,
y-hg-A’-hy-x form a theta; and if t' = ¢” + 1 then the three paths h,-A'-hg-x, y-hg-A'-hg
and h,7-A’-h, form a prism, in both cases contrary to 2.1. So t” =t =/, and from the sym-
metry s” = s = s’, and therefore the only neighbours of y in V(H) are h, hy and h,. But now
the three paths h;-A’-hy-x, hy-A’-h,-x, and h;-y-hs-A’-hy-x form a theta, again contrary to 2.1.
This proves (1).

To finish the proof, we may assume using (1) that y is adjacent to /#; and there exists m with
2 <m < k —1suchthat y-h{-hp----- hy-x isapath. Let A= H \ {hg, h1, ..., hm, hint1}-

Assume that x is adjacent to hg. Since by (1) x and y have no common neighbour and
v-hi_1-hx-hi-y is not a hole of length four, y is non-adjacent to hg, hx—;. Since x, y are ma-
jor and G|(V(H) U {x}) is not an even wheel by 2.1, it follows that each of x, y has at least
one neighbour in V(A) \ {hr—_1}. Consequently there is a path P between x and y with inte-
rior in V(A) \ {hx—1}. But then the paths hi-hr-x, h1-ho-H-h;,-x and h-y-P-x form a theta,
contrary to 2.1. This proves that x is not adjacent to hj, and similarly y is not adjacent to %, 1.
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Let s > 1 be minimum such that y is adjacent to hg. Then s > m + 2. Let P be the subpath
of H \ {hy} between h| and hy. Choose ¢ maximum with m < g < s such that x is adjacent
to hy. By (1), g <s.

Assume first that ¢ = m. Since both x and y are major, they each have a neighbourin V(H) \
(V(P) U {hg, hg4+1}), and therefore there exists a path R from x to y, with interior in V(H) \
(V(P)U{hg, hsy1}). But now, the three paths y-h1-P-hy, y-hs-P-h, and y-R-x-h4 form a theta,
contrary to 2.1.

Next assume that g > m+ 1. Since x and y cross, x has aneighbourin V (H)\ V (P), and since
G|(V(P)U{x, y}) is not an even wheel or a theta, x has at least two neighbours in V(H) \ V (P).
Since x is non-adjacent to A, and y is major, it follows that both x and y have a neighbour in
V(H)\ (V(P) U {hg, hs41}), and therefore there exists a path R from x to y, with interior in
V(H) \ (V(P) U {hg, hsy1}). But now the three paths y-hi-P-hy-x, y-hs-P-hg-x and y-R-x
form a theta, contrary to 2.1. This proves that g = m + 1.

From the symmetry, we deduce that y is adjacent to hj, and there exists 7 < k, such that
x-hp-hpq1----- hi-y is a path, say Q. Since both x and y are major, it follows that r > s + 1. But
now the paths x-Q-hy, y-hs-P-h;;,4+1 and h1-P-h,, form a prism, contrary to 2.1. This completes
the proof of 4.7. O

Let H be a hole, and w a major vertex with respect to H. A path Q such that V(Q) N
V(H) =0, is called an (H, w)-pyramid path if the vertices of Q can be numbered ¢y, ..., gx in
order and there exist distinct vertices x, y, z € V(H) such that

e g1 is adjacent to x, and g is adjacent to y and z, and there are no other edges between
{q1.....qx} and V(H),

y and z are adjacent,

w is anticomplete to {q1, ..., g},

w is adjacent to x,

the subpath of H \ {y}, from x to z contains an odd number of neighbours of w, and

the subpath of H \ {z} from x to y contains an odd number of neighbours of w.

We call x the apex of the pyramid path, and yz the base. Note that we permit £k = 1, and x may
be adjacent to y or z.

4.8. Let G be even-hole-free, let H be a hole in G and let w be a major vertex with respect to H.
Let p € V(G) \ (V(H) U {w}) and assume that p forms an (H, w)-pyramid path with apex x
and base yz. Then w is non-adjacent to y, z.

Proof. Suppose w is adjacent to y, say. Since the subpath of H \ {z} from x to y contains an odd
number of neighbours of w, it follows that y is non-adjacent to x. But now x-p-y-w-x is a hole
of length four. This proves 4.8. O

4.9. Let G be even-hole-free, let H be a hole in G and let w be a major vertex with respect to H.
Let T be apath of G\ (V(H)U{w}) withvertices t1, ..., ty in order such that there exist distinct
vertices u,u’,v € V(H), t] is adjacent to u and ', t,, is adjacent to v, there are no other edges
between {t1, ..., tn} and V(H), u is adjacent to u', and {t1, . . ., t,,} is anticomplete to w. Let Q
be the path of H \ {t'} from u to v, and let Q' be the path of H \ {u} from u’ to v. Assume that
each of V(Q) and V(Q') contains a neighbour of w. Then T is an (H, w)-pyramid path.
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Proof. It is enough to show that w is adjacent to v, and each of V(Q), V(Q’) contains an odd
number of neighbours of w. Suppose v is non-adjacent to w. Since G|(V (H) U {w}) is not an
even wheel by 2.1, w has an odd number of neighbours in V (H), and from the symmetry we may
assume that V (Q) contains an even number of neighbours of w. Since G|(V (Q) U V(T) U {w})
is not an even wheel by 2.1, w has exactly two neighbours in V (Q), say x and y, and x is adjacent
to y, by 2.2. We may assume that the subpath of Q from u to x does not contain y. Let z be a
neighbour of w in Q' such that the subpath of Q' from u’ to z contains no other neighbours of w.
Since w is major with respect to H, it follows that z is non-adjacent to v. But now, if x # u,
the three paths u-Q-x, u’-Q’-z-w and #,-T-t,,-v-Q-y form a prism, and if u = x, then u has
exactly four neighbours in the hole y-w-z-Q’-u’-t;-T-t,,-v-Q-y, in both cases contrary to 2.1.
This proves that v is adjacent to w.

Since by 2.1 w has an odd number of neighbours in V (H), it follows that the parity of the
number of neighbours of w in V(Q) and V(Q’) is the same. We may assume that w has an
even number of neighbours in V(Q) and V (Q’), for otherwise the theorem holds. Since neither
of GI(V(Q) U V(T)U{w}) and G|(V(Q') U V(T) U {w}) is an even wheel by 2.1, it follows
that w has exactly two neighbours in V (Q) and they are adjacent, by 2.2, and the same holds
for V(Q’). But now, since w is adjacent to v, we deduce that the neighbours of w in V (H) are v
and the two neighbours of v in H, contrary to the fact that w is major. This proves 4.9. O

4.10. Let G be even-hole-free, let H be a hole in G and let w be a major vertex with respect
to H. Let u,v € V(H) be non-adjacent, and let P be a path with vertices u, pi, ..., Pk, V in
order such that

1. P*N(V(H)U{w}) =9,
2. w is anticomplete to {p1, ..., pr}, and
3. each of the paths of H between u and v contains a neighbour of w in its interior.

Then there exist i, j € {1,...,k} such that the subpath of P between p; and p; is an (H, w)-
pyramid path.

Proof. We use induction on k. We observe that since G|(V (H) U {w}) is not an even wheel, it
follows that |N (w) NV (H)]| is odd.

(1) If k =1 then the theorem holds.

Suppose k = 1. Since p; is non-adjacent to w, 4.7 implies that p; is not a major vertex. Since
p1 has two non-adjacent neighbours in V (H), namely u and v, it follows that p; is a pyramid
or a clone, and from the symmetry we may assume that the neighbours of p; in V(H) are u, u’
and v, where u is adjacent to u’. But now the theorem holds by 4.9. This proves (1).

In view of (1) we may assume thatk > 2. Let N = V(H)NN(p1) andlet M = V(H)NN (px).

(2) One of the following holds:
e N is contained in the union of the vertex set of some non-empty w-gap of H and its
borders, and at least one vertex of the gap belongs to N, or
e |N| =1 and w is complete to N,
e |[N| =2, wis complete to N, and the two vertices of N are adjacent to each other
and the same for M.
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Suppose there exists a vertex n € N \ N(w), and let C be the w-gap containing n. Let x and y
be the borders of C. If N contains a vertex n’ € V(H) \ (V(C) U {x, y}), then the path n-p;-n’
contradicts the minimality of k. So no such n’ exists and the first outcome of (2) holds. This
proves that we may assume that N € N(w). Now, if N contains two non-adjacent vertices n
and n’, then n-p;-n'-w-n is a hole of length four, a contradiction; and therefore either the second
or the third outcome of (2). Using symmetry, we deduce that a similar statement holds for M.
This proves (2).

3) {p2,..., pk—1} is anticomplete to V (H ).

Suppose for some 2 <i <k — 1 p; has a neighbour y in V(H). Assume first that y is non-
adjacent to w, and let C be the w-gap of H containing y. Let x and z be the borders of C. If p; has
aneighbourn € V(H) \ (V(C) U {x, z}), then the path from n to y with interior in {py, ..., p;}
contradicts the minimality of k. From the symmetry, this implies that M U N C V(C) U {x, z},
a contradiction. This proves that y is adjacent to w, and, since y is an arbitrary neighbour of p;
in V(H), we deduce that N(p;) N V(H) € N(w).

Next we prove that N € N (w). Assume that there exists n € N \ N(w). Let C be the w-gap
of H containing n, and let x, z be the borders of C. By (2) and the definition of P, M N N C
{x, z}. By the minimality of k, the path from n to y with interior in {p1, ..., p;} fails to satisfy one
of the hypotheses of the theorem, and therefore N(p;) NV (H) C {x, z}. Since G|(V(H) U {p;})
is not a theta, p; is adjacent to at most one of x, z. We may assume without loss of generality, that
x =y and p; is non-adjacent to z. We claim that {p», ..., px—1} is anticomplete to V(H) \ {x}.
For suppose there exists 2 < j <k — 1, such that p; has a neighbour in V(H) \ {x}. By the
previous argument applied to p; instead of p;, we deduce that the only neighbour of p; in V(H)

is z. This implies that there exists a path P’ from x to z with interior in {p», ..., pr—1}. But now
the paths x-C-z, x-w-z and x-P’-z form a theta, contrary to 2.1. This proves the claim. Suppose
that py is adjacent to z, let P’ be the path from x to z with interior in {p;, ..., pr}. Then, by the

claim, the paths x-C-z, x-w-z and x-P’-z form a theta, contrary to 2.1. This proves that py is
non-adjacent to z. Let vy, v € M be such that the subpath S; of V(H) \ {z} between x and v
and the subpath S, of V(H) \ {x} between z and v, contain no vertex of M, other than vy, vs,
respectively. Let T be the subpath of H \ {n} between v and v,. Now the minimality of k and the
fact that py is non-adjacent to z, applied to the path from y to v’ with interior in {p;, ..., px}, for
v € (V(S)UV(T))NM,imply that N (w) N (V(S1)UV(T)) C {x, vo}. Let C’ be the path from
z to py with interior in V (C). In view of the claim, let H' be the hole z-C’-p1-P-py-v3-Sr-2.
Then N(w) N V(H) = (N(w) N V(H")) U {x}, and since w is major with respect to H, this
implies that G|(V (H’) U {w}) is an even wheel, contrary to 2.1. This proves that there does not
existn € N\ N(w), and so N € N (w). From the symmetry, M U N C N (w).

Let Q and Q' be the two paths of H between u and v, where y € V(Q). From the minimality
of k we deduce that (Q* \ {y}) N N(w) = ¢, and therefore no vertex of 0* \ {y} has a neighbour
in {p2,..., pxk—1}. If some vertex y' in Q’* has a neighbour in {p», ..., px—1}, then, similarly,
y’ is the only neighbour of w in Q™*, and so w has exactly four neighbours in V (H), a contra-
diction. So no such y’ exists. This proves that y is the only vertex of V (H) with a neighbour
in{p2,..., pk—1}, and (Q*\ {yH N N(w) = 4.

Assume that N = {u} and M = {v}, and let H' be the hole u-Q’-v-P-u. From the minimality
of k, y# u,v.Butnow V(H)NN(w) = (V(H')NN(w))U{y}, and therefore G|(V (H") U{w})
is an even wheel or a theta, contrary to 2.1.
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Now by (2) and the symmetry we may assume that |M| =2, say M = {t, '}, and ¢ is adjacent
tot’'.If y ¢ M, then either the subpath of H \ {t'} from y to ¢, or the subpath of H \ {t} from y to ¢/,
contains a neighbour of w in its interior. From the symmetry we may assume the former. But now
the path from y to ¢ with interior in {p;, ..., px} contradicts the minimality of k. This proves that
y € M, and we may assume that y = 7. Let T be the path from p; to ¢’ with interiorin V (H) \ {¢},
and let H' be the hole p;-P-py-t’-T-p;. By the symmetry, either |[N| = 1,0or y € NN M. In either
case, V(H)N N(w) = (V(H') N N (w)) U {t}, and therefore G|(V (H') U {w}) is an even wheel
or a theta, contrary to 2.1. This proves (3).

(4) There do not exist two non-adjacent vertices in N.

Suppose there exist two non-adjacent vertices in N. By (2), there exists a w-gap C with
borders x, y such that N € V(C) U {x, y}. Since N contains two non-adjacent vertices, there
exist paths Sy from p; to x and Sy from p; to y such that V(Sy)UV (Sy) € V(C)U{x, y, p1} and
V(S¢) \ {p1} is anticomplete to V (Sy) \ p1. Let x’, y" be the neighbours of x and y, respectively,
in V(H) \ V(C). Let T be the subpath of H \ {x} from x’ to y’. Since w is major, w has a
neighbour in 7*. Assume that py also has a neighbour in 7*. Then there exists a path S, from py
to w with interior in 7*. But now, by (3), the paths p{-Sy-x-w, p1-Sy-y-w and p1-P-p-S;-z-w
form a theta, contrary to 2.1. This proves that p; has no neighbour in 7*. It follows from the
definition of P that p; is adjacent to at least one of x’, y’; and from the minimality of k, that
pr is adjacent to exactly one of them, say x’ and not y’. If py is adjacent to y, let R be the
path y’-y-pi, and if py is non-adjacent to y, let R be the path y’-y-Sy-p;-P-pi. Then, by (3),
y'-R-py-x'-T-y' is a hole, say H’, and V(H) N N(w) = V(H') N N(w) U {x}. Since w is major
with respect to H, it follows that G|(V (H’) U {w}) is an even wheel or a theta, contrary to 2.1.
This proves (4).

