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1. The Results

A binary search tree is a binary tree to each node of which we have associated a
key; these keys are drawn from some totally ordered set and the kegaatnot
be larger than the key at its right child nor smaller than the key at its left child.
Given a binary search tréeand a new ke, we insertk into T by traversing the
tree starting at the root and insertikgnto the first empty position at which we
arrive. We traverse the tree by moving to the left child of the current noklésif
smaller than the current key and moving to the right child otherwise. Given some
permutation of a set of keys, we construct a binary search tree from this permutation
by inserting them in the given order into an initially empty tree.

The heightH, of a random binary search trdg onn nodes, constructed in this
manner starting from a random equiprobable permutation af.1n, is known to
be close taxIn n wherea =4.31107- - - is the unigue solution on [20) of the
equationxIn ((2e)/«a) = 1 (here and elsewheta,is the natural logarithm and log is
the base 2 logarithm). First, Pittel [1984] showed tHafIn n — y almost surely
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ash — oo for some positive constampt This constant was known not to exceed
[Robson 1979], and it was shown in Devroye [1986] that «, as a consequence

of the fact thate(H,) ~ «In n. Robson [1982] has found th&t, does not vary
much from experiment to experiment, and seems to have a fixed range of width not
depending upon. Devroye and Reed [1995] proved thér (H,) = O((In In n)?),

but this does not quite confirm Robson’s findings. It is the purpose of this note to
prove that forg = m we have:
THEOREM 1. E(Hp)=«Inn — gInIn n+ O(1) andVar(H,) = O(1).

Remarkl. By our definition ofx, we obtaing = 3« /(2 — 2); however, as we
shall see, the definition given above sheds more light on the reasakes this
value.

For more information on random binary search trees, one may consult Pyke
[1965], Knuth[1973a, 1973b], Aho etal. [1975, 1983], Mahmoud and Pittel [1994],
Devroye [1987, 1990], Mahmoud [1992], and Pittel [1994].

Remark2. After | announced these results, Drmota developed an alternative
proof of the fact thavar (H,) = O(1) using completely different techniques. As
our two proofs illuminate different aspects of the problem, we have decided to have
the results published in the same journal [Drmota 2003].

2. A Model

If we construct a binary search tree from a permutation of 1, n andi is the first

key in the permutation thein:appears at the root of the tree, the tree rooted at the
left child of i containsthe keys,1..,i — 1 and its shape depends only on the order

in which these keys appear in the permutation, and the tree rooted at the right child
of i contains the keys+ 1, ..., nand its shape depends only on the order in which
these keys appear in the permutation.

From this observation, one deduces tl&tis also the number of levels of
recursion required when Vanilla Quicksort (i.e., the version of Quicksort in which
the first element in the permutation is chosen as the pivot) is applied to a random
permutation of 1..., n.

Our observation also allows us to constriigtfrom the top down. To ease our
exposition, we think off, as a labeling of a subtree @f,, the complete infinite
binary tree.

We expose the key associated with each nod&T,. To underscore the rela-
tionship with Quicksort, we refer to the keytaas thepivotatt. Suppose then that
we have exposed the pivots for some of the nodes forming a subtiieg oboted
at the root ofT,. Suppose further that for some nadef T, all of the ancestors
of t are inT,, and we have chosen their pivots. Then, these choices determine the
set of keysK; which will appear at the (possibly empty) subtre€lpfrooted att,
but will have no effect on the order in which we expect the keyKiro appear.
Indeed, each permutation &f is equally likely. Thus, each of the keys iy will
be equally likely to be the pivot. We let; be the number of keys in this set and
specify the pivot at by choosing a uniform elementof 1, ..., n, and using the
itth largest element oK; as the pivot at. We actually chose a uniform element
u; of [0..1] and set; = [n;u;]. Thus, the subtree rooted at the left chilct dfas
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Lntu; | nodes and the subtree rooted at the right child leds|n¢(1 — u;)] nodes
(note thatn.uy is an integer with probability 0, so we ignore this possibility). Now
we can choose tha simultaneously and independently, as follows.

Each node of T, has a right son(x) and a left soh(x). We consider a random
labeled treeR,, obtained fromT,, by choosing a uniform [0. 1] random variable
U (x) for each node of T, and labelling the edgex(r (x)) by U (x) and the edge
(x, 1(x)) by 1—U(x). The label of edgea is denoted.(a). We letRy be the random
tree consisting of the firdét edge levels oR.

For each nodg of R,,, we let f (y) be the product of the labels of the edges on
the unique path from the root tp If the labels on the edges of the path from the
root to a nodey of R, arelLq, ..., Lj, then we define

ha(y) = L--- LInLa]L2) - -~ Li].

Fact 1. As discussed above, we can construct a random binary search
tree T, on n nodes by taking a copfR of R,, and letting T, consist of those
nodesy of Rwith hy(y) > 1. More stronglyhn(y) isny. (See, e.g., Devroye [1986].)

We letT; be the subtree of obtained by taking a coplR of R, and lettingT;
consist of those nodes & with f(y) > 1/n. The following easy fact, immediate
via induction from the trivialitya — 1 < |a] < a, shows thafl,, containsTy:

Fact2. Letybe anode oR, atdepth (i.e., at edge-distande€rom the root).
Then

nf(y) —i < ha(y) < nf(y).

Facts 1 and 2 suggest thid} should be close to the height, of T,. We will
first discussH/, and then strengthen our results to show that they also apiy.to
Thus, to begin, we will prove:

THEOREM 2. E(H})=waInn— gInInn+ O(1) andVar(H,) = O(1).

In doing so, we use&y ,, to denote the (random) set of nodesTgfat depthh.
We usen; to denotenf(t) which by Facts 1 and 2 is close . Finally, we give a
name to our estimate &(Hy,).

Definition 1. We leth’=h; bealnn — ginInn.

3. The Crux of the Matter

We are interested in computing for variauandh, P(| X, n| > 0), as the probability
thatT; has heighti is simply:P(| Xn.n| > 0) — P(| Xn.nt1| > 0). SinceE(| X, n|) is
much easier to compute, we consider it first. Note that since ther8 nogl2s ofT,
at depth, we haveE(| X, n|) = 2"P(f (y) > 1/n) wherey is a node oR,, atdeptH.

Not surprisingly, the functiorf is well understood (for cognoscenti: we use that
foreachx in Ry, —In U (x) is an exponential random variable with mean 1. Thus, if
yis at deptth in T, then—In f(y) is distributed as the sum bfi.i.d. exponential
random variables with mean one, that is, itis gamma distributed with parameter
Classical results on this function allow us to compute the vallg(ofnn|).

Definition 2.  We leth* = h’, be the smalledt for whichE(| X, n|) < 1, thatis,
for whichP(f(y)> 1) < 27"
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We recall thatx is the solution in [200) of aIn(2e/a) = 1.

LEMMA 1. h*=«alnn —1/2In («/2) InIn n + O(1), and for some constant
c1, E(| Xn n+]) > c1. Further, there exist positive constantsand g such that (a)
for i =o(vInn), (2/a)' < E(|Xnn+il) < ca(2/a), and (b) for all positive i:
E(|Xnn+il) < c327'. Finally, we have (c) for n sufficiently large and=hh’, +
o(v/Inn), P(n, <2|x € Xnn)>1/2.

Remark3. Note thatwe canassume thas arbitrarily large here by increasing
the constants so we do not need to state this explicitly. This same remark holds for
many other lemmas as well.

Remark4. Notethahj = hy + log, , Inn+0O(1) which, sincény ise In(n)(1+
0(1)), is equivalenttoy = hy, + log, , hj+O(1). Thus, by Lemma 1(alE(| Xy [)
is betweerd;h* andd,h* for two constantsl; andd,.

PROOF. See Devroye [1986, p. 492] for a proof that the claimed value @§
correct. The same page contains a proof of (b). The rest of the lemma can be proved
using similar straightforward computations. (The key is to note that the density
function for a gamma distribution with parameldas d(x) = xh‘le("rf’f(z)x,). To obtain
P(y € Xnn), we integrate this function from O ta n. To obtainP(n{ > q2), we
integrate it from O tdn n —In 2. Whenx is belowIn n andh is nearh’;, decreasing
x byt decreased(x) by a multiplicative factor of at least (& 0(1)) expt(« — 1)).