By (4) either |[N| =1 or [N| =2 and the two members of N are adjacent, and from the
symmetry the same holds for M. If |[N| = |M| then G|(V (H) U V (P)) is a theta, a prism, or an
even wheel, contrary to 2.1, so we may assume that |N| =1 and |M| =2, and the two members
of M are adjacent. But now the theorem follows by 4.9. This completes the proof of 4.10. O

Let H be a hole, and let w be a major vertex with respect to H. Let P be a path with vertices
pl1---- pr such that {p1,..., pxr} S V(G)\ (V(H)U {w}). We say that P is (H, w)-significant
(or just significant when there is no risk of confusion) if (possibly with p; and p; exchanged)
p1 has a neighbour u € V (H) that belongs to some w-gap, say C, of H, and py has a neighbour
v € V(H), non-adjacent to u, and either

1. v belongs to a w-gap of H different from C, or
2. v is adjacent to w, and each of the two paths of H between u and v contains an even number
of neighbours of w.

4.11. Let G be an even-hole-free graph. If H is a hole in G and w is a major vertex with respect
to H, then every (H, w)-significant path contains a neighbour of w.

Proof. Suppose not. Choose m minimum such that there exists a hole H, a vertex w major
with respect to H, and an (H, w)-significant path P with vertices pi----- Pm such that w is
anticomplete to V (P). Let the vertices of H be hy----- hy-hi. Since G|(V(H) U {w}) is not an
even wheel by 2.1, it follows that w has an odd number of neighbours in V (H).
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(1) Lets,t €{2,...,k} with s <t be such that w is adjacent to hs and not to h;. Let H| be the
vertex set of the subpath of H \ {h} between hg and h;, and let H, = (V(H) \ V(H)) U
{hs, h:}. Then H| contains an even number of neighbours of w if and only if Hy does.

Suppose the parity of N(w) N H is different from that of N(w) N H. Then, since Ay is
adjacent to w and A, is not, V (H) contains an even number of neighbours of w, a contradiction.
This proves (1).

Let u and v be as in the definition of (H, w)-significant path. This means that u is adjacent to
one of p1, p, and v is adjacent to the other.

Q) m> 1.

Suppose m = 1. By 4.7, p; is not major with respect to H. Since by 2.1 G|(V(H) U {w})
is not a theta, it follows that p; has exactly three neighbours in V(H), and two of them are
adjacent. By 4.9, it follows that P is an (H, w)-pyramid path, contrary to the fact that P is
(H, w)-significant. This proves (2).

(3) No vertex of P* has a neighbour in V(H) \ N(w), and no vertex of P* has two adjacent
neighbours in V(H).

From the symmetry we may assume that p; is adjacent to u. If some vertex p € P* has
a neighbour in V(H) \ N(w), then one of the two paths pi-P-p and p-P-p,, is significant,
contrary to the minimality of m. Now suppose that some vertex p of P* has two neighbours
hj,hjt1in V(H). Then both h; and & are adjacent to w, and there exists a path of H from
u to {hj, hji1} containing an even number of neighbours of w. But now, by (1), p;-P-p is
significant, contrary to the minimality of m. This proves (3).

By 4.10 there exist a, b € {1, ...,m} with a < b such that the subpath P’ of P between p,
and pp is an (H, w)-pyramid path. We may assume that /1, is the apex of P’ and p, is adjacent
to 1, and for some i € {2, ...,k — 1}, h;h;11 is the base and pj, is adjacent to h;, h;4+1. We may
also assume, by exchanging pp and p,,, if necessary, that if a = b, then a > 1. Let § be the path
from i to p; with interior in {p7, ..., pa}. By (3) b =m. Since P’ is an (H, w)-pyramid path,
it is not significant, and therefore a # 1. Let Q be the subpath of H \ {h;11} from £ to h; and let
Q’ be the subpath of H \ {h;} from hj to h; 1. Lets € {2,...,k} be minimumand ¢ € {2, ..., k}
maximum such that w is adjacent to &, and h;.

@) Ifa <m then {p3, ..., pa} is anticomplete to V(H) \ {h1, hs, h:}.

Suppose not and choose n € {2, ..., a} such that p, has a neighbour & € V(H) \ {h1, hy, h;}.
By (3) & is adjacent to w. By 4.10 applied to the path p,-P-p,, this path contains a pyramid
subpath P”, and therefore some vertex p of P” has two neighbours 4; and Ay in V(H),
contrary to (3). This proves (4).

(5) P* is anticomplete to V(H) \ {h1}.

Since P’ is an (H,w)-pyramid path with apex hi, it follows that P’* is anticomplete
to V(H) \ {h1}. Since b = m, in order to prove (5), it is enough to show that {pa, ..., pa} \ {Pm}
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is anticomplete to V(H) \ {h1}. Suppose first that a < m. By (4), it is enough to show that
{p2, ..., pa} is anticomplete to {hy, h;}. Suppose not, and let n € {2, ..., a} be maximum such
that p, is adjacent to one of hg, h;. Then n < a. Since hg-p,-h;-w-hg is not a hole of length
four, p, is adjacent to exactly one of kg, h;, and from the symmetry we may assume that p, is
adjacent to h;. Assume first that s > 2, and let P” be the path from & to &, with interior in
{Pn> Pnt1, ..., Pa}- Then the paths hi-hy-H-hg, h1-P"-hg and hj-w-hg form a theta, contrary
to 2.1. So s = 2. Since w is major, w has a neighbour in V (H) \ {hk, h1, ha, h3}. Since both /i
and h; are adjacent to w, and P’ is an (H, w)-pyramid path, it follows that i > 2, and there-
fore p,, also has a neighbour in V(H) \ {hk, h1, ha, h3}. Let T be a path between w and py,
with interior in V(H) \ {hg, h1, ho, h3}, let Hy be the hole h>-Q-h;-py,-P-p,-h2, and let H>
be the hole hs-pp-P-pp,-T-w-hs. Then N(h1) N V(Hy) = (N(h1) N V(Hp)) U {w}, and since
h1 has at least two non-adjacent neighbours in V (Hp), namely p, and h;, it follows that one
of G|(V(Hy) U {h1}) and G|(V (Hz) U {h1}) is an even wheel or a theta, contrary to 2.1. This
proves that a = m.

Let n € {2,...,m — 1} be maximum such that p, has a neighbour V(H) \ {h}. From the
symmetry, we may assume that p, has a neighbour in V(Q). Let ¢ € {2,...,i} be minimum
such that p, is adjacent to h,. By (3), hy is adjacent to w. Since p,, is a pyramid path, it follows
that V (Q) contains an odd number of neighbours of w; and since p,-P-p,, is not a significant
path, it follows that p,, is non-adjacent to /. It follows that i > 2, and since k- p,,-h;-w-h1 is not
a hole of length four, we deduce that w is non-adjacent to 4;. Consequently, p, is non-adjacent
to h;.

Suppose first that w has a neighbour in V(Q’) \ {h1}, and let r € {i + 1, ..., k} be minimum
such that w is adjacent to k,. Let H; be the hole w-hq—pn-P—pm—hH]-Q/-hr-w and H, the hole
Pn-P-pm-hi-Q-hy-p,. Then N(h) NV (Hy) = (N (h1) NV (Hz)) U{w}. Now 2.1 implies that /2
is adjacent to p,, and p,,—1 and has no other neighbour in {p,, ..., p,}. Let H3 be the hole
hi-pm—1-P-pp-hq-Q-hi-hiy1-Q'-hy. Then N(pn) N V(H3) = {h1, pu—1,hi, hit1}, contrary
to 2.1. This proves that w is anticomplete to V(Q’) \ {h1}. Let H’ be the hole h{-Q-h;-py-h;.
Then N(w) N V(H) = N(w) N V(H'), and therefore w is a major vertex with respect to H'.
Since P is a significant path with respect to H, there existsj € {1,...,i — 2} such that pp is
adjacent to h; and

1. h; and h; belong to different w-gaps of H, or
2. hj is adjacent to w, and each of the two paths of H between h; and & contains an even
number of neighbours of w.

But now pi-P-pp,—1 is an (H’, w)-significant path, contrary to the minimality of m. This
proves (5).

(6) p1 is anticomplete to one of V(Q) \ {h1} and V(Q') \ {h1}.

Assume that p; has a neighbour in V(Q) \ {h} and a neighbour in V(Q’) \ {A1}. Letg > 1
and r < k be minimum and maximum such that p; is adjacent to 2, and h,. Suppose that w
has no neighbour in the interior of the subpath of H \ {1} between h, and h,. Let C be the
path of H \ {h1} from h, to h,. Then w has no neighbour in C*. We recall that u, v are as in
the definition of an (H, w)-significant path, and therefore not both u and v belong to V(C).
Since (N (pm) UN(p1) UN(pa)) NV (H) is a subset of V(C) U {h}, it follows that v = h and
u € V(C) (since u is non-adjacent to w). But now, since P’ is a pyramid path, the number of
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neighbours of w in each of the paths of H between u and v is odd, contrary to the fact that P is
a significant path. This proves that w has a neighbour in the interior of the subpath of H \ {/}
between h, and h,. Since A1 is adjacent to w, by 4.10, p; forms an (H, w)-pyramid path.

We claim that p; is non-adjacent to at least one of h;, h;41. By the minimality of m, some
neighbour of p,, in V(H) is anticomplete to V(P) \ {pm}. If a ## m, then N(p,,) N V(H) =
{hi, hi+1}, so we may assume that a = m, and p; is adjacent to s; and h;41, and non-adjacent
to h1. By 4.8, h;, h;j41 are non-adjacent to w. Since p; is an (H, w)-pyramid path, it follows
that there exists h € V(H) \ {h;, h;+1} such that both p; and w are adjacent to &, and N(p;) N
V(H) = {h;, hj+1, h}. Since u is non-adjacent to w, it follows that u € {h;, h;1}. But now u is
adjacent to both pi, p;,, contrary to the minimality of m. This proves the claim.

From the symmetry we may assume that p; has two neighbours A, h,4+1 in V(Q) and one
neighbour %, in V(Q') \ {h1}. Then h, is adjacent to w.

By 4.8, p; is non-adjacent to h;. For the same reason, if p, = p,, then p, is non-adjacent
to h,, and therefore, p, is non-adjacent to i,. By (5), P* is anticomplete to {h>, ..., h,}. But now
the paths p1-h,-Q’-h1, p1-S-hy and pi-h,-Q-h| form a theta, contrary to 2.1. This proves (6).

By (6) and from the symmetry we may assume that p; is anticomplete to V(Q") \ {h1}.
(7) Not both py and w have neighbours in Q* \ {h;}.

Assume for a contradiction that both p; and w have a neighbour in Q* \ {h2}. Then there exists
a path R from p; to h; with R* C Q* \ {h,} and a path T from p; to w with T* C Q* \ {h2}.
Let i; be the neighbour of w in 7. Assume first that 7' can be chosen so that for some ¢’ such
that j <1’ <k, w is adjacent to h;, and h, is anticomplete to V(T) \ {w}. Let T’ be a path
from py, to hy with interior in V(H) \ (V(T) U {h1, ha, ..., hj} U {ht}). Let Hy be the hole
p1-R-hi-p,-P-p; and let Hy be the hole p;-T-w-hy-T'-pyu-P-p1. Then N(hy) NV (H,) =
(N(h1) N V(Hp)) U {w}. Since G|(V(H;) U {h1}) is not an even wheel or a theta for i = 1,2
by 2.1, we deduce that & is adjacent to p,_; and anticomplete to V (P) \ {pa—1, ps}- But now
the three paths p,_1-P-pi-R-hi, ps-P’-pm and hi-Q’-h;y1 form a prism or an even wheel,
contrary to 2.1. This proves that we cannot choose such T and ¢’. Since P’ is an (H, w)-pyramid
path, and so w has an odd number of neighbours in V(Q’), we deduce that w is anticomplete to
V(Q')\ {h1}. Let H’ be the hole h1-Q-h;-py-P’'-ps-h1. Then N(w) NV (H) = N(w)NV(H'),
and therefore w is major with respect to H’. Since P is a significant path with respect to H, there
exists j € {1,...,i — 2} such that p; is adjacent to & ; and

1. h; and h; belong to different w-gaps of H, or
2. hj is adjacent to w, and each of the two paths of H between /; and & contains an even
number of neighbours of w.

But now pi-P-py,—1 is an (H’, w)-significant path, contrary to the minimality of m. This
proves (7).

(8) p1 has a neighbour in Q* \ {hy}.

Suppose not, and so N(p1) NV (H) C {h1, hy, h;}. We claim that p; is adjacent to />. Suppose
not. If a = m, then N(p;) N V(H) € N(p,) N V(H), contrary to the fact that P is significant.
So we may assume that a < m. Since P is significant and V(H) NN (py,) = {hi, hi+1}, it follows
that p; is adjacent to /1. Since P’ is a pyramid path, it follows that each of V(Q) and V(Q’)
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contains an odd number of neighbours of w; and so, since P is significant, we deduce that p;
is adjacent to h;. But now the paths h1-Q-h;, hi-p1-h;, h1-Q’-h;y1-h; form a theta, contrary
to 2.1. This proves that p; is adjacent to &;.

Since P is significant and P’ is a pyramid, w has an even number of neighbours, and at
least two, in V(Q) \ {h}. Let R be a path from p; to h; with interior in V (P), and let H' be
the induced cycle hy-Q-h;-R-p1-h;. Since by 2.1 G|(V(H') U {w}) is not an even wheel or a
theta, it follows that w has exactly two neighbours in V (Q) \ {1}, and they are adjacent, say 4,
and £,y . Since w is major with respect to H, we deduce that w has a neighbour in V(Q")\ {h}.
Lett’ € {i +1,..., k} be minimum such that w is adjacent to &,.

Assume first that p; is non-adjacent to h;. Then p,, € V(R), and the paths h,41-O-h;,
hu-Q-ha-p1-R-py, and w-hy-Q'-hiy 1 form a prism if i £ n + 1, or an even wheel if i =n + 1,
contrary to 2.1. This proves that p; is adjacent to A;.

Suppose pj is adjacent to k. Since h1-p1-hi-w-hq is not a hole of length four, it follows that
h; is non-adjacent to w. We deduce from the minimality of m that &, is adjacent to w. But now,
by (1), each of the subpaths of H between h, and h; contains an even number of neighbours
of w, and therefore p; is a significant path, contrary to the minimality of m. This proves that p;
is non-adjacent to k.

Since G|(V(H) U {p1}) is not a theta by 2.1, i = 3, and so w is adjacent to both &> and h3.
Consequently, by 4.8, it follows that a < m. But now by 4.10 the path p;-P-p, contains a sub-
path that is an (H, w)-pyramid path, which is impossible since h1, hy, h3 are the only vertices
of V(H) with a neighbour in p;-P-p, and all of them are adjacent to w. This proves (8).

By (7) and (8) w has no neighbour in Q* \ {h,}. Since P’ is an (H, w)-pyramid path, w is
adjacent to both or neither of sy and h;. Since P is a significant path, we deduce that w is
adjacent to both &, and h;. By 4.8, it follows that a < m. But now the subpath of P from p;
to p, is a significant path, contrary to the minimality of m. This completes the proof of 4.11. O

We can now prove 4.5.

Proof of 4.5. It is enough to prove that w has a neighbour in the interior of every path of G from
V(C) to AU B. Let P be such a path. Then P includes a minimal such path P’; the interior of P’
is therefore disjoint from H, and so P’ is (H, w)-significant. Now by 4.11 w has a neighbour
in P*. This proves 4.5. O

5. Non-dominating cliques

In view of 3.1, to complete the proof of 1.2, it is enough to prove the following:
5.1. Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices
than G. Let K be a non-dominating clique of G of size at most two. Then there is a vertex
in V(G) \ N(K) which is bisimplicial in G.
Proof. Assume no such vertex exists. By 2.4 we may assume that K = {x, y} with x, y € V(G).
Let C=Nx)N N(y)\ {x, y}. Then the five sets N(x) \ N(y), N(y) \ N(x), V(G) \ N(K),

C and {x, y} are pairwise disjoint, and have union V(G).

(1) V(G) \ N(K) is connected, every vertex of N(K) \ K has a neighbour in V(G) \ N(K),
and there exists a hole H of G with {x,y} C V(H).
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If N(x)\ N(y) is empty, let G’ be the graph G \ {x}. Then {y} is a non-dominating clique
in G’. By the minimality of |V (G)|, there is a vertex v € V(G’) \ N(y) that is bisimplicial in G’.
Since N (x) \ N(y) is empty, v is non-adjacent to x, and therefore v is a bisimplicial vertex of G,
and v € V(G) \ N(K), a contradiction. This proves that N(x) \ N(y), and from the symmetry
N(y) \ N(x), are non-empty. Consequently, the third assertion of (1) follows from the first two.

If some vertex v € N(K) \ K is anticomplete to V(G) \ N(K), let X = {v}, and otherwise, if
V(G) \ N(K) is not connected, let X be a component of V(G) \ N(K). In either case V(G) \
(X U N(K)) is non-empty, and therefore K is a non-dominating clique in G’ = G \ X. Since
V(G)\ N(K) € V(G) \ N(K), the minimality of |V (G)| implies that there exists a vertex
w € V(G) \ N(K) that is bisimplicial in G’. But it follows from the definition of X that w is
anticomplete to X, and so Ng(w) = Ng/(w) and w is bisimplicial in G, a contradiction. This
proves (1).

(2) Let H be a hole with x,y € V(H). Then H is dominating. If w € C is major with respect
to H, then w is complete to V(H).

Suppose first that H is non-dominating. Then by 3.1 there is a vertex v € V(G) \ N(H) that
is bisimplicial in G, and therefore v € V(G) \ N(K), a contradiction. This proves that H is
dominating.

Let w € C be a major vertex with respect to H, and suppose that w is not complete to V (H).
Now by 4.5 there exists a subset N’ of N(w) such that N U {w} is a star cutset in G, such that
{x,y} € N’ and some component of G \ (N’ U {w}) is disjoint from {x, y} and not complete
to w, contrary to 4.1. This proves (2).

(3) No vertex of C has both a neighbour in N (x) \ N(y) and a neighbour in N(y) \ N (x).

Let A=NX)\N(), B=N()\N(x)and D=V (G) \ N(K). Suppose some ¢ € C has a
neighbour in A and a neighbour in B. Let A’ be the set of neighbours of ¢ in A, A” = A\ A,
and let B’, B”, D', D" be defined similarly.

We claim that A” is non-empty. For suppose not. Assume first that D” # (3. Then {y, c} is
a non-dominating clique in G’ = G \ {x}. By the minimality of |V (G)|, there exists a vertex v
in V(G")\ N({y, c}) that is bisimplicial in G’, and since AUBUC C N({y, c}), it follows that v
isin D. But NG (v) = N¢/(v), because x is anticomplete to D, and consequently v is bisimplicial
in G, a contradiction. This proves that D” = (. Applying 1.2 to the graph G” = G \ {c} and
using the minimality of |V (G)|, we deduce that there exists a vertex v of V(G”) \ N(K) that
is bisimplicial in G”. Since AU BU C € N(K) and D = D/, it follows that v is in D and
Ng(v) = Ng»(v) U{c}. Since y-c-v-b-y is not a hole of length four for any b € N(v) N (BUC),
it follows that Ng»(v) N (B U C) is complete to c. From the symmetry, Ng»(v) N (AU C) is
complete to c¢; and therefore, since c is complete to D, it follows that Ng»(v) is complete to c.
Consequently, v is bisimplicial in G, a contradiction. This proves the claim.

From the symmetry it follows that both A” and B” are non-empty. Since a-x-y-b-a is not a
hole of length four for @ € A and b € B, it follows that A is anticomplete to B. Choose a’ € A’,
b € B',a’ € A” and b” € B”. By (1), there exists a path P; from a’ to b” and a path P, from
a’ to b’, both with interior in D. Let H|, H be the holes x-a’-P;-b"-y-x and x-a”-P,-b'-y-x.
By (2), and since c is non-adjacent to a” and b”, it follows that ¢ is not major with respect to H;
or Hy, and therefore c is anticomplete to P U Py
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We claim that V (Py) is disjoint from V (P,), and V (Py) \ {b"} is anticomplete to V (P2) \ {a”}.
Suppose not. Then there is a path P from a’ to b’ with P* C P;*U P, and the hole x-a’-P-b'-y-x
contains exactly four neighbours of w, contrary to 2.1. This proves the claim.

Let dy be the neighbour of 4” in P and d» the neighbour of a” in P,. Since A is anticomplete
to B, it follows that d; and d> are in D. By (2), H, is dominating, and therefore d; has a neigh-
bour in V (H;). By the argument of the previous paragraph, d; is adjacent to a” and not to d5.
Similarly, d> is adjacent to »”. But now, since A is anticomplete to B, a”’-d»-b"-d1-a” is a hole
of length four, a contradiction. This proves (3).

Let m be the minimum length of all holes containing x and y.

(4) Let H be a hole with {x, y} C V(H). If a vertex w of G is major with respect to H, then w
is not complete to {x, y}. Moreover, if H has length m, then no vertex of G is major with
respect to H, and every pyramid with respect to H is adjacent to both x and y.

If w is a major vertex with respect to H that is complete to {x, y}, then by (3) w is not
complete to V(H), contrary to (2).

If H has length m and w is a major vertex or a pyramid with respect to H, then the minimality
of |V (H)| implies that w is adjacent to both x and y, and the result follows. This proves (4).

Let
W= U{V(H): Hisahole, K C V(H) and |V (H)| =m}.

For 1 <i <m —2let A; be the set of all vertices v € W such that there exists a hole H of length
m with x, y,v € V(H), and the subpath of H \ {y} from x to v has length i. Let Ag = {x} and
Am—1 ={y). Clearly W = "' A;.

(5) AiNAj=W0and A, is anticompleteto Aj foralli, j € {0,...,m—1}with1l < j—i <m—1.

Since for 1 <i < m — 2 every vertex in A; has a neighbour in A;_; and in A;41, it is enough
to prove the second statement. Suppose for some 1 <i < j <m — 2 with j —i > 1 there exist
a; € A; and a; € A; that are adjacent. By the definition of A; and A, there exists a path P from
a; to x, such that y ¢ V(P) and P has length i, and a path Q from a; to y, such that x ¢ V(Q)
and Q has length m — j — 1. Since every vertex of W is in a hole containing x and y, it follows
that no vertex of V(P) U V(Q) is adjacent to both x and y, and therefore G|(V(P) U V(Q))
contains a hole H' with x,y € V(H’). But |[V(P) U V(Q)| < m, contrary to the minimality
of m. This proves (5).

Let 1 <i<m—2andletu € A;. We say that a path P is an x-path for u if

e ucV(P),
o for0<j<i,|[V(P)NAj|=1,and
° V(P)gUf/ZOAj.

and P is a y-path for u if

e ucV(P),
e fori<j<m—1,|V(P)NAj|=1,and
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o V(PSS 4.
By the definition of W, there is an x-path and a y-path for every vertex in W \ K. It follows
from (5) that for every u € W \ K, if P is an x-path for u and Q is a y-path for u, then V(P) N
V(Q) ={u}, V(P)\ {u, x} is anticomplete to V (Q) \ {u, ¥}, and G|(V(P) U V(Q)) is a hole of
length m. Moreover, let u € A; and let 1’ be a neighbour of u in A;_;. Then there is an x-path
P’ for v/, and the path x-P’-u’-u is an x-path for u. Thus every neighbour of u in A;_ is in an
x-path for u, and similarly every neighbour of u in A;4 is in a y-path for u.

Let us call a pair of non-adjacent vertices u, v in A; an x-pair if N(u) N N(v) N A;_1 # 0,
and a y-pair it Nwu) N N(@w) N Ajy1 #0.

6) Let 1 <i<m—2and let u,v € A; be non-adjacent. Then u, v is either an x-pair, or a
y-pair, and not both. Moreover,
e ifu,v is an x-pair, then Nu) N Ai_1 = N@W)NAi—;, Nu)N N@w) N Ajy1 =0, and
N(u) N Ajq is complete to N(v) N Aj+1,
e ifu,v is a y-pair, then N(u) N Ajy1 = N@W) N Ajy;, Nu)NNw)NAj_1 =0, and
N(u)N Aij_1 is complete to N (v) N A;_1.

Let P, and Q, be an x-path and a y-path for u, respectively; and let P, and Q, be defined
similarly. Since x- P,-u-Q,-y-x is a hole, by (2) and (5) v has a neighbour in (V(P,)UV (Qy,))N
(Ai—1 UA; UA;41). Since v is non-adjacent to u#, we may assume from the symmetry that v is
adjacent to the neighbour p of u in P,, and hence u, v is an x-pair. So p € A;_;. Since by (5)
A;_1 is anticomplete to A;41, and u-p-v-a-u is not a hole of length four for any a € A; 41, it
follows that N (u) N N (v) N A;11 = . Therefore u, v is not a y-pair.

Suppose there exist a € N(u) N A;+1 and a’ € N(v) N A; 4 such that a is non-adjacent to a’.
Then i < m — 2. Since every vertex in N(u) N A;41 is in a y-path for u, we may assume
that a € Q,. By (2), @’ has a neighbour in V(P,) U V(Q,). By (5) and since a’ is anticom-
plete to {u, a}, a’ is adjacent to the unique vertex g of V(Q,) N A;1. But now, again by (5),
p-v-a’-g-a-u-p is a hole of length six, a contradiction. This proves that N (1) N A; | is complete
to N(v)NAj+1.

It remains to prove that N(u) N A;_1 = N(v) N A;_1. Suppose there exists p’ € (N(v) N
A;_1) \ N(u). Since every vertex in N(v) N A;_; is in an x-path for v, we may assume that
p’' € V(P,). Since x-P,-v-Q,-y-x is a hole, and by (2), and (5), u has a neighbour in (V (P,) U
V(Qy)N(A;—1 UA; UA;+1). But u is anticomplete to {p’, v} and N(u) "N N(v) N A;j+1 =¥,
a contradiction. This proves (6).

(7) Let 1 <i<m—2andletu,v € A; be an x-pair. Then A; is complete to N(u) N A;_1. In
particular there is no y-pair in A;.

Suppose there exist z € N(u) N A;—1 and w € A; such that z is non-adjacent to w. Since u, v
is an x-pair, v is adjacent to z (by (6)), and there exist a, b € A; 41 such that u is adjacent to a
and not to b, v is adjacent to b and not to a, and a is adjacent to b. Since z-u-w-v-z is not a hole
of length four, we may assume from the symmetry that w is non-adjacent to v. Since z is in an
x-path for v, and b is in a y-path for v, it follows from (2) and (5) that w is adjacent to b. Now
by (6), v, w is a y-pair, and therefore there exists z' € A;_1, adjacent to z and w and non-adjacent
to v. Since u, v is an x-pair, u is non-adjacent to z’. Since 7’ is in an x-path for w, and b is in a
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y-path for w, it follows from (2) and (5) that u is adjacent to w. But now z-u-w-z’-z is a hole of
length four, a contradiction. This proves (7).

(8) Let u € V(G) be adjacent to x or to y, or such that K is non-dominating in G \ {u}. Then
there exists a neighbour v of u, such that v is anticomplete to {x, y} and v is bisimplicial in
the graph G \ {u}.

First we claim that K is non-dominating in G \ {u}. To prove the claim, we may assume that
u € N(K). But in this case, since K is non-dominating in G, there exists a vertex v # u, such
that v is anticomplete to K, and therefore K is non-dominating in G \ {u}. This proves the claim.

We deduce from the minimality of |V (G)| that there exists a vertex v in V (G) \ (N(K) U {u})
that is bisimplicial in G \ {u}. But now, since v is not bisimplicial in G, it follows that u is
adjacent to v. This proves (8).