In particulard(x —In 2) < %d(x) from which (c) follows easily. Further, this shows
that the main contribution to the integral fB(y € X, ,n) comes fromx nearln n

and suggests that to compute the ratio of the integrahfr that forh — 1, we

need really only consider the ratio between the corresponding density functions at
this point. This latter ratio i$n(n)/ h, which is aboutx~*. Since the size of the
corresponding tree levels differ by a factor of 2, (a) seems believable. We omit a
formal proof). O

If for eachh nearh*, | X,, n| were highly concentrated around its expected value
then this would imply thaE(H;) =h* + O(1), andVar(H/) = O(1). However,
for each suchh, | X, n| is not concentrated around its expected value, and, more
strongly,Var (| Xn n|) is high, as we explain below. (This is why the expected value
of H/ is nearh;, rather tharh;;.)

To begin, we note that, if eveny; were 12, thenH,; would be[log n]. It is
the existence of biased pivots (i.e., pivots which split the remaining set of keys
unevenly) that forces the height to rise. In particular, a nodedepthh in T, will
only be inT if the pivots along the patRy of T, from the root tax are sufficiently
biased towards 1. How will this affect the probability that other node$ pfat
depthh are inT,?

The answer to this question depends on where these biased pivots occur. To
illustrate this point, we consider three unlikely but illuminating examples. For
simplicity, we assume = 2X, that is,log nis an integer.

Examplel. The firsth — k labels onPy are 1, the remaining labels are%.
Example2. The firstk labels onPy are /2, the remainindn — k labels are 1.

Example3. All the labels onPy are the same:/2¥/".
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Note that, in Example 1, thén(— k)th nodez on P, satisfiesf (z) = 1. Its child
Z, which is not onPy, satisfiesf (z) =1/2. Thus, the random subtree Bf rooted
atz' given the labels oty is simply a copy off,] , generated independently of our
choices orPy. So, the expected number of nodes at dégthT; given our choices
of the labels orP is at least the expected number of nodes at deptfl in T, ,.
Sincek — 1=log § « aln 3, we expect this value to be quite large, in fact it is of
the order oim® for some positives. So, the existence of a nodeas in Example 1
implies that we expect there to be many other nod€eR @it depthh.

In discussing Examples 2 and 3, we consider for each rzoafeP; — X, the
child ' of z not on Py. As in the first example, the subtree Bf rooted atz’ is an
independently generated copy By (2).

In Example 2, ifz is at depth at leat, then f (z') =0 soT; does not intersect
the subtree off,, rooted atz. If zis at height <k, then f(z)=1/2+1. We can
therefore calculate the expected number of nodeg afnderz’ at depthh in T
given the labels oPy, it is simply the expected size of, 1+ h_i in the copy. We
do not do so, we simply note that the labels Bnare not biased towards 1 and
so this value tends to zero agrows. It turns out that the sum of these values is
actually less than 1. So the existence of a node as in Example 2 only increases the
expected number of nodes §f at depthh slightly.

Before discussing Example 3, we introduce some notation. We enumerate the
vertices ofPy aszy, ..., z, in the order they appear whd® is traversed starting
at the root. For with 0 <i < h — 1, we letz be the child ofz; which is not on
Py, and letl; be the label of the edge & enteringz.

In analyzing Example 3, we again use the fact that

h-1
E(|Xn’h| X e Tr; and labelson P =1+ Z E(‘an(z{),h—i ’)
i=0

We do not compute this bound explicitly. We claim only that ifdsetween 0
and 3/4 the summand is above/ 10 and more strongly that given a node as in
Example 3 we expect abobitnodes ofT;; at depthh. This claim could be proven
using Lemma 1. The intuition behind it is that, for edchhe labels onP, are
exactly as biased as they need to be on a path from the root to a verigxaof
depthh. Thus, we expect about one nodeTgdfat depthh under eaclz; (there are
some technical complications wheis nearh which don’t really matter).

Our examples all demonstrate that to estimétg(| X, 1,|) we need to determine,
for a typicalx in X, , whether the pivots alon&y which are biased towards 1
occur near the beginning or near the endPpf It turns out that, as in Example 3,
our analysis relies on determining (i) how manyon P, satisfy: f(z) is larger
than it would be if all the labels oRy were identical, and (ii) by how much does
f(z) exceed this “normal” value for such. Precise answers to these questions
will allow us to prove Theorem 2.

4. The Approach

To answer the questions posed above, we adopt the approach taken in Devroye and
Reed [1995]. In that paper, the authors considered those special nodes for which
f(z) is never above its normal value. They showed thahfoearh*, the expected
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number of such special nodes is at le@§t h|/h. Combining this result with an
analysis of the variance of the number of such nodes, along the lines suggested in
the analysis of Example 3 in the preceding section, allowed them to prove that there
is ane > 0 such that ifE(| X n|) exceed#$? then the probability that there is such
a special node at heightexceeds. This, along with some routine analysis using
Lemma 1, allowed them to prove that the expected valug aé within O(InIn n)
of h*.

In this section, we explain their approach and discuss how we will modify it to
prove Theorem 2.

We note that this section is intended to provide intuition, and we will not use any
of the statements that we present except for Lemma 2, whose proof is given in full.

To begin, they considered a fixed nodet depthh in T,, and generated the
labels onPy by:

(i) first choosing a sef of h random reals uniformly and independently from
[0..1].

(i) then choosing uniformly a random permutatian. . ., I, of Sand letting; be
the label on théth edge ofP.

We note that the everte T, is determined in (i), whilst the difference between
f(z) and its normal value is determined in (ii). It is this independence which
allowed Devroye and Reed to obtain their results by a straightforward analysis of
the random permutation generated in (ii).

Remark5. It is important here that we are consideriffgand notT,, as the
effects of the roundoffs in the definition of timg vary over the permutations, and
so the first step alone does not determirneit in Tp,.

For each between 1 antt we leta/ be the natural Iogarlthm of/1;. We note
thatx € T, < Y|, & < Inn. We normalize by setting = a;’ (Z, a)/h,
so Y, & =0. We letPS be the partial sunz 18j. Then, f(z) is above its
normal value precisely iPS < 0. We sayx is goodlf X € T, and everyP§ > 0.

The key to Devroye and Reed’s proof is:

LEMMA 2. Let X={Xy,..., Xy} be a set of real numbers whose sum is non-
negative. Let Xa), .. ., Xz(n) be a uniformly random permutation of X, then

j
P (ﬁj such that ) " Xx() < O) >

S

i—1
Furthermore, if X sums to zero, but none of its proper subsets do, then this proba-
bility is exactlyl/h.

Letting X, , be the set of good nodes at depthand summing the bound of
Lemma 2 over all those choices 8fin (i) for which x € T, yields:

E(| Xn,h|)
h

as claimed in the first paragraph of this section.
Since Lemma 2 is also used in this article, we reproduce its short proof.

E(IXAnl) = )
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PrROOF OFLEMMA 2. We can choose the permutation by first exposing a uni-
formly random cyclic permutatioq, . . ., ¢y of X and then choosing a uniformly
random starting poinf + 1. That is, we sek() = cj,; where addition is taken
moduloh. _

Since X sums to a nonnegative number, jifminimizes}_)_, ¢ then all the
partial sums for the chosen permutation are nonnegative. Since there is at least one
j obtaining this minimum, the probability that all the partial sums are nonnegative
is at least 1h as claimed.

Furthermore, ifX sums to 0, then all the partial sums are nonnegative precisely
if j minimizesY_/_, ci, If none of the proper subsets &f sum to 0 then there is
exactly onej achieving this minimum. So the inequality does indeed become an
equation in this case.[]

When considering Example 3in the last section, we presented the intuition behind
the second result that Devroye and Reed required:

Je > O such that if h satisfieB(| X[, ;| > h), thenP(X{, #@)>e.  (2)

Now, (1) and (2), together with the estimates B{i X n|) given in Lemma 1
imply that for soméh™ =h* — 2log, , h* + 0(1) we have:

de > 0 such thatP(X[, ,,- # ¥) > e. (3)

By analyzing the 2subtrees off,/ rooted at those nodes %, at depthi in-
dependently (a standard simple trick), Devroye and Reed [1995] showed that (3)
implies:

3c > 0and d< 1, such thatvi with i =o(+v/h*), P(H/ <h™ —i) <cd. (4)
This yields
E(H,) >h™ 4+ O(1). (5)
Thus, Devroye and Reed have shown tB@H)) lies betweern* + O(1) and
h= 4+ O(1). That is, by our remark after Lemma 1, betwéen- Iog% h* + O(1)
andh’ + Iog% h* + O(1).