9) Let 1< j<k<m—2suchthatk — j>1andlet aj € Aj and ay € Ay. Then there ex-
ists a path from a;j to ax with interior in Uf;}_H

OfAj,Aj_H,...,Ak.

A; using exactly one vertex from each

Let Q be a y-path for a; and let a;_; be the vertex of Q in Ax_1. We may assume that ay
is non-adjacent to a1, for otherwise by (5) a;-Q-ax_1-ay is a path and the claim holds. Let
a,’{fl be a neighbour of a; in Ax—; and let az_» be the vertex of Q in A;_». Then we may
assume that ;| is non-adjacent to a;_», for otherwise by (5) a;-Q-ax—2-a;_,-ay is a path and
the claim holds. If a;_1 is adjacent to a; _, then x-Pj-a;-Q-ax_1-a;_,-ax-Qk-y-x is a hole of
length m + 1, and therefore even, where P; is an x-path for a; and Qy is a y-path for a, a
contradiction. So aj_1 is not adjacent to a,’c_ |- But now, since a1 is non-adjacent to ai, and
a;_, is non-adjacent to ax_», the pair a;_1, a;_, is not an x-pair and not a y-pair, contrary to (6).
This proves (9).

(10) Let v be a vertex adjacent to both x and y. Then there exists an odd integer 1 <i <m —2
such that N(w)NW C KU A;.

Let j > 0 be minimum and k < m — 1 maximum such that v has a neighbour a; € A; and
ax € Ag. Let Pj be an x-path for a; and let Oy be a y-path for ai. Since x-Pj-aj-v-x and
y-Qg-ax-v-y are not even holes, it follows that k — j is even, and in particular either k = j or
k—j > 1.Suppose j # k and let R be a path from a; to ay as in (9). Then x-Pj-a;-R-ar-Qk-y-x
is a hole of length m and v is a major vertex with respect to it, contrary to (4). This proves that
k = j. But now, since x-P;-a;-v-x is not an even hole, P; is odd, and therefore j is odd. This
proves (10).

(11) Letve V(G)\ W and let N = N(v) N W. Then either
1. N=A; forsome 1 <i<m-—2,or
2. for some 1 <i<m—3 NCA UAi+, NNA #0, NNAj+1Z0, NNA; is
complete to N N A;11, and A; \ N is anticomplete to A;+1 \ N, or
KCNCA; UK forsomeodd1<i<m—2,and NNA; #0, or
N =K, or
.XENCAIU{x},and NN Ay #0, or
yENCA,2U{y},and NN Ay #0.

o s W
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If K € N, then by (10) either the third or the fourth outcome holds, so, from the symmetry we
may assume that y ¢ N. Assume that x € N. Then from the minimality of m we deduce that v is
anticomplete to A; for i > 2, and since v ¢ W, it follows that v is anticomplete to A;. If v has a
neighbour in A1, then the fifth outcome holds, so we may assume not. By (8), v has a neighbour
u e V(G)\ N(K), and we have just shown that u ¢ W. By (2) u has a neighbour in W; let j be
maximum such that « has a neighbour in A; and let a; be such a neighbour. Since x-v-u-y-x is
not a hole of length four, it follows that j < m — 1. Since x-v-u-a;-x is not a hole of length four
for any a; € Ay, u is anticomplete to Ay. Let Q be a y-path for a;. Then x-v-u-a;-Q-y-x is a
hole of length at most m + 1, and since G is even-hole-free, it is a hole of length m. But now
v € A1, a contradiction. Thus we may assume that N N K = (/.

By (2), N #@.Let 1 < j <m —2be minimum and 1 < k < m — 2 maximum such that v has
a neighbour a; € A; and a; € Ai. Let P; be an x-path for a; and let Q be a y-path for a;. If
k — j>1, then x- P -aj-v-ax-Q-y-x is a hole of length at most m containing x and y, which
contradicts either the minimality of m or the fact that v ¢ W, so either j =k or j =k — 1. If
J =k, then by (2) v is complete to A;, and the first outcome holds. So we may assume that
J =k — 1. To show that the second outcome holds, it remains to prove that N N A is complete
to NN Ag,and A; \ N is anticomplete to Ax \ N. Letu € A; and w € Ay, let P be an x-path for
u and let O be a y-path for w. Assume first thatu € N N A;, w € N N Ay and u is non-adjacent
to w. Then x-P-u-v-w-Q-y-x is a hole of length m + 1, and therefore even, a contradiction. This
proves that N N A; is complete to N N Ay. Next assume that u € A; \ N, w € Ay \ N and u is
adjacent to w. Then x- P-u-w-Q-y-x is a hole and v has no neighbour in it, contrary to (2). This
proves that A; \ N is anticomplete to A \ N and completes the proof of (11).

For 1 <i <m — 2, let B; be the set of all vertices of V(G) \ W that are complete to A; and
have no other neighbours in W, and let C; be the set of all vertices of V(G) \ W that are complete
to K, anticomplete to W \ (K U A;) and have at least one neighbour in A;. For 0 <i <m — 2
let B; i+ be the set of all vertices of V(G) \ W that have a neighbour in A; and a neighbour
in A; 11, and are anticomplete to W \ (A; U A;1). Let By, be the vertices of V(G) \ W that are
complete to K and anticomplete to W \ K. Let By = B,,_1 = Co = Cy,—1 = . Then all these
sets are pairwise disjoint, and by (11)

m—2
V(G)=WU | J(BiUC UB; 1) UBy,.
i=0

(12) Both Cy and C,,—> are cliques.

Suppose there exist two non-adjacent vertices u, u’ in Cj. Since y-u-a-u’-y is not a hole of
length four for any a € A1, it follows that no vertex of A is adjacent to both u and u’, and in
particular u is not complete to Ay, and neither is u’. Let a; be a neighbour of u in A; and a] a
neighbour of u’ in Aj. By (8), u has a neighbour in V(G) \ N(K), and s1nce u is anticomplete
to W\ (K UAj), (11) implies that u has a neighbour in [ J/_ 2 B; U U Bi i+1. Let n be such
a neighbour.

Assume first that n € B; for some i. Then i > 1, since x—u—n—ai—x is not a hole of length four.
Let Q be a y-path for a; and let a; be the vertex of Q in A;. Since B; is complete to A;, n is
adjacent to a;. But now the three paths a;-Q-a1-u, a;-n-u, a;- Q-y-u form a theta, contrary to 2.1.
This proves that u is anticomplete to U,m:_12 B;.

Next assume that n € B; ;41 for some 2 < i <m — 3. Let a;, a;+1 be neighbours of n in A;
and A; 41, respectively. By (11) a; is adjacent to a;4. First we claim that there exists a path R
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from a; to a non-neighbour of # in A; with interior in Ulj_:lz Aj.If i > 3, the existence of such a
path follows from (9), so we may assume that i =2 and every neighbour a of @; in A is adjacent
to u. But now u-a-a;-n-u is a hole of length four, a contradiction. So such a path R exists, and
we may assume that R N Aj = {a}}. Let Q be a y-path for a; 1. Now, by (5), the three paths
x-ay-R-a;, u-n and y-Q-a; 1 form a prism, contrary to 2.1. This proves that n € Bj >. Similarly,
u' has a neighbour n’ in B 5.

Let a be a neighbour of n in Ay, and let a’ be a neighbour of n’ in A;. Since u-x-u’-n-u is
not a hole of length four, u is non-adjacent to n’, and similarly u’ is non-adjacent to n. Since
aj-x-u-n-aj is not a hole of length four, it follows that n is non-adjacent to a{. Let T be a y-path
for aj. By (2) and (11), n is adjacent to the vertex of T in A, say a>. Since x-u-n-a-x is not
a hole of length four, it follows that a is adjacent to u. By (11), a is adjacent to a», and since,
by (6), a, a] is not an x-pair and not a y-pair, it follows that a is adjacent to a]. Since no vertex
of A1 is adjacent to both u and ’, a is non-adjacent to u’. Since a is adjacent to ay, a-ap-T-y is
a y-path for a. By the previous argument applied to u’, n’, a instead of u, n, aj, we deduce that
n’ is non-adjacent to a and adjacent to a;, and every neighbour a’ of n’ in A; is adjacent to a
and u’, and therefore not to u and not to n. Since n-az-n’-u’-y-u-n is not a hole of length six, it
follows that n is adjacent to n’. But now n-n'-a’-a-n is a hole of length four, a contradiction. This
proves (12).

(13) Ifc1 € C has a neighbour a € N(x) \ N(y) and c3 € C has a neighbour b € N(y) \ N (x),
then c| and cy are adjacent.

Suppose not. Since a-x-y-b-a is not a hole of length four, a is non-adjacent to b. By (3) ¢
is non-adjacent to b and ¢ to a, and therefore c| # c¢». By (1) there exists a path P from a to b
such that P* C V(G) \ N(K). Let H| be the hole a-x-y-b-P-a. By (2), ¢| and c¢; are not major
with respect to Hy, and therefore {c|, ¢3} is anticomplete to P*. Let D be a minimal connected
subset of V(G) \ N(K) such that P* C D, and at least one of ¢y, ¢y has a neighbour in D (the
existence of D follows from (1)). Since c1-x-c2-d-c; is not a hole of length four, no vertex d
of D is adjacent to both c¢; and c¢;, and therefore, the minimality of D implies that exactly one
of ¢y, c2 has a neighbour in D, say c¢;. Let Q be a path from ¢ to b with Q* € D. Now both
c1-Q-b-y-c1 and c1-Q-b-cr-x-c1 are holes and their lengths differ by one, so one of them is even,
a contradiction. This proves (13).

(14) Let c1, ¢ € C be non-adjacent. Then {c1, c2} is anticomplete to N(K) \ (C U K).

Suppose c¢; has a neighbour a € N(x) \ N(y), say. Then by (3) c¢; is anticomplete to
N(y)\ N(x), and by (13) ¢, is anticomplete to N(y) \ N(x). By (1) N(y) \ N(x) # @. Choose
b e N(y)\ N(x). By (1) there is a path P from a to b with P* C V(G) \ N(K). Let H be the
hole a-P-b-y-x-a. By (2), c1 is not a major vertex with respect to H, and therefore ¢ is anti-
complete to P*. Suppose ¢ has neighbour in V (P). Let Q be a path from ¢, to a with Q* C P.
Then both a-Q-c>-x-a and a-Q-c-y-ci-a are holes, and their lengths differ by one, so one of
them is even, a contradiction. This proves that c; is anticomplete to V (P). By (1) ¢; has a neigh-
bour d in V(G) \ N(K). Since c1-x-c2-d-c1 is not a hole of length four, ¢ is non-adjacent to d.
By (2) the hole H is dominating, and so d has a neighbour in V (P). Since c2-y-b-d-c> is not
a hole of length four, d is non-adjacent to b, and so there exists a path R from d to a such that
R* C V(P)\ {b}. But now both a-x-c3-d-R-a and a-c|-y-cy-d-R-a are holes, and their lengths
differ by one, so one of them is even, a contradiction. This proves (14).
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(15) Let c1,c2 € C be non-adjacent. Then every path P between c1 and cp with interior
in V(G) \ N(K) has length three, the set V(P) U {x, y} is dominating, and either
e m=35,c1,¢2 € By,yand P* C By, or
e m=7,c1,cy € Czand P* C Aj.

Let P be a path with ends ¢y, c2 and interior in V(G) \ N(K). Let Q be a path with ends a €
N(x)\N(y)and b € N(y) \ N(x), and with Q* C V(G) \ N(K). (Such a path Q exists by (1).)
We claim that Q* contains a vertex with a neighbour in P*. Let H be the hole x-a-Q-b-y-x.
By (2) H is dominating, and so every vertex of P* has a neighbour in V(H), and therefore
in V(Q). We may assume that no vertex of P* has a neighbour in Q*, for otherwise the claim
holds, and therefore every vertex of P* is adjacent to either a or b. Let p be the neighbour of ¢
in P. From the symmetry we may assume that p is adjacent to a. But c; is non-adjacent to a,
by (14), and so a-x-c1-p-a is a hole of length four, a contradiction. This proves the claim.

Next we show that every vertex of G has a neighbour in V (P) U {x, y}. For suppose there
exists v with no such neighbour. Then v belongs to V(G) \ N(K). Suppose there exists a path
Py from v to a’ € N(x) \ N(y) and a path P, from v to b’ € N(y) \ N(x) with (P U PJ)N
N(V(P)U{x,y}) =0. Then, in P; U P,, there is a path from a’ to b’ that contradicts the claim
of the previous paragraph. So from the symmetry we may assume that there is no path from
v to N(y) \ N(x) with interior in V(G) \ N(V(P) U {x, y}). Let F be a component of G \
N(V(P) U {x}) containing v. Then F is disjoint from N(y) \ N(x). By 3.1 applied to G’ =
G|(FUN(V(P)U{x})) and the hole x-c-P-c;-x, there exists a bisimplicial vertex w of G’ in

V(G)\ Ng'(V(P)U {x}) = V(G)\ Ng(V(P)U{x}) = F.

But now it follows from the definition of F that Ng/ (w) = Ng(w), and so, since F is disjoint
from N(K), w is a bisimplicial vertex of G contained in V(G) \ N(K), a contradiction. This
proves that every vertex of G has a neighbour in V(P) U {x, y}.

If a has a neighbour in P* define x, = a, and otherwise let x, be the neighbour of @ in Q.
Let x;, be defined similarly. Then both x, and x; have neighbours in P*. Let p; be the neighbour
of x, in P such that the subpath P; of P from p; to c¢; contains no other neighbour of x,. Let
p2 be the neighbour of x, in P such that the subpath P, of P from p; to ¢, contains no other
neighbour of x,. Let p|, P, p;, P be defined similarly with x;, instead of x,.

We claim that x,, (and from the symmetry x;) has exactly two neighbours in V (P) and they are
adjacent to each other. Suppose first that x, # a. Now, if p; and p; are distinct and non-adjacent,
then the three paths x,-p1-P1-c1-x, X4-p2-P2-c2-x and x,-a-x form a theta, and if p; = p; then
the three paths pi-Pj-c1-x, p1-P2-c2-x and pi-x,-a-x form a theta, contrary to 2.1. This proves
that p; and p, are distinct and adjacent, and the claim follows.

So we may assume that x, = a. By (14) x, is non-adjacent to both c| and c,. Then p; # p2,
for otherwise, G|(V (P) U {x, x,}) is a theta, contrary to 2.1; and may assume that p; is non-
adjacent to pj, for otherwise the claim holds. So x, is a major vertex with respect to the hole
x-c1-P-c-x. But now, since x, is non-adjacent to both ¢ and ¢, there are two disjoint x,-gaps
in this hole, and so by 4.5 G admits a full star cutset, contrary to 4.2. This proves that x, (and
from the symmetry x;) has exactly two neighbours in V (P) and they are adjacent to each other,
that is, p; and p» are distinct and adjacent, and the same holds for p| and p}.

If p| € V(P,), then the paths x4-Q-a-x, p1-Pi-ci and pa-Pa-p}-xp-Q-b-y form a prism or an
even wheel, and if p/, € V(Py), then the paths x,-Q-a-x, p2-P2-c2 and p1-P1-p)-xp-Q-b-y form
a prism or an even wheel, in both cases contrary to 2.1. This proves that p; = p} and p, = p).
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If p1 = c1, then, by (14) x, # a, and so x,-a-x-c1-x, is a hole of length four, a contradiction.
So, from the symmetry, both p; and p; belong to P*. By (2), the hole x-a-Q-x,-p1-xp-Q-b-y-x
is dominating, and since no vertex of P has a neighbour in it, it follows that P is empty, and
therefore p is adjacent to c;. Similarly, p; is adjacent to cq, and therefore P has length three.

Since ¢ is anticomplete to N(x) \ N(y) and a’-pj-ci-x-a’ is not a hole of length four
for any @’ € N(x) \ N(y), it follows that p; is anticomplete to N(x) \ N(y), and, from the
symmetry, {p1, p2} is anticomplete to N(K) \ (C U K). Consequently x, # a and x; # b. So
X-a-xq4-p1-xp-b-y-x is a hole of length seven, and therefore m < 7.

If m =7, then the holes x-a-x4-p1-xp-b-y-x and x-a-x,-p2-xp-b-y-x show that p; and p;
belong to A3z. Each of ¢y, ¢p is complete to {x, y}, and has a neighbour in A3, so by (10) both ¢
and ¢ are in C3.

If m =35, then by (10) ¢y, ¢z € By, U Cy U C3, and since by (14) {c1, c2} is anticomplete
to N(K)\ (CUK), it follows that ¢, c2 € By, y. Therefore p1, po ¢ A1UAUA3. Since {p1, p2}
is anticomplete to N (K) \ (C U K), it follows that p;, p2» ¢ B1 U B3 U B; 2 U B> 3. But now, since

m—2
V(G =WU | J(BIUC UB; 1) UBy,
i=0

and p1, p» are anticomplete to {x, y}, we deduce that p;, p> belong to B;. This proves (15).

(16) Let 1 < j <i<m—2and let p € C; be adjacent to b € B; U B;_1 ;. Then i is even,
b € B;_1,; and either
e i > j+1, piscompleteto Aj, and b is complete to A; | U A;, or
ei=j+1land NO)NA;_1=N(p)NA;_1.

Let a; be a neighbour of b in A; and let Q be a y-path from a;. Then a;- Q-y-p-b-a; is a hole,
and therefore Q has even length and so i is even.

By (10), j is odd. Let A’j be the set of neighbours of p in A, and A]_, the set of neighbours
of b in A;_;. By (11) a; is complete to A;fl. Let P be a path from A;_; to A such that
[V(P)NAg|=1for j<k<i—1.Letaj€ Ajanda;—1 € A;—1 be the ends of P. We claim that
aj € A’j if and only if ¢; 1 € A]_,. Suppose first that a; € A’j anda; 1 € A;_1 \ A;_,, and let
a € A; be adjacent to a; _1. By (11), b is adjacent to a. But now p-a;-P-a;_1-a-b-p is an even
hole, a contradiction. Next suppose that a; € A; \ A/j and a; 1 € A]_,, and let S be an x-path
for a;j. Then p-x-S-a;-P-a; 1-b-p is an even hole, again a contradiction. This proves the claim.
The claim implies that A._, # @, and in particular, b € B;_1;. If i = j + 1, the claim implies
that N(b) N A;—1 = N(p) N A;_1, and (16) follows. So we may assume thati > j + 1.

Assume that A}, # A; 1. Leta]_, € A]_, and a;_1 € A;_1 \ A]_,. Let R" and R be x-
paths for alff] and a;_1, respectively, and for 1 <k <i — 2 let a; and a,’( be the vertices of R
and R’ in Ay, respectively. By the claim, a;. € A/j andaj e Aj\ A’j; and by (5) and the claim,
V(R)\ (UJZ} Ap) is disjoint from V(R") \ (U/Z Ax), and for j + 1<k <i — 1, a}, is non-
adjacent to ax—1 and ai to a,’(_l. Consequently, since both R and R’ can be completed to holes
via y-paths for ¢;_; and a;_, respectively, (2) implies that for j <k <i— 1, a; is adjacent to a;.
We recall that Q is a y-path for g;. Since i > j + 1, x-R-aj-ajH-a}H_R/_alfi]-ai-Q-y-x isa
hole of length m + 1, and therefore even, a contradiction. This proves that A;_ | = Aj—1. Since
the claim implies that for every vertex a; € A; \ A’j, if T is a y-path for a; then V(T) N A; 1 C
Ai_1 \ Al_,,itfollows that A; = A’j.
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Finally suppose that there exists a vertex a € A; non-adjacent to b. Let S be an x-path for a
and T a y-path, let a; | be the vertex of S in A; | and let a; be the vertex of S in A ;. Then the
paths p-b-a;_1, p-a;-S-a;—1 and p-y-T-a-a;_ form a theta, contrary to 2.1. This proves that b
is complete to A; and completes the proof of (16).

(17) Every vertex of A that is complete to B 2 is complete to C1. Some vertex of A\ is complete
to Cj.

Let p € C1, and suppose that p has a non-neighbour a; € Aj. Since K is non-dominating
in G\ {p}, it follows from (8) that p has a neighbour b € V(G) \ N(K). From the definition
of Cy, we deduce that either b € By, or b€ B; U B;_1; for some 2 <i <m — 2. If b € B then
b-aj-x-p-b is a hole of length four, a contradiction. So b € B; U B;_;1 ; forsome 2 <i <m — 2,
and by (16),i =2 and N(b) N A; = N(p) N Ay. In particular, a; ¢ N (b) N Aj. This proves that
every vertex of A that is complete to By is complete to Cj.

Now we prove that some vertex of A; is complete to C. Suppose not, and choose a € A
with maximal set of neighbours in C. Let ¢’ € C| be non-adjacent to a. Then ¢’ has a neighbour
a’ € Aj. By the choice of a, some vertex ¢ € C; is adjacent to a and non-adjacent to a’. By (12),
¢ is adjacent to ¢’. Since a-a’-¢’-c-a is not a hole of length four, it follows that a is non-adjacent
to a’. By the argument of the previous paragraph, there exists a vertex b’ € By », adjacent to ¢’
and such that N(0') N A} = N(¢) N A}. Thus 2’ is adjacent to ¢’ and not to a. Let ap € A be
adjacent to a. By (11), ay is adjacent to both 5" and a’. But now a-ay-a’-x-a is a hole of length
four, a contradiction. This proves that some vertex of A; is complete to C1, and completes the
proof of (17).

(18) Leti €{l,...,m —2}. If A; contains an x-pair u, v, then A; is complete to A;_1 N N (u),
B; i+1 is anticomplete to {u, v}, B; is empty and A;—1 N N (u) is complete to B;_ ;.

The first assertion of (18) follows from (7). Since u-w-v-b-u is not a hole of length four,
where w € N(u) N A;—1 and b € B; ;41 U B, it follows that B; = @, and no vertex in B; ;4 is
adjacent to both u and v.

Next suppose there exists b € B; ;41 with a neighbour in {, v}. From the symmetry we may
assume that b is adjacent to u. Let a be a neighbour of u in A; 1, and @’ a neighbour of vin A; ;1.
Since u, v is an x-pair, (6) implies that a is non-adjacent to v and &’ is non-adjacent to u. By (11),
b is non-adjacent to a’, and therefore, again by (11), b is adjacent to v. But then b is adjacent to
both u and v, a contradiction.

Finally, suppose that there exist a € A;—1 N N(u) and b € B;_;; non-adjacent. By (11),
b is adjacent to both u and v. But now u-b-v-a-u is a hole of length four, a contradiction. This
proves (18).

(19) The sets By y, Bo,1, B1,2, ..., Bu—2,m—1 are pairwise anticomplete; the sets By, ..., Bn_1
are pairwise anticomplete; and for alli € {0,...,m — 2} and j € {0,...m — 1} with j #
i,i +1, Bjiy1 is anticomplete to B;.

Let 0 <i < j <m — 2. From the symmetry it is enough to prove that B; U B; ;4 is anticom-
plete to Bj 1 U Bj j11, B; is anticomplete to B; 1 and B,y is anticomplete to B; ;1.

Assume for a contradiction that there exist adjacent u € B; U B; ;41 and v € Bj11 U Bj j11.
Let a; be a neighbour of u € A; and a4 a neighbour of v in A1, and let P be an x-path for



1152 L. Addario-Berry et al. / Journal of Combinatorial Theory, Series B 98 (2008) 1119-1164

a; and Q a y-path from a; . Then x-P-a;-u-v-a;1-Q-y-x is ahole, say H. Since V(H) € W,
x,y are vertices of H and H is odd, it follows that H has length at least m + 2, a contradiction.

If b; € B; is adjacent to b; 1 € B;+1, then, by (11), b;-b;11-a;+1-a;-b; is a hole of length four
for every adjacent a; € A; and a; 41 € A;+1, a contradiction.

Finally, assume that b € By y has a neighbour b’ € B;it1.Leta; and ;4 be neighbours of b’
in A; and A1, respectively. By (11), a; is adjacent to a; 1. Let P be an x-path for g; and Q a
y-path for a; 1. Then G|(V(P) U V(Q) U {b, b'}) is a prism or an even wheel, contrary to 2.1.
This proves (19).

(20) A; is a clique for every odd integer i with3 <i <m — 4.

Suppose there exists an odd integer i € {3,...,m — 4} such that A; is not a clique. Then
m > 7. From the symmetry and by (6) and (7) we may assume that every pair of non-adjacent
vertices in A; is an x-pair.

Leta; € A} be a vertex complete to C; (such a vertex exists by (17)), and let u, u’ be an x-pair
in A;. By (9) there exists a path P from u to a; such that [V(P)NA;|=1forall 1 <j <i.Let
a;_1 be the vertex of P in A;_1. By (18) a;_1 is complete to A;. Let

L=V(P)\{u}, T={x}UC, S=A,,

and

m—2

R = U (Aj UBj UC]' UBj,j-H) UBi,H—l UBXJ U {y}

j=i+1
Then L is connected, anticomplete to R, the vertex a;_1 € L is complete to S and L \ {a;_1} is
anticomplete to S, T is a clique by (12), and a; is complete to 7. Let G’ be the graph obtained
from G|(R U S UT) by adding all edges between S and T'. Then, since i is odd, 2.3 implies that
G’ is even-hole-free. Since i <m — 2, K is non-dominating in G’, and therefore the minimality
of |V(G)| implies that there exists a vertex v € V(G’) \ Ng/(K) that is bisimplicial in G’.

Next we show that v belongs to V(G) \ N(K) and is bisimplicial in G, thus obtaining a

contradiction. Let R" = V(G’) \ Ng/(K). Then

m—3 m—3
/
R = U AjUUBjUBj,j—HUBm—Za
j=i+1 j=i

and in particular R" € V(G) \ N(K). By (18) B; is empty, and consequently, by (19), R’ is
anticomplete to V(G) \ V(G’), and hence Ng(v) = Ng' (v). Since, by (18), no vertex of B; ;41
is complete to A;, (16) implies that C is anticomplete to B; ; 41, and therefore no vertex of R’
has both a neighbour in S and a neighbour in 7'. It follows that G and G’ induce the same graph
on N/ (v), and therefore v is bisimplicial in G, a contradiction. This proves (20).

(21) Leti €{4,...,m — 3} be an even integer. If A; does not contain a y-pair, then some vertex
of Ai_1 is complete to it. If Aj_, does not contain an x-pair then some vertex of A;j_1 is
complete to Aj_». If A; does not contain a y-pair and A;_» does not contain an x-pair then
some vertex of A;_1 is complete to Aj_r U A;.

Assume that A; does not contain a y-pair. We claim that some vertex a € A;_; is complete
to A;. Suppose not and let a;—1 € A;_ be a vertex with a maximal set of neighbours in A;. Let
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N = A; N N(a;—1). Then there exists a; € A; \ N. Let a/_, € A;_ be a neighbour of a;. Now
it follows from the choice of a;_1, that there exists a; € N \ N(alffl). But by (6) and (18) A;
is a clique, and by (20) A;_1 is a clique, and therefore a; is adjacent to alf and a;_ to alf_l.
Consequently ai,l-ai—a; -a;_,-a;—1 is a hole of length four, a contradiction. This proves that
some vertex a € A;_; is complete to A;. From the symmetry, if A;_; contains no x-pair, then
some vertex a’ € A;_1 is complete to A;_». This proves the first two statements of (21).

Now assume that A; does not contain a y-pair and A;_» does not contain an x-pair, and let
a,a’ be as above. We claim that either a is complete to A;_, or a’ is complete to A;. Suppose
not, and let @; € A; \ N(a’) and a;_» € A;—» \ N(a). Let P be an x-path for a;_, and let Q be
a y-path for a;. By (20), a is adjacent to a’. By (5) x-P-a; _»-a’-a-a;-Q-y-x is a hole. But this
hole has length m + 1, and therefore it is even, a contradiction. This proves (21).