To prove Theorem 2, we need to tighten both the upper and lower bound. To
tighten the upper bound, we replace the bound

P(Xntv+i # %) < E(Xnn4il)=0(h2™)

obtained from Lemma 1 (we use part (b) of the lemmad foetween 1 and* — h’
and part (c) for larger), by the bound
P(Xni # #)=0(27%). (6)
To tighten the lower bound, we show that knowing thés a typical good node
only increases the expected number of good nodes by a constant, rather than by
O(h) which was the bound used by Devroye and Reed to prove (2).

We close this section by presenting some intuition as to how we prove these
results.
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To provide an intuitive as to why (6) holds, we consider pairing each permutation
IT of a givenSwith its reversdl,. We claim that either

(i) f(z)is atleastits “normal” value when the labels Bpare given byl1, or
(i) f(zh-i)is atleast its “normal” value when the labels Bpare given byll, .

To see this, note that(z) is above its “normal” value if and only if

i
(1= (111

Our claim implies that on average at lehgR of the f (z) are above their normal
value. As in Example 3, we can deduce that the expected number of no¥gs in
given thatx is in X, , is at leasth for some constard > 0. This fact suggests (but
does not imply) that

P(Xnhti #¥) <E <|an,]r1/+i |) o)

We cannot quite prove this, but do prove (6), which is good enough for our purposes.

In order to tighten our lower bound, we need to show that for a typical good node,
most of thef (z) are well below their normal value and hence the expected number
of good nodes at depthi given the existence of a typical good nod€ifl). That
is, we need to show that for a typical good node, the overwhelming majority of the
partial sums for our random permutation®ére well above zero.

To do so, we need to refine the analysis used in the proof of Lemma 2. To begin,
we remark that the event that for tBehosen in (i), there is some proper subset of
Swhich sums to 0 has probability zero. Thus, we can apply the strong version of
Lemma 2 which holds for sets none of whose proper subsets sum to zero, to obtain:

the probability x is good given that it is iny% is exactlyl/h. (7)

Actually, for very general setS which sum to 0, it can be shown that the prob-
ability that every partial sur®S of a random permutation @ is nonnegative is
O(1/h) and more strongly that for smaidlthe probability everyPS exceeds-a is
also near h.

Now, consider such a s& and corresponding permutatidm, and ask what
is the probability of the everE that P& is 0 and all the partial sums fail are
nonnegative? IPS, = 0, then our permitatioRl breaksSinto two subsets; and
S both of which hav% elements and sum to 0. Further as all the partial sums for
[T are nonnegative so are the partial sums for the permutatioof S; consisting
of the first half of T and the permutatiofil; of S, consisting of the second half
of I1. Clearly, we can first generate our choice f&,(S) and then generatH;
andIl, independently. ISis sufficiently well-behaved then we can show that the
probability a random permutation of eaghstays above 0 is aIs@( ). So, the
foregoing discussion implies that the probabilitylis O((; 2)2),

Since, by Lemma 2, the probability that all tR& for l'I are nonnegative is
at Ieasl;]1 we see that the probability thBSn is 0 given all thePS are nonnegative
is O( ). A similar analysis shows th&t& ‘is unlikely to be near 0, as BS for
anyi suff|C|entIy far from 0 anch. Using“a more delicate analysis with the same
flavor, we can deal with the extremities of the permutation, and obtain the desired
tightening of the lower bound.
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5. Some Independence Properties of Conditioned Exponentials

The results we prove about random permutations hold for a large class of distribu-
tions. However, the proof of this general result is rather gruesome. A proof sketch
of this general result will eventually be presented elsewhere. We present here an
elegant proof which relies on the independence properties of the distribution that
arises in the study of random binary search trees. These properties and the resultant
proof simplification were pointed out to me by Luc Devroye.

So letEy, ..., E, be independently chosen exponential random variables with
mean 1. Let, be their sum. LeD, =(d, ..., d,) whered; = 05 Forl<i <n,
let T = 3"\ _, dj. We need the following ’

PROPERTY1: oy isindependent of R

PROOF.  See Chapter 8 of Shorack and Wellner [1986]]

PROPERTY2: D, isdistributed like the spacings ¢@. . 1] determined by a1
independent uniform variables, and hence every permutation of a given multi-set
is equally likely to be B.

PROOF See Chapter 8 of Shorack and Wellner [1986]]

PROPERTY3. Forl <i <j < n, if we condition on jl=a and T; =D, then
the set(d;.1/(b—a), ..., d;/(b—a)) is distributed like Q_;.

PROOF.  Specify the choices o§,=Y|_,E, S = le=i+1 E and =
> i1 Ei. Then, our conditioning is th&, = aon, S = (b — a)on, andS = (1 —
b)o,. The result follows from the second of these equations and Propertyi 1.

PROPERTY4. For any integer a betweehand n and real b betweehand 1,
the probability that T exceeds b is precisely the probability that if we pick a subset
B of a set A of n— 1 elements by putting each element of A into B independently
with probability b, we obtain{B| < a.

PrROOF  Follows immediately from Property 2, we just specify which of the
uniforms are less tham [J

PR?PERTYS. The probability that there exists an i such that=E6In n is less
than =.
n

PROOF The probability that; exceeds B n is n—le Since there ara choices
fori, the result follows. [

6. The Key Ideas

We lety, =d, — % that is, to obtain thg; we normalize thej; so that they sum to
0. We letU; = Z'jzl yi=Ti — 'ﬁ We say thaD,, exceeds 0, writteD,, excO if
for all i we haveU; > 0. For a nonnegative integar we say thaD, exceeds-a,
written D, exc — a if for all i we haveU; > 2. By Lemma 2,P(D,, exc0)= %
The crux of the proof is the following result:

LeEmmA 3. For any positive integer a(Dy, exc — a) = O(%“).
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PrROOF We can assume thatis at least 3, as if the statementlholds for 3, it
also holds for 1 and 2. We can also assume thigtlarge anda < ni. Consider

Dny2a2. Let EV(b, c) be the event thdll; = 55, andUp, a2 = 755
If b,c> 0, then given Eb, c);
P((U; > 0Vi <a®)N(U; > 0Vi >n+a?)>a* (8)
PROOF OF (8). Choose as unordered sets the valuesyaf..., y2} and
{Yniaz, - - -» Yni2a2}- Then, specify the values of thegeby choosing a uniformly

random permutation of each of these sets. By Lemma 2, &ince, the permuta-
tion of the first set yields); > OVi < a? with probability at Ieas%. Similarly, since

¢ > 0, the permutation of the second set yieltjs> OVi > n + a? with probability
at Ieast%. Furthermore, these choices are independent. The result follgws.

We now consider the probability thidt is above 0 for all betweera? andn+ a?
given Ev(b, c). We focus orb, cwithn>b > c> a.
Note that, fori betweera? andn + a2, we have:

! i — a2
U =Uzg+ Z dj—iz.
j=a?+1 n+2a
b n+ (c—b) 2': - n+2a2 i — a2 N c—b i—a?
" n+2a2  n+2a2 S 'n+(c—h) n n+2a2 n
b n+(c—b) ! d; i —a? N c—b i—a?
n -+ 2a? n -+ 2a? ) Thiaz — Ta2 n ) n+2a2 n
b n+a2—i+ c i-a?
N+ 2a? n n+2a2 n
n+(c—b) ‘ d; i — a2
n + 2a2 o) Thia? — Ta2 n
Sinceb, c>a anda? <i < n + a? this yields:
a n+(c—b ! d; i —a?
Ui > 5+ * 2) ‘ -
n+ 2a n+ 2a [t Thyaz — Ta2 n
Sincea > 0 andn+c—b > 0, if U; is not positive, thenX:ij a1 %) — i‘naz

is negative. A — b <0, this implies:
a __n i d; i —a?
n-+2a2 n+ 2a2 Thiaz — Ta2 n

Ui > min{ O,

j:a2+l
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Thus, if

' d; i —a? _-a
Thiaz — Ta2 n —n’

j=a?+1

thenU; > 0. So, by Property 3, the probability tHat > O for alli betweera? and
n + a? given Ev(b, ¢) is at leasP(D, exc — a).

Since this probability is clearly independent of our choices for the permutations
of they; withi < a?ori >n + a2, we have:

1
Forn>b>c>a: P(D;, 292 excOlEv(b,c))> QP(Dn exc—a). (9

We now show that the probability th&tv(b, ) holds for some choice dfandc

withn > b > c>aisQ(1). SinceP(Dy, 242 €XC0) = +2 —=— this completes the proof.
More precisely, we show:

P((2a <Ua2 < 3a) N (a <Upiq2 < 2a)) =Q2(1). (20)

PROOF OF (10). This probability can be computed using the correspondence
discussed in the proof of Property 4. We provide the details but suggest the reader
bypass them.

Consider a seX of n+ 2a? — 1 independent uniform elements 6f.[. 1]. LetA;

be the event that less thahelements o are in the interval [0 ﬁi*zi";‘] Let A; be

the event that less that elements ofX are in the mtervali[”—;zz"’1 1] Let Az

be the event that more tha’ elements ofX are in the interval [O. ;‘:222) Let

A4 be the event that more tha’ elements ok are in the mterval-r{% 1.
Then, by Property 2,

P((2a<Uz <3a)N(a<Upz <2a))=P(A1 N Ay N Az N Ay).

So, it is enough to show that the right hand side of this inequaliiy(iy.
To do so, we IetA5 be the event that betwe(%ra nd32 > of the elements oK are

in the interval %ﬁi‘ . 22:2213) Similarly, we letAs be the event that betweén

3_a p+a’+a n+a’+2a
and=2 of the elements oK are in the mterval\n = ).

We let A} be the event that less thad but more tham? — 5 a of the elements of
X arein the interval [O. a++222] Similarly, we letA,, be the event that less thah
but more thara? — § of the elements oK are in the mtervalf[#“i;;f"‘ 1]

Clearly, As N Ag m Al N A, is asubset oAy N A; N Az N A4. So, itis enough

to show:

P(As N Ag N AL N AY) = Q(1).

The number of reals iiX which are in an interval of lengthis distributed like
the sum o 4 2a? — 1 independent binomials that are 1 with | probability

Thus the expected number of eIementonrh the interval +2§";‘ .ﬁjzi";‘) is
a — =% which is between a and+ 1 5. Applying the Chernoff bound, we see
thatP(An) = 2(1).

leen thatA5 holds, the expected number of elementsXofin the interval

”:Jf‘z;;a . ”:izzzza) is distributed like the sum afi+2a2 — d — 1 independent
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binomials which are 1 with probabllltx— for somed between and = 3""
Thus, the conditional expected size of thls subseXa$ a+ O(--2 2) WhICh is
a+ O(1). Applying the Chernoff bound, we see th{tAs| As) = Q(lgl and hence
P(As N Ag) = 2(1).

leen thatAs N Ag holds, the expected number of element¥ah the interval
[0..2 +2a] is distributed like the sum afi 4+ 2a? — d — 1 independent binomials
WhICF] are 1 with probabllltylﬁ forsomed betweera and &. Thus, the condl—
tional expected size of this subsetX)fs a’+2a+ O(; 2’ = 552) Which, sincea < n,
is % + 2a+ O(1). Since the standard deviation for t e sum of independent bino-
mials is the square root of this expected value, we sedP({#itl As N As) = (1),
and henc®(A] N Ag N As) = Q(1).

Given thatA/ N As N Ag holds, the expected number of elementsXoin the
interval [w -1] is distributed like the sum af +a —d — 1 independent
binomials which are 1 with probablhtyﬁ (note that this probability is positive
sincea is assumed to be at least 3), for somhdetweens and 3. Thus, the

conditional expected size of this subset)fis a> — 2a+ O(ﬂ) which is
a’—2a+ O(1). Since the standard deviation for the sum oflndependentblnomlaIS|s
the square root of this expected value, we seeR&S| A1 N AsN As) = ©2(1), and so

(10) holds. O

Using the previous lemma, we can easily show thddjfexceeds 0 then it is
well above 0 most of the time. Specifically, we have;

LEMMA 4. Forevery integer a 0 letting R, be the event

7 7
3, a4o<k§gs-t-UK<WOrUnk<w

we have;

na2

P(Dhexc —a)N Ry) = O(i>

Remark6. We needk > a*° so thata® = O(k¥*) and a? = o(k'/19), two in-
equalities used in the proof. The right-hand sides of the boundk andU,,_y are
chosen because this is the bound required in later proofs. Actually the result holds
for any right-hand side which is(k%?8% with the same proof. Here and below, the
O ando notation is with respect ta, k andn. that is, the constants involved are
independent of all three parameters.

PROOF. We can assume is large. Fix ara as in the statement of the lemma.
We can assuma is bigger than any fixed constant as for boundete result fol-
lows directly from Lemma 3. In particular, we can assume that forlkasya*®,
30(log k)7 < ko < K. Choose an integek betweena*® and g For any realb
with —a < b < 30(logk)’, we let Ev(b) be the event that), = ﬁ andEV'(b) be

the event that),_y = 2
The key to the proof is to apply Property 3 and Lemma 3 to show:

P(Dn exc — a|Ev(b)) < P(Dy exc — 2a — 2|b|)

« P(Dp_ €XC — 2a— 2b))= O (W) EN
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and
8
HD&m—aEV@»:O(E%%Q). (12)
We do so below.
Using Property 4, it is easy to show
1 1
the probability that  lies in any interval of sizeﬁ is O (W) . (23)

For completeness, we also prove this result below.

It follows from (13) that the 7probability thaE v(b) holds for someb between
—a and 30(logk)’ is O(%). By symmetry (reversing the permutation) the
probability thatE v/ (b) holds for somé between-a and 30(logk)’ is O(&‘f"y).

Applying (11) and (12), we obtain that the probability that for this specific value
of k we have

7
(Dnhexc—a)N (Ux < w

7
orUn_k < W) is O<

a+ (log k)’ (a + (log k)*)®
)

Sincek > a% and 30(lok)” < ki, this iso(n~tk#) = o(n~tk ¥ a2). So, sum-
ming over all values ok yields the desired result. It remains only to prove (11),
(12), and (13).

PrOOF OF(11). We want to bound the conditional probability tiiat exceeds
—a given thatE v(b) holds.

We consider first the conditional probability that> —aforalli between 1 and
k. By Property 3, we can generate thékdy taking an independeiy, distributed
like Dy with corresponding{ andU; and settingT; :'Ti/(E + 2). Now suppose
T/ =(; — §)forsomex>0.ThenTi=F — X — X2+ B,

If bis nonnegative, then since< k, T; is at most: — 2 + % and sdJ; is at most
b‘T". If bis negative, then sinde> 2a > 2|b|, T; is at most;, — * + 5~ and saU;
is at mostz>.

Thus, in either case, K is more than 2 + |b| thenU; is less than‘n—a. So, if Dy
exceeds-a thenD, must exceed@+ |b| and hence alsoe?+ 2|b|.

We consider next the conditional probability thiht> —afor alli betweerk+ 1
andn. By Property 3, we can generate thékey taking aD;,_, independently of
Dy distributed likeDy,_k with corresponding andU; and settindfij = & + 2 +
T/(2=% — 2). Now supposd| = (1 — %) for somex > 0. Then T, j = =1 —

X b xb jb
n Tt T e T o-ene

If b is nonnegative, then sinae — k > 3 > 60(log n)’ > 2b, Tj.k is at most
Kl x4 by X and soUj. is at most? — X If b is negative, then since
n—k>j, Tyj isatmosttl — X 4 b band say; is at most==.