Let P = U;f:]z Ci.By@),C=PUB,y.Forl1 <i<m-—2let A; be the set of vertices
of A; with a neighbour in P, and let Blf, Blf i+l be defined similarly. For a € A;_; let M (a) =
N(a) N Aj, M'(a) = N(a) N A}, Q(a) = N(a) N B;_1,; and Q'(a) = N(a) N B; and for

i1,
be Bi_1;let M(b)=N(b)N A; and M'(b) = N(b) N A

(22) Let i be an odd integer such that 3 <i < m — 4. Assume that A;_| contains no y-pair.
Choose w € A;j_1 with M'(w) maximal, and subject to that with Q'(w) maximal, and
suppose that Bi/—l,i %+ Q'(w). Then there exist w' € A;_1, b,b’ € Bi/—l,i and p € C; such
that
1. b-w-w'-b’ is a path,

2. M(w)=MWw)=Mb)=M®) = A;,
3. either NO)NPC NBYNPor NO)NPCNOB)NP,
4. p is adjacent to both b and b’ and complete to A;.

Let b’ be a non-neighbour of w in B;_, ; and let w’ be a neighbour of 5" in A;_;. (11) implies
that b’ is complete to M (w), and so again by (11) w’ is complete to M (w). Now it follows
from the choice of w that Q’(w) is not a proper subset of Q’(w’), and therefore there exists
be Q'(w)\ Q'(w). Since A;_1 does not contain a y-pair, and since M (w) € M (w’), it follows
that w is adjacent to w’. Since w-w’-b’-b-w is not a hole of length four, b is non-adjacent to &’.
Thus b-w-w’-b’ is a path and (22.1) holds.

By (11) and since b is non-adjacent to w’, it follows that M(w’) € M (b) and similarly
M(w) € M('). Again by (11), M(b) € M(w) and M(b') € M(w’), and therefore all the in-
clusions hold with equality, that is M (w) = M (w') = M (b) = M(}').

Next we claim that either N(b) NP C N(B)NP or N(b') NP < N(b) N'P. Suppose not,
andlet p e (N(BD)\ N(®')) NP and p’ € (N(D') \ N(b)) NP. If p is non-adjacent to p’, then,
since i is odd and therefore A;_; is anticomplete to P by (11), it follows that p-b-w-w’-b'-p’
is a path with interior in V(G) \ N({x, y}), contrary to (15), so p is adjacent to p’. But then
p-b-w-w’-b’-p’-p is a hole of length six, a contradiction. This proves that (22.3) holds, and in
particular, because b, b’ € B]_ 1.i» and therefore N(b) NP # ¢ and N (b)) NP # @, there exists
p € P adjacent to both b and 2'.

Since {b, b’} is complete to M (w), and b-a-b’-p-b is not a hole of length four for any a €
M (w), it follows that p is complete to M (w), and p € C;.

We claim that M (b) = A;. For suppose not, and let a € A; be non-adjacent to b, and therefore
non-adjacent to b’. Let v be a neighbour of @ in A;_1. By (11) both b and »’ are adjacent to v, and
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therefore b-v-b’-p-b is a hole of length four, a contradiction. This proves that M (b) = A;, and
hence M (b) = M (V') = M(w) = M(w') = A;. So (22.2) and (22.4) follow. This proves (22).

(23) Leti be an odd integer such that 3 <i <m — 4, and A;_1 does not contain a y-pair, and

B; is empty. Then there is a vertex in A;_1 complete to A; U B]_ ..

First we claim that no vertex of C; is complete to A;. For assume for a contradiction that

p € C; is complete to A;. By (15), since m > 7 and p is either complete or anticomplete to A3,
it follows that p is complete to C \ {p}. Let

S={y}UA;UC,
i-1 i—1

T:{X}UU(AjUBj)UUBj,j+1

Jj=1 J=0

and
m—2 m—2
U= J 4;uB)pU | Bjjs.
j=i+1 j=i

Then p is complete to S\ {p}. Since B; is empty, V(G) =SUT U U, and by (19) T is anticom-
plete to U. But now S is a star cutset with centre p, and x ¢ S, contrary to 4.1. This proves that
no vertex of C; is complete to A;.

Choose w € A;_; with M’(w) maximal, and subject to that with Q’(w) maximal. Suppose
first that A} € M'(w), and let a € A} be a non-neighbour of w in A’. Since by (20) A; is a clique,
it follows that a is complete to M (w). Let p be a neighbour of a in C;. Then p is not complete
to A;; let @’ € A; be a non-neighbour of p. Let w’ be a neighbour of ¢’ in A;_1, choosing a’
and w’ so that w’ = w if possible, and let R’ be an x-path for w’. Since x-R'-w’-a’-a-p-x is
not an even hole, it follows that w’ is adjacent to a, and therefore w’ # w, and so p is complete
to M(w). But now, since x-R’-w’-a’-m’-p-x is not an even hole for any m’ € M (w), it follows
that w’ is complete to M (w) U {a}, contrary to the choice of w. This proves that w is complete
to A;. Finally, suppose that w is not complete to B;_, ;. Let w’,b,b" and p be as in (22). But
then p is complete to A;, a contradiction. This proves (23).

(24) Let i be an odd integer such that 3 <i <m — 4 and A;_1 contains no y-pair. Then some

vertex of Aj_1 is complete to Bi/—l,i‘

Suppose no such vertex exists. By (23) B; is non-empty. By (22) there exist wy, wy € A;_1,
b1,by € B, ; and p € C; such that

b1-wi-wy-by 1s a path,

M(wy) = M(wz) = M(b1) = M(by) = A,
NB)NPCNbB)NP,

p is adjacent to both b1 and b, and complete to A;.

A=

Since A;_; contains no y-pair, and so, we deduce from (18) that {w;, ws} is complete
to Aj—1 \ {w1, wz}. Let Ry and R, be x-paths for w; and w;, respectively.

We claim that there exist s, t with {s, 7} = {1,2} and a path Q from b; to a vertex of B; ;4]
such that V (Q) is anticomplete to {w,, b;} and Q* € B;_1,; U B;.
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Let
m—2 m—2
U={x.yjucu | ;uBpul Bjj.
j=i+l j=i

S1=N({b1, w1})
and
Sr = N({bz, wz}).

By 4.3 S, is not a double star cutset in G, and therefore there exists a path Q> from b to
a vertex u € U with V(Q3) N S2 = @, and such that (V(Q2) \ {#}) N U = @. Since by (19)
B;_1,; U B; is anticomplete to V(G) \ (U U S), it follows that V(Q2) \ {#} € B;—1; U B;, and
therefore, again by (19), u € B; ;41 U C.

We may assume that u € C, for otherwise the claim holds with s =1 and Q = Q5. Let Q' be
a subpath of Q9 with ends u, g’ such that ¢’ is adjacent to w; and no other vertex of Q' is. Let
H be the hole w1-¢’-Q’-u-x-Ri-wi. Then H is not dominating in G because b, € V(G)\ N(H)
(since V(Q2) N S» =@). Let F be the component of V(G) \ N(H) containing b,. By 3.1 there
is a vertex v in F' that is bisimplicial in G|(F U N(H)), and therefore in G. Since there is no
bisimplicial vertex of G in V(G) \ N (K), we deduce that v is adjacent to y. Let T be a path from
by tov with V(T) € F. Since A;_1UA; UB;_1 € N(wy) € N(H), (19) implies that T contains
a vertex of U. Let Q| be a minimal subpath of T containing b, and a vertex u’ of U. Since
V(Q1) N N(wy) =, it follows that u’ € B; ;41 U C, and since V(Q;) € F, and in particular
{x} is anticomplete to V(Q1), we deduce that u’ ¢ C. But now the claim holds with s =2 and
Q = Q1. This proves the claim.

Let QO be a path from by to a vertex u of B; ;1 with V(Q) \ {u} € (B;—1,; U B;) \ S; as in the
claim. Let a be a neighbour of u in A; 4 and let T be a y-path for a. Let ¢ be the neighbour
of wy in Q such that the subpath Q’ of Q between ¢’ and u contains no other neighbour of w.
Then x-R-wy-q’-Q'-u-a-T-y-x is a hole and by (19) and the choice of Q’, b, has no neighbour
in it, contrary to (2). This proves (24).

25 m <.

Suppose m > 9 and let i be an even integer in {4, ..., m — 5}. From the symmetry and (6) we
may assume that A; contains no y-pair. By (21) there exists a vertex a € A;_; complete to A;.
Let P be an x-path for a.

Let

S=Ai, T={luUC, L=V(P)

and
m—2
R = ( U AjUBjUBj,j_H)\A,‘.
J=i

Then L is connected, anticomplete to R, by (15) T is a clique, T is complete to {x}, S is complete
to a and anticomplete to L \ {a}. Let G’ be the graph with V(G’) =S UT U R, in which u, v €
V (G’) are adjacent if and only if there is an odd path between them with interior in L. By 2.3 G’
is even-hole-free.
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If Bi+1 =0, lett be a vertex in A; complete to A;, | UB;, |, andif Bi11 # 0, lett be a vertex
in A; complete to Bl.” ;41 (the existence of such a vertex 7 follows from (23) and (24)). Then, since
i is even, y is complete in G’ to A;, and in particular, y is adjacent in G’ to . Let K’ = {y, t}.
Then K’ is anticomplete to A,,_3, and therefore K’ is a non-dominating clique in G'. By the
minimality of |V (G)|, there exists a vertex v € V(G’) \ Ng/(K’) that is bisimplicial in G’. Since
y is complete to A; U Apy—2 U Byy—2.»—1 U C in G’ and 7 is complete to B; in G, it follows that

m—3 m—2 m—3

vE U AU U B; U UBj’j+1’
j=itl j=itl j=i

and hence by (5) and (19) Ng (v) = Ng/(v). Let N = Ng (v).

Since Ng(x) N V(G') CCU{y}and V(G') \ Ng/(y) C V(G) \ Ng(y), it follows that v €
V(G) \ Ng(K), and therefore v is not bisimplicial in G. Consequently, G|N # G'|N, and so,
from the construction of G’ and since y ¢ N, we deduce that NN A; # @ and NN C # @. By (5)
and (19), and since v is anticomplete to K’ in G’, this means that v € A; 11 U B; 1.

We claim that NNC CP.Let pe NNC.If v e Aj41, then p € C;41 by the definition of
Ciy1,andif v € B; j41, then p ¢ By y by (19), and therefore p € P. This proves the claim.

Since v is non-adjacent to ¢ and has a neighbour in P, it follows from the choice of ¢ that
v € Ajy1 and Bjy1 # @. But now, let a; € A; and a;12 € A;j;+2 be neighbours of v. Choose
b € B;jy1.Then a;, a; > and b all belong to Ng/(v), and they are pairwise non-adjacent, contrary
to the fact that v is bisimplicial in G’. This proves (25).

(26) If m =1 then C is a clique.

Suppose not and let c1, ¢ € C be non-adjacent. By (1) there exists a path P between c¢; and
¢y with interior in V(G) \ N(K), and by (15) V(P) U K is dominating, P has length three, and
P* C A3 and ¢y, ¢ € C3. Since V(P) U K is dominating, (16) implies By U B; 2 U By U B4 U
B4sU Bs =¢. By (1) and (19) By,1 = Bs,s = . Suppose C; # @, and let p € C;. By (1) and
(16), p has a neighbour b € B3 4, and b is complete to A3. By (15), ¢ has a neighbour a € A3,
and ¢ is not complete to A3. Therefore, by (16), it follows that b is non-adjacent to c1. By (15),
p 1s adjacent to c¢1. But now, c1-a-b-p-c; is a hole of length four, a contradiction. This proves
that C; =, and, from the symmetry, Cs = . Next suppose that there exists p € By . By (1),
p has a neighbour d € V(G) \ N(K), and so d € B2 3 U B3 U B3 4, and from the symmetry
we may assume that d € B> 3 U B3. Let a3 be a neighbour of d in A3, and let Q be a y-path
for az. But now y-p-d-az-Q-y is a hole of length six, a contradiction. So B, y, =, and N(K) =
KUA UAsUC;.

For i =1,2 let D; = N(c¢j) N A3z. Since c1-x-cz-a-c1 is not a hole of length four for any
a € As, it follows that D| N D, = . If there exist non-adjacent d| € D and d> € D>, then by (6)
d and d; have a common neighbour a € A U A4, and x-c1-di-a-da-c2-x is a hole of length six,
a contradiction. So D1 is complete to D;.

We claim that (A, U Az3U Ag) \ (D1 U D>) is complete to D1 U D;. Forleta € (Ao UA3U Ag)\
(D1 U D3) have a non-neighbour d € D1 U D,. From the symmetry we may assume that d € D;.
By (20) A3 is a clique, and hence a € Ay U A4, and from the symmetry we may assume that
a € A4. Choose dy € D1. Then c1-d-d-c> is a path, and so, by (15), the set {x, y, c1, c2, d1, d}
is dominating, and therefore a is adjacent to d;. But now let a5 be a neighbour of a in As. Then
by (5) d-c2-y-as-a-di-d is a hole of length six, a contradiction. This proves that (A2 U A3 U Ag) \
(D1 U D») is complete to D1 U D».
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Choose d; € D1. We claim that d; is complete to B 3 U B3 4. Suppose not; from the symmetry
we may assume that B’ = B, 3\ N(d}) is non-empty. Since by (19) N(B23) € B3 U A2 U A3 U
B3 U3, dj is complete to A, U A3 U B3 and N(d)) is not a full star-cutset in G by 4.2, it follows
that some b € B’ has a neighbour ¢ € C3 \ N(d;). Since b-c;-dj-az-b is not a hole of length
four for any a; € A; adjacent to b, it follows that b is non-adjacent to c;. If ¢ is non-adjacent
to c1, then b-c-x-c1-di-az-b is a hole of length six, for any a> € A; adjacent to b; and hence c is
adjacent to c1. Since c1-c-da-dj-c1 is not a hole of length four for any d> € D3, c is anticomplete
to Dy; and so by (16), b is anticomplete to D;. Now, by the three previous sentences with the
roles of ¢ and c; reversed, ¢ is adjacent to ¢; and anticomplete to Dj. Since ¢ € C3, there exists
d € Az adjacent to ¢, and d ¢ D;. But now, since A3 is a clique, ci-c-d-d;-c; is a hole of length
four, a contradiction. This proves that D is complete to By 3 U B3 4.