Thus, in either case, ¥is more than 2 + 2|b| thenU; is less thanj]—a. So, if Dy

exceeds-a thenD]_, must exceed2+ 2|b|.
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We have obtained the desired result by considaring andi > k separately. []

PROOF OF(12). We want to bound the conditional probability tiat exceeds
—a given thatEVv'(b) holds. The proof is very similar to that of (11).

We consider first the conditional probability tHat > — a for all i between 1
andn — k. By Property 3, we can generate thékdy taking an independerﬁl
distributed likeDn_ with corresponding’{ andU; and settindli = (”—k + b)

Now supposd; = (Tk——)forsomex > 0. ThenT. = ——ﬁ—(n k)n+(n k)n

If b is nonnegative, then since< n —k, T; is at mostn 240 b and soU. is at
mostb X_If bis negative, then sinae— k > 2a > 2|b|, T, |s at most'— — >+ 5
and soU. is at most—

Thus, in either case, K is more than a + |b|, thenU; is less thanl So, if Dy
exceeds-a, thenD;,_, must exceed@+ |b| and hence alsoa2+ 2|b|

We consider next the conditional probability tHat> —a for all i between
n—k+1 andn. By Property 3, we can generate thé$eby taking aD, inde-
pendently ofD _k distributed likeDy with correspondingl andUj and setting

T j =25 + 2 4 T/(X — 2). Now supposeT| = (i — )for somex > 0. Then,
Toiery = 2Kt 5By b,

If b is nonnegatlve then smc§e> 30(Iog K)" > b, Tn_ksj is at mostt—+1

240 + 5 and sdJHk |s at moslfj =-. If bis negative, then sincg < k, Tn Kt ]
s at most™= K _x b _bang soU. is at mostX.

Thus, in elther case, i is more than @ + 2|b|, thenU; is less thar=2. So, if
D, exceeds-a thenD;_, must exceed@+ 2|b|.

We have again obtained the desired result by considéring k andi >k
separately. [

n— k+J_

PROOFOF(13). LetXbe aset oh—1 independent uniform elements of.[QL].
Consider any reah and leta’ = + a. Then, the probability thatl, lies in the
interval[a..a+ %] is the probablllty of the everi that thekth largest element of
X lies in the interval =[a’..a’ + ].

The number of elements ofX in | is the sum oih — 1 independent binomial
variables each of which is 1 with probability at m(%stwe have at most instead of
equal to here becausémay be negative or exceéﬁl). Thus, the probability that
r=jisat mostj—l!. So, we have tha®(r > log k) = O(}).

If we condition onr = j, then the probability ofe is simply the probability
that betweerk — j andk of the remainingn — j elements ofX are less than
a'. This is clearly at mosj times the maximum over afi betwenk — j andk
of P(E(s, @)) whereE(s, @) is the event that exactly of the remainingn — |
elements ofX are less tham’. Now, P(E(s, &')) is the probability that the sum
of n — j independent identically distributed 0-1 binomials each of which is 1
with probability a’ sums tos. Sinces < k < 3, standard results on the binomial

distribution yield:P(E(s, &')) = O(ﬁ). So we have foralj < log k:

_n<of L
P(Elr_J)_O<ﬁ>.
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SinceP(r = j) < J—l, we see that

k 1 1
PEN( =logk) =0, —< =] =0(%)
(EN(r <logk)) < (;(j—l)!ﬁ> («/R>

The result follows. [

We have now obtained enough information about the shape of our random per-
mutations to allow us to prove Theorems 1 and 2. We do so in the next two sections.

7. The Proof of Theorer

We now show thatl/ is concentrated arourt], = [«¢In n — gIn In n] via three
lemmas proven below.

LEMMA 5. P(Xnn # 0)=Q(1).

LEMMA 6. There exist (universal) constantg € 2 and d> 1 such that, for
i >0withi=o0(+Inn), we have:

P(Xnn—i =@) <Cid ™.
LEMMA 7. Thereisa (universal) constantG 2 such that, for i> 0, we have:
P(Xn .+ # #) <Cp27/2,
Now, Lemma 6 implies that for some const&h(in fact, C = 16 will do)
E(H,) > h;, — Clogy C1 + o(1).
Similarly, Lemma 7 implies that for a constant(in fact, C = 16 will do)
E(H,) <h;, + ClogC; + o(1).

Thus,E(H}) =h;,+O(1). Combining Lemmas 6 and 7 then yields (H/) = O(1)
(sinced '52— is O(1) for anyb > 1).

So, it remains only to prove these three lemmas. Their proofs rely on the results
of the last section. In particular, as discussed in Section 4, we apply them to the
labels on the path from the root to a nadef the tree.

The crucial fact that allows us to apply the results is that we can first expose the
products of labels to determinexfis in T, and then expose the actual values of
the labels to check ik is good or determine other properties of the ordered set of
labels on this path. Before presenting the proofs of this theorem we make this idea
more precise.

We can assume s large for the remainder of the section, since all three results
are asymptotic.

Thus, we again consider some node at depth h of T, the path
Px=2,, ..., zy=X from the root ofT, to x, and the nodesg;, ..., z,_,. Once
again we let be the negative of the natural logarithm of the label on the edge into

h /
z, and leta; bea — Z;—l"’“ We letIT (= I1(x)) be the permutation of th& given
by the labeling ofP,. We letoy, = ZLl aj. We letP§ = Z'jzl a;. For a positive
reala, We sayll is above—a (writtenIT > — a) if eachPS is. We sayl1 is above
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0 (writtenIT > 0) if for all i, PS§ > 0. We sayx is good ifIT is above 0. We sax
is above—a if IT is.
We can expose th& by

(i) choosingon, according to the appropriate probability distribution (i, is
gamma distributed with parametey,
(i) choosingDy, as in Property 2 of Section 5, and
(iii) settinga =d;op.

Note that§ = oU;. Thus,P(IT > —a) is simplyP(Dy, exc‘a—ahh) andP(x is good
is P(Dy, excO0).

We consideh = «lIn n (as we know the height dF; is not far from this value)
andoy, = In n (since this is the breakpoint at whighs in X, ). So,h/op = «. In
particular, we often consider choices foando, such thah < 5oy,.

In such a situation, Lemma 3 implies:

Conditioned on a choice @f,, which is less tha®h:
_ah 4
P> —a)="P <Dh exci) <P(Dpexc —5a)=0 (%) . (19
Oh

In such a situation, Lemma 4 implies:
Conditioned on a choice of,, which is less thadh, for every integer & O :

h
P((H > —a)N (Elk, a*<k < > such that PS< 6(log k)’

1
7)) =
or PS _k < 6(log k) )) =0 (h—az) . (15)
Having translated Lemmas 3 and 4 into the language we use for discussing
our random binary search trees, we are now ready to proceed with the proofs of
Lemmas 5, 6, and 7.

PROOF OFLEMMA 5.  We claimed in Section 4 that fortgpical good node, we
have that for far from 0 anch, PS is well above 0. We note that (15) is an explicit
formulation of this claim, which we have proven correct. To prove Lemma 5, we
wantto restrict our attention to these typical good nodes, as they are easier to handle.
Specifically, we leh’ = h;, defined earlier and restrict our attention to theYegt
of thosex in X, » which satisfyn, < 2. Lemma 1(c) implies that the expected size
of Y, v is at least half that oK, . Applying Lemma 2, we see that, on average,
$|Yn,h/| of the elements o¥,  are good. Applying (15), we see that there is a
constant such that for ala* larger tharr, we expect at least one half of the good
elements ofY, i to satisfy:

h/
vk with 5= k> a*, PS> 6(log k)’ and P$_y > 6(log k)’

We choosea* larger tharr and also large enough to satisfy some implicit in-
equalities below. We leA = A, ;y consist of those in Y,y which are good, and
satisfy the property above. We have shown &8#, 1 |) > %E(|Xn,h/|) =Q(1).
We will show that the variance 08\ is bounded, thereby completing the proof of
Lemma 5.
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Remark7. The constant one half above is arbitrary as is the choice of 2 as
our bound om; . By increasing and the bound on;, we could obtain tha#, r
contains all but an arbitrarily small proportion of the good nodes,R . Thus, we
can indeed think of the nodes 8§, 1y as being typical good nodes.

The approach we take is quite simple. Our choiceAgf, ensures that fok
betweera* andh’ — a*, n is well below its normal value and hence the expected
number of good nodes undg will be small. The remaining values &fwill not
contribute much to the sum as there are only a constant number of them. The details
follow; although somewhat tedious they are just straightforward counting.

Because we need a similar result in our proof of Theorem 1, we will actually
prove a more general statement.

Suppose we have exposed a set of choices for the labelg fam #node x at
height H which yield

(a) X e Xn,h’,

(b) n, =2,

(c) x is good, and

(d) For some constant©

/

h
vk with ) >k>C* P& >6log kand P& _x > 6log k.

Then the conditional expected valug ¥, ,, | is at most D for some constant which
depends on C (16)

Note that the event thatis in A, 1y is the disjoint union of a set of events each
of which satisfy (a)-(d) withiC* =a* (each of these events is a choice of labels
on Py). Thus, summing (7) over this set of events yields the conditional expected
value of|Xn | given thatx is in A, v is at mostD = D(a*). SinceA,, i is a subset
of X{ws this implies that the conditional expected valug Af 1| given thatx is
in Ao is at mostD. It follows that the expected value ph, 1|2 and hence the
variance ofl A, /| areO(1), as required. So, it remains only to prove (16).

PrOOF OF(16). Throughout the proof, we sht=h;. We consider a fixec
and a fixed set of choices for the labels®y satisfying (a) (d). Fork k < h,we
let B be the expected number of nodesXf,, underz, given this set of choices.

We need to show that tHe)} > E, = O(1). We note first thaEy,_; < 21 -1 because
there are only 2 nodes of deptltn underz,_;. Thus,Y"I%) En_j = O(2).

We consider nexk betweem andh — C*, We letj = h k.

We note that since) <2 andPS< >6logj > 6In j we have that:

k/h

n /2 2 .

/ ’ R “ Ahi/h
nzi(<n2k<j6< ) <j6n ‘

Sinceinn=h + BInIn n/a + O(1), we obtain:

;o 6 ] jBIninn
nz,k_O<J exp(a) exp(T .
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If j < In -, then this |sO(e” ). OtherW|se sincg <h andinh=In Inn+
0(1), itis O(j ~®exp (L)he). Now, i > i > vhandg <a son is O(e'f)

Thus,n'=n’ 7 is O(exp (j /a — 4In |)), We now consider the copy df, rooted
atz,. We IetT’ be the corresponding copy &f, and note that this corresponds to
the subtree of; underz, . We leti* =ot($ —4In j) — Tla/zln (j/a —41Inj)and
note that by Lemma 1(c), we have thgtisi* 4+ O(1).

Manipulating our expression fof, we obtain

. 1 ) ) )
h' =] —(4@—2|na/2>lnj+0(l)<1 —6ln j + O(2).

Applying Lemma 1(b) td’, we obtain thaEy is O(2" 1) = O(1/j %). Summing
over allk yields Y3~ [ Ex = O(1).
A similar computation shows th@ﬂfmﬂ Ex = O(1). However, we need to be

a bit more careful. So we fix sontein this range. We show thdy = o(k—lz) from
which the desired result follows. We know, as in the previous case, that for some
b'>6 logk>6Ink+ 1 we have:

/ ’ / 2 I,l(hfk)/h
AT T exp) '

Thus, we can write’ as exp¢-b)n®~/" for someb > 6log k— 1. Setj =h—k.
Thenj=(nn"+ b)ﬁ If b>6In j, then we can proceed as in the cda(se§
to obtain the desired result. So, we can assumelikab In j <6 In h. Hence,

j —alnn"=o0(yIn(n)).

We now consider the copy df,, rooted atz,. We letT’ be the corresponding
copy of T/, and X’ be the nodes of’ at depthj. Note first thatEy is at most the
expected number of nodes ¥f which are abovel-b; for the other nodes ok’
will not correspond to good nodes &, ,. Our bound onj — « In n" implies that
we can apply (14) td@’ to obtain thatEy is at mostO(b*/ h|E(|X'])). We claim
thatE(| X'|) = o(h/b*k3). Thus,E, = 0(1/k3), a stronger result than we needed.

To prove our claim, we need to calculdte and then apply Lemma 1, as in the
previous case.

Mimicking the proof above wittj ~® replaced by exptb), we obtain:

(exp( b) exp( J )hﬂ/"‘>

. 1
i*=alnn — ———Ininn'.

2In («/2)
and applying Lemma 1, we have tiet =i* + O(1). Manipulating our expression

fori*, we obtain:
In<1+ﬂmh—b)+0ﬂ)
o

A
S

Setting

h <j+pInh—ab—

o
2In 3
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Sincej > & andb=o0(j), this yields:

1
h;i,fj-l—(ﬁ— )Inh—ab+0(1)=j+ i /zlnh—ab+0(1).
o
Our bound onj — alnn’ thus allows us to apply Lemma 1(a) to show
that we expectO((5 YI/In3)in h—eby nodes at heighj in T'. That is, E(|X'|) =
O(hza )=o0(h2~ “b) Sinceb > 6 logk—1, we havé > 3logk+4 logb, soE(| X'|)

is Ofb‘lkg) as claimed.

Finally, we considerk in the range 1 toC*. We need to show tha} -,
Ex = O(1). So we fix somé in this range. We show thadt, = O(1) from WhICh
the desired result follows. We know thlag < n;,; sincex is good and; < 2,
this yields:

2Ina/2

c

h—k
<2nn .

I
n_nz,k

So, for somé between—1 andin n, we can write
h—k
n=e"bnn.

Remark8. Becaus is so close to 0, we have thaf—¥/" is betweem and
n/F for some constarf which depends o@* and thatj —h = O(1). It may help
the reader to be aware of these facts in the sequel.

We now consider the copy df,, rooted atz,. We letT’ be the corresponding
copy of T, and X’ be the nodes of * at depthj =h — k.

Now, Ey is at most the expected number of nodeXoivhich are above-(b+4);
for the other nodes oX’ will not correspond to good nodes ¥, ..

Ifb>Inh+1,them’ < pandsdy, <hj =h} —alnh+O(1) <h—2Inh+
O@)<j—2In(h)+0(1). So, applying Lemma 1(a), we obtaiB(|X'|)=
O(22nM) = O(}), a stronger result then we need.

Thus, we can assume thak In h+4- 1. This implies thafj — h}, = o(+/In n") and

hencej < 4.5In n'. Applying (14), we see that thgy is at mostO(+4 |E(|X'])).
Now, sincen’ < & and j =h; — O(1), Lemma 1(b) implies th£(|X ) is
2-b & b4y
O(hz 7). Thus,Ex = O(=7), WhICh isO(1) as claimed.
This completes the proof of (16) and Lemma &l

PROOF OFLEMMA 6. Expose the treR[ ] consisting of the firsf 1001 lev-
els of R,,. Let B be the set of Q—(ﬂ leavés ofRi.i ;. Let B' be the subset
{x|n} > nexp(-¢)} of B. Since— In s gamma dlstrlf)uted with paramelf%
its expected value |S1001 and the probablllty it exceeﬁls o(21) (once again,
this is easy to prove by conS|der|ng the density function). BB — B’|) =0(1),
andP(|B — B'| > 2100~ 1) < 2115, Thus,

P(IB'| <2 ) < 211w, (17)

Now, for eachx € B’, we let A, be the event that there is a node of the subtree
of T, rooted atx with depthh’ —i. By Lemma 5, we see that for some fixed O,
we haveP(Ay) > €. Furthermore, having exposed the IabeIsR?rl%ﬂ, the events
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A, and Ay are independent for distingtandy. Thus,
P(H,<h —i||IB|=1)<(1-¢).
Combining this result with (17) yields the lemma.]

PROOF, OF LEMMA 7. We leth=h, + i. We will show thatP(Xnn #
7) = (22 E(|Xnnl) + 1) By Lemma 1 (part (a) foi <h; — h!, part (b) for
Iargerl) this implies the desired result. Clearly, Lemma 1(b) permits us to assume
i <2 log h.

We setd = [4loghT, we let Xy be those nodes iX, ;, which arenotabove—d
andYy be those which are aboved. We considetXy andYy separately.