Since K is a non-dominating clique in G’ = G \ {d1}, it follows from the minimality of |V (G)|
that some vertex v € V(G’) \ Ng/(K) is bisimplicial in G’. Since G’ is an induced subgraph of G
and no vertex of V(G)\ N(K) is bisimplicial in G, it follows that v € V(G) \ N(K), v is adjacent
to dp and d; has a non-neighbour 7 that is adjacent to v. Since v € N(d1) \ N(K), it follows that
veAUA3UA4U By 3U B3 U B3 4. Let Q be a y-path for d;. If v € B> 3 U B3, then by (19)
n € N(K), and since n is adjacent to v, we deduce that n € C3. Now d-Q-y-n-v-d; is a hole of
length six, a contradiction. Similarly, v ¢ B3 4, and therefore v € Ay U A3 U A4.

Next assume that v € A>. Then N(v) € A; U A U A3 U B 3. Since v has a neighbour in Aj,
and v is bisimplicial in G’, it follows that N (v) N Ay = N1 U N where Ny U (Ng/(v) N (A3 U
B;3)) isaclique and Nj U (Ng/ (v) N A1) is aclique. But since d is complete to AU A3z U By 3, it
follows that No U (Ng(v) N(A3U B2 3)) = {d1} U N2 U (Ng/(v) N (A3 U By 3)) is a clique, and so
v is bisimplicial in G, a contradiction. This proves that v ¢ A, and from the symmetry v ¢ Ay,
and therefore v € A3z. Since n is adjacent to v and non-adjacent to dy, it follows that n € Cs.
But now, choosing a; and a4 to be neighbours of v in A, and A4, respectively, we observe that
ay, a4 and n are three pairwise non-adjacent neighbours of v in G’, contrary to the fact that v is
bisimplicial in G’. This proves (26).

Let S be a hole in G. We say that v € V(G) \ V(S) is a centre for S if v is complete to V (S).

(27) Let S be a hole of length five with centre v. Let A be a connected subgraph of V(G) \
(V(S) U {v}), such that three consecutive vertices of S have neighbours in V(A). Then v
has a neighbour in V (A).

Suppose not. We may assume that A is a minimal connected subgraph of V (G) \ (V (S) U{v}),
such that three consecutive vertices of S have neighbours in V(A). Let the vertices of S be
c1,...,c5in order. Let P be a path between two non-consecutive vertices of S with P* C V(A)
and with |V (P)| minimum. Without loss of generality, we may assume that the ends of P are ¢
and c¢3. Since v has no neighbour in P* and c¢;-P-c3-v-cy is not an even hole, it follows that P
is odd. Since c1-P-c3-c4-c5-c1 is not an even hole, it follows that one of c4, c5 has a neighbour
in P*, and from the minimality of |V (P)| and by the symmetry, we may assume that ¢ and c;
have a common neighbour p in P*, and p is the unique neighbour of ¢s in P*. Suppose ¢, has a
neighbour p’ € P*. From the minimality of |V (P)|, p’ is adjacent to c3 and ¢, has no neighbour
in P*\ {p’}. But now c;-P-p’-cp-c1 is an even hole, a contradiction. So ¢, has no neighbour
in P*. From the symmetry we deduce that c4 has no neighbour in P*. Let D be a minimal
connected subgraph of A, such that P* C V(D), and at least one of ¢;, c4 has a neighbour
in V(D). If both ¢, ¢4 have neighbours in D, then, since {cp, c4} is anticomplete to P*, the
minimality of D implies that some d € V(D) is adjacent to both ¢; and ¢4, and c3-d-c4-v-c2
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is a hole of length four, a contradiction. So we may assume that c4 has a neighbour in V (D),
and ¢, does not. Let Q be a path with interior in D from ¢4 to a vertex ¢ € V (D), such that ¢
has a neighbour in P*, and no other vertex of Q does. By the minimality of A, ¢ has a unique
neighbour p’ in P*, and p’ is adjacent to c3. If ¢5 has a neighbour in V(Q) \ {c4}, then A\ {p} is
a connected subgraph of V(G) \ (V(S) U {v}), and c3, c4, c¢5 all have neighbours in V(A \ {p}),
contrary to the minimality of A. So ¢s has no neighbour in V(Q) \ {c4}. If ¢; has no neighbour
in V(Q), then c4-Q-p’-P-p-cs-c4 and c4-Q-p’-P-p-c1-v-c4 are two holes of different parity,
and therefore one of them is even, a contradiction. So ¢; has a neighbour in V(Q). Let ¢’ be
the neighbour of ¢; in V(Q), such that the subpath of Q between ¢ and ¢’ contains no other
neighbour of cy. Since c¢j-g’-c4-v-c; is not a hole of length four, c4 is non-adjacent to ¢’. But
now, there exists a path T between ¢ and c3 with interior in V(g-Q-q’) U {p’}, and neither
of ¢4, c5 has a neighbour in 7*. But now one of ¢{-T-c3-v-c; and ¢1-T-c3-c4-c5-c1 iS an even
hole, a contradiction . This proves (27).

(28) Letu e V(G)\ N(K) and letv € V(G) \ (N(K) U {u}) be a bisimplicial vertex of G \ {u}.
Then Ng(v) \ Ng(u) is not a cligue.

Let G’ = G \ {u}. Suppose Ng(v) \ Ng(u) is a clique. Then, since v is a bisimplicial vertex
of G/, there is no stable set of size three in N (v). Since v is not bisimplicial in G, it follows that
u is adjacent to v and G|(Ng(v)) contains an odd antihole. Since every odd antihole of length
at least seven contains a hole of length four, it follows that G|(Ng(v)) contains an antihole of
length five, and therefore a hole of length five. Let S be such a hole. Since v is bisimplicial
in G/, it follows that u € V (S). Let the vertices of S be a-u-b-b’-a’-a. Let F be the component
of V(G) \ N (v) containing {x, y}. By 4.2, F = V(G) \ N(v). We claim that u has a neighbour
in F, for otherwise Ng (u) \ {u} S Ng'(v), and therefore u is bisimplicial in G and non-adjacent
to both x and y, a contradiction. Let A = Ng(v) \ (Ng(b") U{u}), B= Ng(v) \ (Ng(a") U {u})
and D = Ng(v) N Ng(a’) N Ng(b'). Then a € A and b € B. Since v is bisimplicial in G’, both
A and B are cliques; and since Ng(v) \ Ng(u) is a clique, it follows that Ng(v) \ Ng(u) € D,
and so u is complete to A U B.

By (27), not both a and b have neighbours in F', and from the symmetry we may assume that
a does not. If a has a neighbour z € B\ A, then a-a’-b’-z-a is a hole of length four, and therefore
a is anticomplete to B \ A. Thus N(a) € AU D U {d’, u, v}. Since a-d-b’-d’-a is not a hole of
length four, where d, d’” € D N N(a), it follows that D N N (a) is a clique. But now, Ng(a) is the
union of two cliques, namely A U {u, v}, and N (a) N (D U {a’}). Since a is anticomplete to F, it
follows that a is a bisimplicial vertex of G in V(G) \ N(K), a contradiction. This proves (28).

(29) m=5.

Suppose m > 5. By (25), m =7. By (26) C is a clique. Assume first that A, does not contain
a y-pair. Let R = U?:3 A; U Uf:2(B,- UB;it1),let C'= (CU{y})\ Ci, and let G’ be the graph
obtained from G|(A, U C’ U C U R) by adding all the edges between A, and C’. We claim that
G’ is even-hole-free.

Assume first that A, contains an x-pair. By (18), there exists a vertex a; € Ay complete
to Ap U By . By (17), a; is complete to C;. Let S = Ap, T =C'UC) and L = {ay, x}. Then L is
connected, anticomplete to R, T is complete to x and S is complete to a; and anticomplete to x.
Since no vertex of T \ C1 is adjacent to aj, and since C1 is complete to a1, 2.3 implies that G’ is
even-hole-free.
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Next assume that A; is a clique. Suppose there is an even hole H is G’. Since G is even-
hole-free, it follows that V(H) N Ay # @, and V(H) N C’ # . Since Ay U C’ is a clique in G,
it follows that |V(H) N Ay| = |V(H)NC'|=1.Let V(H) N Ay ={h1} and V(H) N C’ = {hy}.
Then h; is adjacent to &y in G’, and G|V (H) is a path from & to hj, say P, with interior in
R UCy. Since H is an even hole in G’, P is odd. Let a; be the neighbour of 4] in Aj. Since
h1-P-hy-x-ai-h; is not an even hole, it follows that one of aj, x has a neighbour in P*, and
therefore some vertex of P* is in C;. Since C is a clique, it follows that the neighbour &3 of &y
in P belongs to Cy, and no other vertex of P does. But now %-P-h3-aj-h is an even hole, a
contradiction. This proves that if A, is a clique, then G’ is even-hole-free, and, by (6), completes
the proof of the claim.

If B3 =0, let ap € Ay be as in (23), and if B3 # @, let a, € Ay be as in (24). Let U =
{y,az}. Since U is anticomplete to A4, U is a non-dominating clique in G’, and therefore, by
the minimality of |V (G)|, there exists a vertex v € V(G') \ N/ (U) that is bisimplicial in G’.
Since y is complete to A U C1, and ay is complete to B, U C’, it follows from (5) and (19)
that v € R, and therefore Ng(v) = Ng/(v). Since v is not bisimplicial in G, it follows that
G|(Ng(v)) # G'|(Ng'(v)), and therefore in G, v has both a neighbour in A, and a neighbour
in C'. This, together with (19), implies that v € A} U Béj. From the choice of a, and the fact
that v is non-adjacent to a;, we deduce that v € A} and B3 # (. But then v has a neighbours
in A, A4, B3, and these are three pairwise non-adjacent neighbours of v in G’, contrary to the
fact that v is bisimplicial in G’.

This proves that A, contains a y-pair, and, therefore, by (6), no x-pair. From the symmetry, it
follows that A4 contains an x-pair and no y-pair. By (18), this implies that B, = B4 = .

Let a3 in A3 be complete to A> U A4 (such a vertex a3 exists by applying (21) with i = 4).
By (20) A3 is a clique, by (18) a3 is complete to B 3 U B3 4, and since B U By = {J, we deduce
that a3 is complete to

A UA3UA4UBUB3UByUBy3U B3 4.

Let G’ = G \ {a3}. Since K is a non-dominating clique in G’, (8) implies that there exists v €
V(G’)\ Ng/(K), adjacent to a3 and bisimplicial in G’. Since v is adjacent to a3, we deduce that
ve Ay UA3UA4U B3 U By 3 U B3 4. From the symmetry we may assume that v € A U A3 U
B3 U By 3.

Assume first that v € A3 U B3 U By 3. By (5), (18) and (19), it follows that N (v) \ N(a3) is
a subset of C, and therefore N(v) \ N(a3) is a clique, contrary to (28). This proves that v ¢
A3 U B3 U Bj 3, and therefore v € Aj.

By (11), Ng/(v) € A1UA2UA3UByU B 2U B; 3. Suppose v has a neighbour b in B ». Since
every non-adjacent pair in A3 is a y-pair, (18) implies that v is complete to Az \ {v}. Let a2, a} be
a y-pair in Aj. Then, by (18), a2, aé, b is a stable set of size three in Ng/(v), contrary to the fact
that v is bisimplicial in G’. This proves that v is anticomplete to B} >, and N(v) \ N(a3) C A;.
But now, since v-n-x-n’-v is not a hole of length four for any n,n" € N(v) N Ay, it follows that
N(v) N Aq is aclique, and we get a contradiction to (28). This proves (29).

In view of (29), from now on we assume that m = 5.

(30) Every vertex in By y is anticomplete to By U B3 U By > U B 3, and every vertex of By y has
a neighbour in Bs.

Letb € By y, and suppose that b has a neighbour b’ € B1 U B, 3U By U B3. From the symme-
try we may assume that b’ € B3 U Bj 3. Choose a € A3 adjacent to b’. Now y-b-b’-a-y is a hole
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of length four, a contradiction. This proves that By , is anticomplete to By U B3 U B12 U By 3.
By (8), every vertex of B,y has a neighbourin V(G) \ N(K), and therefore every vertex of By,
has a neighbour in B;. This proves (30).

(31) If A, contains a y-pair, then there exist vertices az, aé € Ay and a vertex ay € A such that
ay is adjacent to ay, and there exists a path P in G, from d) to a vertex p, such that
(1) p is adjacent to at least one of x, y,
(ii) {ai1, a>} is anticomplete to V (P),
(i) V(P)NCz =49,
@iv) V(P)\ {p} is anticomplete to {x, y}, and
(V) V(P)N Ay ={ay)}.

By (6) A, contains no x-pair and by (18) B, = (J. We observe that it is enough to prove that
there exist aj, as, aé, p and P satisfying (i)—(iii) above, for then a1, a3, aé, p and P chosen with
|V (P)| minimum will satisfy (i)—(v).

Let a) € A; be a vertex that has a non-neighbour n € A3 and let a] € A; be adjacent to a}.
Since a}, n is not an x-pair, it follows that » is non-adjacent to .

By 4.3, the edge aja) is not the centre of a double star cutset D such that K and n are in
different component of V(G) \ D, and therefore there exists a path P in G, from some a; € A>
to a vertex p, adjacent to one of x, y, and such that {a], a}} is anticomplete to V (P). We may
assume that a» and P are chosen such that |V (P)] is minimum. Consequently, V (P)N Ay = {a>}
and V(P) \ {p} is anticomplete to {x, y}. If V(P) N C3 =@, then (31) holds, so we may assume
that p € C3. Let a; € A be adjacent to a,. Since a», aé are non-adjacent and there is no x-pair
in Aj, it follows that aé is non-adjacent to aj.