If X4 is not empty, then there is a notlef depthl < h such than; > n(h-1/hh4,
The number of such nodes is distributed like the number of nodek,6f at
height|. Sinceh > «aln(n) — 2In In n, we have that%: O(%). So,"app-
lying Lemma 1, we obtain that the expected number of such nodes at hagght
O(&). Since there are fewer thaarthoices fot, it follows thatP(Xq # ¥) = O(%).
Sincei < 2log h, this yields

P(X4 # #) =0 (2—1/2) .

So, it remains to show

2/2 1
P # )= O ( S-EXunl) + 57 )

Now,

d4

P(Ya # ¥) < E(Yal) < O (FEuxn,hD) :
where we obtain the last inequality by applying (14) (our bounidiowplies we have
o'h < 5h; this plus our bound od allows us to apply (14), (15), and Lemma 1(a)
here and below). Soi, we can assume 10 log d or we are done.

Now, we seb= |21 |, and letX}, be the set of nodes X, , which are above-b.
We also consider separately for all integatsetweerb andd, the setX, consisting
of those elements of,, ,,, which are abovea but not above * a. Applying (14)
as before, we obtaiP(Xp # #) = O(32E(| Xn,nl)). We shaII show that for eachn
betweerb andd, P(X,; # @) = O(h(a+1)2 E(|Xn.nl) + ) The desired result
follows.

So, fix ana betweenb and d. By (15), we need onIy prove th&(Y, #
?)= O(h(a+l E(|Xn.nl) + 1)2) whereY, consists of those elementsof Xa

satisfying:

Ak such thala — 1)* < k < h — (a — 1) with P& < 0.

Thus, in particular, foc = (a — 1)*°, the minimumPS; is achieved on somie
with k < cork > h — c. For eactk with k < c ork > h — ¢, we letyy be the random
number of elements of, for which PS is minimized ai =k.

Stepl: P(3K < ¢ such thaty, # 0) < O(Zi?(a1+ 1)2).
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It is enough to show that, for ea&hwith k < ¢, we have:

1
P(yk #0)=0 (m) .

For each node¢ at heightk < c, we letW; be the event that there is a descendant
of t in Y, whose partial sum is minimized &S.. We note that ifW; holds then

n; > exp@—1)nM=/" thatisf (t) > exp@—1)n~*/". Thus, settingno = exp(1—
a)n“’" we have:

P(yk # 0)=P(Xno.k # ¥) < E(I Xno.kl)-

Thus, we need only show that this expected value is at m%)
a+

Now, hi =a In ng — Ioga In ng + O(1). Further,In no_ K a + 0(1)
and sincd < 2logh, h=« In n + O(In In n). Thus,In no_ + O( In'” 2000y —
a+ 0(1). Slncek<a4°<(5Iogh)4° we have:ln ng=¥ — “a + O(1) Thus,
hh, =k — Ioga/2 (k — ax) + O(1). Applying Lemma 1(b), we see that
E(|Xnok|)_O(2_"“"‘+1/2"’@’“(k a‘)‘)) Sincek < a*, 3Ins (k — aa) =0(a). Thus, as
a>b>[21], E(|Xp,k|) = O( ), as required. D

1)42

Step2. P(3k > h — ¢ such thaty, # 0)= O(FLZeD),

It is enough to show that for eadhwith k > h — ¢, we have:P(yx # 0)=
O(h(gfiﬂ'z)) For each nodeé at depthk > h — ¢, we letW; be the event that there
is at least one descendanttoin Y, whose partlal sum is minimized &S.. We
note that ifW; holds thenn; > exp@ — 1)n . That is, f(t) > exp@ — 1)n® R
Furthermore, given that(t) is this high, if we conS|der the normalized labels on
the path from the root towe see that ifA; holds then corresponding permutation
must be above-a — 1, as otherwise we contradict our choicekof

By (14), the probablllty the latter event holds (given the fII’StX]GM)
Thus, settingip = n’ exp(1—a) we see tha(yk # 0)= O(E(| Xn,.k )@ Now,
k>h—c>h—a. So, sincea < d=[4 log h], we have thak — h=0(+/Inn).

In partlcular,h = O(l) Thus, to complete this step, we need only show:

E(|Xno.k) = O(E(IXnn)(@+ 1))

Now, h — h*=0(logh)=o0(y/logn). Thus, by Lemma 1(a)E(|Xnnl) >
cz(f)h‘h’n‘, for some constart,. Furthermore, we claim th&f, — hf = o(y/Togn)
and sok — hy_is alsoo(/logn). Given this claim, by Lemma 1(al(| Xn,k|) <
cs(2)*"o, for some constargs. Thus,

o\ k-h+hi—hsy
E( Xnoil) = O (E(xn,h) (2) ) .

We show thak — h + h} — h* =aa + O(1). Sincexa > 46log@ + 1) + O(1)
this completes our proof of thIS step. Further, siaeeo(+/In n) by definition, and

we proved above thdt — k=o0(+v/In n), this result yieldhy; — hy =o(+/Inn) as
claimed above.
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Thus, it only remains to shovk — h + hy — hi ' =caa + O(1). To begin, we
note that

hy=alnn —log,,,In n+ O(1)
and

h—k
hy, =alnn (1 — T) —oa— Iog% In no + O(1).

We proved above thdt— k = o(+/In n). By definitiona = O(+/In n). Taking these
two facts together we obtain thgim no — In n} = o(In n). This yields:

h—k
ht —h: =alnn (T) +a+ O(1).

Manipulating our formula foh; —hy, further by substituting ih = aInn+o(v/In n)
gives:

h—k
hy — hy, =h —k+o(vInn) (T) +aa+ O(1).

Again applyingh — k=0(+/In n) we obtain:
hy —hp, =h—k+aa+ O(1).
This is the statement we needed to prove.

8. A Stronger Result

We turn now to the height of,. SinceT, is at least as tall a$, we have as an
immediate corollary of Lemma 7 that

LEMMA 8. There is a (universal) constant,Csuch that for i>0 with
i =o(log n) we have:
P(Hy > h, +i) < Cp27.
We show below that

LEMMA 9. There is a (universal) constanzGuch that the probability that,T
contains a node at height,h- Cs is (1).

With this resultin hand, as shown below, it is straightforward to mimic the proof
of Lemma 6 using Lemma 9 in the proof of Lemma 5 to obtain:

LEMMA 10. There exist (universal) constantg, 3 and d< 1 such that for
i > 0with i =o(y/logn) we have:
P(Hn <h, —C3—i)<Cyd'.

Theorem 1 follows immediately from these results, in the same way that
Theorem 2 followed from Lemmas 5, 6, and 7.
So, it remains only to prove Lemma 9 and Lemma 10.

PrROOF OFLEMMA 9.  In comparindl, to T;, we need to consider the difference
betweem; andn), which arises as a result of rounding. We denote this difference
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by A,. We note that iz hasw as a parent antl,,, is the label of the edgew then
A, is the sum ofL,,A,, andny Ly, — [nwLwz]. This observation is the key to
dealing with the difference betwedp andT,.

We begin the proof with a simple example illustrating how we can use this
observation. Note first that, L, — [nwLwz]. IS at most 1. Thus, iAA,, is at most
2 andL; is less than a half, then, is less than}(2) + 1=2. Applying this fact

inductively, we see that if every label ¢ is less thar% thenn, —n, < 2 for every

z on Px. Now, if we also have that is in T; thenn] > 1 and this implies that the
grandfathew of x satisfies,, > 4 because of our upper bound on the label values
onPy. Thus,ny, >4 — Ay >2andw isinT,.

More generally, we can show that, if there are encsiglalllabels spread along
Px, then the round-off errors will not accumulate and s& i in T, there is an
ancestor at distand®(1) from x which is inT,.

To complete the proof, we need to show that the probability we have such a node
x at heighth;, in T, is ©(1). To do so, we essentially apply the proof of Lemma 5,
showing that the requirements we need to imposB,sp as to bound the roundoff
errors are so loose that the proof still goes through.

We now turn to the details. We slet= h;,. In the last section, we considered the
subsetA, » consisting of those goadin X, » with n} < 2 such that the correspond-
ing normed permutation is nonnegative and satisfies for a universal co@stant

VkwithC <k < g - (PS> (610gk)") N (PS\_k > 6(logk)").