We claim that a; is anticomplete to V(P). It is enough to show that a; is anticomplete
to V(P) \ {ay}. Since V(P) \ {p} is anticomplete to {x, y}, it follows that V (P) N (A} U By1 U
C1)=0.By (11) and (18), B| U B} 2 is complete to ai and so, since ai is anticomplete to V (P),
it follows that V (P) N (By U By 2) = . By (30) and since By =, it follows that B, , = . But
now, since

N(a1) CA1UC1UB1UBy1UB1pUAyU({x},

we deduce that a; is anticomplete to V(P) \ {az}. Let Hp be the hole x-aj-a>-P-p-x. By 4.4,
G \ (N(Hp) \ {y}) is connected. Therefore, there is a path P’ in G, from a), to a vertex p’,
adjacent to y, and such that V (Hp) is anticomplete to V (P’). In particular, since x € V (Hp), it
follows that V(P') N C3 =@, and {ay, ay} is anticomplete to V (P’). This proves (31).

(32) Ajisacligue.

Suppose not. Then by (18) B = ¥ and we may assume that A, contains a y-pair, and therefore
by (6) no x-pair. Choose ay, az, aé, p and P as in (31). Since by (11) every vertex of B; U By 2
is adjacent to one of ay, a, it follows that P N (81 U By ) =¥. By (30) B,,, =, since B, = 0.
By (17), C; is complete to ay, and therefore V (P) N (Bx,y U C1) =¥. Suppose V(P) N (A1 U
By,1) # 9. It follows that the only vertex of P in A; U By ; is p. Let p’ be the neighbour of p in P.
IfpeAithen N(p)\N(K) C A,UB1UBj 2;andif p € By 1 then, by (19), N(p)\ N(K) C Bj.
Since p’ ¢ N(K) U By U By 3, it follows that p’ =aj, p € Ay, and p is adjacent to a}, and not
to a; or ap, contrary to (6). This proves that V(P) N (A1 U Bp,1) =¥, and consequently

V(P) < {a5} UA3UB3UBy3U B3 4.
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Thus p € A3 U B34, and V(P) \ {p} C {a}} U B3 U By 3, and, in particular, p is adjacent to y
and not to x. Let a] € A} be adjacent to a}. Since ay, a) is a y-pair, it follows that a; is non-
adjacent to a|. But now let H; be the hole a}-P-p-y-x-aj-a5. Then x,y € V(H;) and a; ¢
N (H1), contrary to (2). This proves (32).

(33) C is acligue.

Suppose not, and let c1,c; € C be non-adjacent. By (15), c¢1, ¢ € By y, and every path
P from c; to ¢y with interior in V(G) \ N(K) satisfies P* C By. For i = 1,2, let N; =
By N N(ci). By (30), both N1 and N; are non-empty. (15) implies that N; and N, are disjoint.
If some n; € N1 and ny € N, are non-adjacent, then for every ap € A; the path c1-ni-az-na-c>
contradicts (15), so Nj is complete to N>. Since c1-n1-n2-n/1-cl is not a hole of length four for
ni, n’1 € Np and nj € Ny, it follows that Ny, and similarly N, is a clique. Also by (15), for every
ny € Ny and ny € N», the set {c1, c2, n1,n2, x, y} is dominating. By (19) and (30), this implies
that B; = B3 = (. Since by (8) and (19) every vertex in By ; has a neighbour in By, By =0,
and similarly Bz 4 = @. Since {c1, c2,n1, n2, x, y} is dominating, (30) implies that every vertex
b € B1 2 U By 3 is adjacent to at least one of ny, ny. If b € By » is adjacent to n; and not ny, then
x-ai-b-n1-na-cy-x is a hole of length six, where a; is a neighbour of b in A, a contradiction.
So By is complete to {n1, ns}, and since ny, np were chosen arbitrarily, it follows that By 7 is
complete to N1 U N,. From the symmetry, B 3 is also complete to N; U N».

Fix n1 € Ny. Suppose some vertex b € B, is non-adjacent to 1. Then b ¢ N1, and so b is non-
adjacent to c1. We claim that every neighbour of b in B, , is adjacent to c;. For suppose not, and
let ¢ be a neighbour of b in By, non-adjacent to c¢1. Then the path cq-n1-az-b-c contradicts (15),
where a; € Aj. This proves the claim. Let M be a component of By \ N(n1) containing b. By
the previous argument applied to any vertex of M instead of b, we deduce that N(M) N B, , C
N(cy). Let

X=AUB12UBy3UCIUC3UNIUN U (N(C])ﬂBx)y).

By (19), N(M) € X. Butnow, since AU B 2UB;3UN1UN, C N(np),and by (15), C;UC3 €
N(c1), X is a double star cutset that contradicts 4.3. This proves that B; \ {n1} is complete to n.

Let G’ = G \ {n1}. Since K is a non-dominating clique in G, by (8) some vertex v € N(ny) \
N(K) is bisimplicial in G’. Consequently, v € B2 U Bz 3 U A2 U By. Since every vertex in A
has three pairwise non-adjacent neighbours in G/, namely n;, some a; € A and some a3 € A3,
we deduce that v ¢ A;. From the symmetry we may assume that v € Bo U By ». But now, by (19),
N(@)\ N(n1) € C;1UC3U By, UAj, and in particular N(v) \ N(ny) is complete to x. Since
x-u-v-u’-x is not a hole of length four for u, u’ € N(v) \ N(n;), we deduce that N (v) \ N(ny) is
a clique, contrary to (28). This proves (33).

(34) Let ax,a) € Ay and b € By such that b-ax-a)y is a path and let P be a path from
a neighbour of a) in B1 to a vertex with a neighbour in K, such that {as, b} is an-
ticomplete to V(P), and only one vertex of P has a neighbour in K. Then V(P) C
A1UBIUB12UBp1UCand V(P)NC #0.

Let p be the unique vertex of P with a neighbour in K. Then p is an end of P. Since by (32)
Aj is a clique, and A, is complete to By, it follows that V (P) N (A2 U By) = . Since A1 U B U
B12U By 1 is anticomplete to A3 U B3 U B3 U B34, (V(P)\{phN(CUAUBUK) =9,
and V(P) N By # ¥, it follows that V(P) C A; UB UB;2U By UC.
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It remains to prove that p € C. Suppose not, and choose P of minimum length, violating (34).
By the minimality, the first vertex, b’, of P isin Bj, NN (aé) and no other vertex of V(P)N B2
is adjacent to a}. Since p has a neighbour in {x, y}, we deduce that p € A; U By ;. Let Q be a y-
path for a),. Then x is anticomplete to V(Q) \ {y}, and y is anticomplete to V (P), and therefore
there exists a hole H such that x,y € V(H) and V(H) C V(P) U V(Q) U {x}. By the choice
of P, b is anticomplete to V (P), and since b € By 2, b is anticomplete to V (Q) U {x}. But this
means that b is anticomplete to V (H), contrary to (2). This proves (34).

(35) Some vertex of Az is complete to By 2.

Suppose not. For a vertex a € A let M (a) = N(a) N By 2. Letay € A be a vertex with M (ap)
maximal. Then there exists b’ € B2 \ M(ay). Let aé be a neighbour of »" in A,. By the choice
of ay, there exists a vertex b € By 2 adjacent to ax and not to aé. By (32), a; is adjacent to aé,
and since az-b-b"-a}-as is not a hole of length four, b is non-adjacent to b'.

Since by 4.3, the edge a)b’ is not the centre of a double star-cutset D such that b and K are in
different components of V (G) \ D, it follows that there exists a path S from b to a vertex with a
neighbour in K such that {a), b'} is anticomplete to V (S). By choosing b appropriately, we may
assume a; is anticomplete to (V (S) \ {b}) N By 2. We may also assume that only the last vertex,
¢, of S has a neighbour in K. By (34), V(S) CA;UBjUB12UBp1UCandce C.Let T be
a y-path for a. Then y is anticomplete to V(S) \ c. If ¢ has a neighbour in V(T') \ {y}, then
¢ € C3, the neighbour s of ¢ in S is in B; U B} 2, and c-x-aj-s-c is a hole of length four, where
aj € A is a neighbour of s, a contradiction. This proves that c¢ is anticomplete to V(T) \ {y}.
Therefore there exists a hole H, with ¢,y € V(H) and V(H) C V(S) U V(T); and b’ has no
neighbour in V (H). Since Az is anticomplete to V(S) \ {c}, it follows that a; € V(H). If a»
has a neighbour n € V(S) \ B2 then n € Ay, and b’ is anticomplete to {ay, n}, contrary to (11).
This proves that a, is anticomplete to V (S) \ Bj 2, and, consequently, b € V(H). Now, by 4.4,
V(G)\ (N(H) \ {x}) is connected, and we deduce that there exists a path P from b’ to a vertex
p with a neighbour in {x, y}, such that V (H) is anticomplete to V (P). Since a>, b € V(H) and
ce V(H)NC, and, by (33), C is a clique, it follows that V(P) N C = @, contrary to (34). This
proves (35).

(36) BiUBy,1 =0.

Suppose By #@. Let S=C; U ByyU{x}, T=A, R=A1UB1UBy1UB13and L =
A3z U {y}. Then § is a clique by (33) and T is a clique by (32), L is connected, S is complete
to y and anticomplete to L \ {y}, every vertex of T has a neighbour in L, and L is anticomplete
to R. Let G’ be the graph obtained from G|(R U S U T) by adding all the edges st with s € S and
t € T.By 2.3 G’ is even-hole-free. Let ay € A, be a vertex complete to Bj 5 (such a vertex exists
by (35)). Since By # @, {x, a»} is a non-dominating clique in G’, and the minimality of |V (G)|
implies that there exists v € V(G’) \ Ng'({az, x}) that is bisimplicial in G’. Since S and T are
both cliques, x is complete to A U By, and az is complete to B 2, it follows that v € B;. Since
v is not a bisimplicial vertex of G, and v is anticomplete to T, it follows that v has a neighbour
ue€V(G)\ V(G"). By (19) u € C, and since C = C; UC3 U B,y and u ¢ S, it follows that
u € C3. But now v-aj-x-u-v is a hole of length four, for every a; € A, a contradiction. This
proves that B; = (.

Next assume that By 1 # ¥ and choose b € By 1. By (8), b has a neighbour u in V(G) \
N({x, y}). But (19) implies that u € By, a contradiction. This proves (36).
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From (36) and the symmetry we deduce that B3 U B3 4 = ¢, and so
V(G)=A1UAU A3 U Bi,UBy3UBU CiuCszU Bx,y U{x, y}.
(37) No vertex in Ay is complete to By 2 U B 3.

Suppose such a vertex u exists, and choose 1 with a maximal set of neighbours in A} U Az,
over all vertices of A, complete to By 2 U B3 3.

We claim that K is a non-dominating clique in the graph G \ {«}. Suppose the claim is false.
Then B, = B12 = Bx3 =0, Ay = {u}, and u is complete to A} U Az. By (7), this implies that
A1 and A3 are both cliques, and therefore u is a bisimplicial vertex in G, a contradiction. This
proves that K is a non-dominating clique in the graph G \ {u}.

Let N1 and N3 be the sets of neighbours of # in A; and A3z, respectively. By the minimality
of |V(G)| and since {x, y} is non-dominating in the graph G’ = G \ {u}, there exists a vertex
v € V(G)\ (N(K) U {u}) such that v € Ng(u) and v is a bisimplicial vertex of G’. Since v €
V(G)\ (N(K)U{u}), it follows that v € A» U B, U By 2 U B; 3, and from the symmetry we may
assume that v € A U B U By and therefore Ng(v) \ Ng(u) € C U A1 U A3. Since by (33) C
is a clique, it follows that v has a neighbour in A1 U A3, and therefore v € A2 U By 5.

Assume first that v € B 2. Then Ng(v) \ Ng(u) € C U Ay, and therefore Ng(v) \ Ng (#) is
complete to x. Let ny,ny € Ng(v) \ Ng(u). Since x-ni-v-np-x is not a hole of length four, it
follows that n is adjacent to n,, and therefore Ng(v) \ Ng (u) is a clique, contrary to (28). This
proves that v € Aj.

Since v € Ay, it follows that v is anticomplete to C. Since A contains an x-pair, and therefore,
by (7), no y-pair, it follows that N(v) N A is a clique, and similarly, N (v) N A3 is a clique.
Since by (28) Ng(v) \ Ng(u) € A1 U A3 is not a clique, we deduce that v has a neighbour
ar € A1\ N(u) and a neighbour az € A3 \ N(u). If v has a non-neighbour in b € Bj 7, then
by (11), b is adjacent to aj, and u-v-a;-b-u is a hole of length four, a contradiction. So v is
complete to By 7, and similarly, v is complete to B; 3. From the choice of u it now follows that
there exists a vertex a; € Ay, adjacent to u and not to v. But now x-a)-u-v-az-y-x is a hole of
length six, a contradiction. This proves (37).

By (35), there exist vertices vy, v3 € A such that vy is complete to B; 2 and v3 to Bj3;
choose v and vz with maximal sets of neighbours in A; and Az, respectively. Let Ni be the
set of neighbours of vy in Ay, and N3 the set of neighbours of vz in Az. By (37), v # v3, and
by (33) vy is adjacent to v3. If there exist n; € Ny and n3 € N3 such that ny is non-adjacent to vs3,
and n3 is non-adjacent to vy, then x-n1-vi-v3-n3-y-x is a hole of length six, a contradiction.
Consequently, from the symmetry we may assume that vs is complete to Ni. By (37), vs3 is
not complete to By 2. Since by 4.2 v3 is not the centre of a full star cutset in G, there is a
path from a vertex of Bj 2 \ N(v3) to one of x, y, containing no neighbour of v3. Since by (11),
N(B12)NA1 € Nyp,and by (19) By is anticomplete to B 3, and v3 is complete to B, U Az \ {vs},
it follows that there exists an edge bc with b € By 2\ N(v3) and ¢ € C \ N (v3). Since b-aj-x-c-b
is not a hole of length four, where a; € A; N N (), it follows that ¢ € C1 \ N (v3). Since if some
n3 € N3 is non-adjacent to vy, then y-c-b-v1-v3-n3-y is a hole of length six, we deduce that vy is
complete to N3. But now, from the symmetry, there exist an edge b'c’ with b’ € B 3\ N(v;) and
¢’ € C3\ N(vy), and since by (33) ¢ is adjacent to ¢, c-b-v1-v3-b'-¢’-c is a hole of length six, a
contradiction. This completes the proof of 5.1. O
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