We showed that the probability that, , is nonempty i<2(1). We now consider
the setBy,  consisting of those € Xn 1, such that] <2 and the corresponding
normed permutation satisfies for some universal constant

(i) Vkwith2d <k < g : (P& > 6logk) N (PS,_« > 6logk)
(i) x is good
(i) Vjwithd < j < [logh], TI"2, <1
We will show that, for some constab:

1
the probability that B, is nonempty is at IeasES. (18)

Using this fact, we will prove the following restatement of Lemma 9:

There is a constant £such that the probability that
. . 1
H, is at least h— Cz is at IeastB. (29)

PrROOF OF(19). We can assunteis large as otherwise by increasi@gwe can
makeh — C3 negative. We actually prove the stronger statement thatdf B, 1,
then theh — Csth node on the patRy from the root tox is in Tn.

Recall that the patRy from the root tok is enumerated &, . . ., z,. We letCs be
2%4+4 Sincen, > 1, itfollows immediately from (iii) thahy,_o > 494 =221+8,
We will show that in additionA,, . < 2%9+6 thereby provmg thaz;1 c, isin Ty,
To do so, we must consider how farge the differengebetweem; andn, can
become for theg; on P, as the rounding errors accumulate.
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For each integef betweerd andj* = |log gj ,we claimthatA, < 21%2 This
claim applied toj = 2d + 4 implies the desired result.

We prove our claim by backwards induction priNote first thatA, ., — A, < 1.
Thus, for anyi < h, A, <h. Hence, the result holds fgr. Now, we assume that
the result holds foj + 1 for somej betweerd andj* and prove it forj. The new
rounding errors introduced in the pivoting betwegn,i+: andz,_,; are at most
2. The effect of the old rounding errors is multiplied %)by (iii). Thus, the new

rounding error is at most,” + 21 <2142, [
So, it remains to prove (18).

PrOOF OF(18). The proof follows the lines of that of Lemma 5. We &be
as in the definition ofA, ,, in that lemma, and choose a constdntith d > logC
which is large enough to satisfy some implicit inequalities below. We recall that
j*=1tllog gj . We first show that the expected number of elemen&ipis ©2(1).

To complete the proof, we need to show that for aay depthh, and any choices for
the labels orP, which show thak is in By, 1, the expected size @, , is O(1). To

do so, we simply apply (16) wite* = C. So, we need only show that the expected
number of elements B, 1, is 2(1).

To prove this bound on the expectation, we show that the expected sBg, of

is not much smaller than that &%, . To do so, we consider a random elemeof
Yn.n and consider generating a random permutaliasf the multiset of label& on
Py via a 2-step process. We first generate a random permufatioh S uniformly.
We then swap some of the elementdbfo obtain a new uniform permutatidy,.
We specify this swapping procedure precisely in a moment. W8 ket the set of
permutations oS for whichx is in B, , and letA be the set of permutations 8ffor
whichx is in A, . We show that the probability tha@i, is in B given thatll; is in
Ais Q(1). This yields the desired result, as it shows @8, n|) = Q(L)E(| An.nl)
and we proved in the preceding section tB&tA, 1|) = 2(1).

Our swapping procedure has the following form:

(d+l

(1) we pick a uniformly random set of'f1) — integers ka1 ,,
2 2 (“3H+1

Ktz - k(,-*zﬂ) between] and} — 1,

(2) we swap the values ifay , ak(jm)} with the values
2

(3ha

{ah_2d+1+l, Qn_20+142, Q20+l gLy« + s AN—2i41s -+ Bn2i4js .- ah_zj*ﬂ-*}.

where, ford +1 < j < j*and 1<r < j, an_oi iS SWapped Withﬂk(,-) :
2)t

How do these swaps affect the values of B&??

Fork < # andk > h — 29, they have no effect. Fdrbetweer; andh —2¢, let S}
be the set of labels that appeared at or before&kthgosition and have now been
swapped so they appear after it and3gbe the set of those labels which appeared
after thekth position and have now been swapped so they appear at or before it.
Here we are thinking of the labels as the normalized negative logarithms. We have
that the decrease P& is

> ox=Y"x

XeS xeS?
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Now, we considek with I < k <. Note that S|+ 2| < 2('5") < (log h)2.
Clearly, since eacly is at most 1, eacly is at least—1. Hence,erSszz
— (log h)?. Suppose that:

Ai such thaiy > (logh)®. (20)

Then, for all suclk, the decrease iR is less than ((lof)® + 1))(logh)?, and
henceP& still exceeds 6 logk.

Fork with § < k < h — C, we definedy to beh — k, we note thatS}|, || <
(log dy)?. Hence ersf x> — (log dy)?. So provided

> x < 5(log d)’, (21)
XeS

P& will still exceed 6 logd.
In order for (iii) in the definition ofB, ;, to hold forx, it is enough to insist that

j+1 1
forjwithd+1<j < j* l—[( ())+1 Kk < = !
where thel; are the [Q. 1] uniforms corresponding t& and their indices refer
to I4.

Thus, if (20) and (22) hold and (21) holds for kjlthenII, € B. We now show
that the intersection of these three events occurs with probability thereby
completing the proof.

To begin, we show that the probability that (20) fails is o(1). This probablllty
is at most (lodh)?P(a;- > (logh)®) wherei* is a random index betwee§1 and 5
Slncez4 p 8 < In n, this latter probability |sO(h(‘|"oréQ)3) = O((logh)~®). So the
probablllty that (20) fails i©O((logh)1).

To bound the probability that (21) fails for sonke we proceed in a similar
manner. To begin, we note that sin®| < (logdk)?, this probability is at most
(Iog dk)?P(a- > 5(logdy)®) wherei* is a random index betwee% and 3 h. Since

Z“ p & < In n, this latter probability |50(h(l‘ggd”)5)— O((logdy)~®). So the prob-

ab|I|ty that (21) fails for a particulak is O((logdy)3).
Since (21) holds provided it holds for all all value5|dﬁetween— andh — 2¢
for which we swayg;, we obtain by induction that foy with d < j < ji*

P((21) holdsY k withh— 2] <k < h — 29)

(22)

~0 (J’ ) + P((21) holdsY k with h— 211 < k < h — 29).

So

h 1
P((21)holdsY k with - <k <h—-2%)=0 — | =0@™.
((21)holdsY k with 5 < k < h — 2°) (,Z}ﬂ) @
The proof of (22?1 is straightforward. LdE be the event thafi |— <i =<
2} li>1-— 5000}| > 2. The uncoditioned probability that sonheis more than
1- 50100 5000 Thus the unconditioned probability thBtholds iso(2"). Since
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the probabilityx € Anp is (2", it follows that forx € A, the probability E
holds iso(1). Given thatx e Ann and E fails to hold, the probablllty that fewer
than 15000 of thé between g) + 1 and (”1) satisfyl; <1 — 5000 is O(271). But
clearly, this is an upper bound on the condltloned probability

I
1_[ [, > —.
i=(})+1
So, the probability that (22) fails, given that € A,n and E fails, is
O(ZJ °4271)=0(279). Hence, the probability that (22) holds for some A, h
is1— 0(279).
The desired result follows as we are free to melkas large as we like.[]

To complete the proof of Theorem 2, this section and the article, we present:
PROOF OFLEMMA 10. Expose the treﬁrﬁﬂ consisting of the firs% levels of

R. Let B be the set of 2x! leaves ofRMi_OO]. Let B’ be the subs€ix|n; > nz—%}
of B. Now, (17) states:

P(1B'| <2 Y) < 2l i,

Note thatforeack € B’, Fact2implies thaty > n2s — rlo(ﬂ Thush, > h'—i.
For each suck, we let A, be the event that there is a node of the subtreﬁqof
rooted atx with depthh’ — C3 —i. By Lemma 9, we see that for some fixed 0,
we haveP(Ay) > e. Furthermore, having exposed the IabeIqu%ﬂ, the events

A andAy are independent for distingtandy. Thus,
P(H,<h' —C3—i||B|=1)<(@1—¢).
Combining this result with (17) yields the lemmaé.]
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