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1. The Results

A binary search tree is a binary tree to each node of which we have associated a
key; these keys are drawn from some totally ordered set and the key atv cannot
be larger than the key at its right child nor smaller than the key at its left child.
Given a binary search treeT and a new keyk, we insertk into T by traversing the
tree starting at the root and insertingk into the first empty position at which we
arrive. We traverse the tree by moving to the left child of the current node ifk is
smaller than the current key and moving to the right child otherwise. Given some
permutation of a set of keys, we construct a binary search tree from this permutation
by inserting them in the given order into an initially empty tree.

The heightHn of a random binary search treeTn onn nodes, constructed in this
manner starting from a random equiprobable permutation of 1, . . . ,n, is known to
be close toαln n whereα= 4.31107· · · is the unique solution on [2,∞) of the
equationαln ((2e)/α)= 1 (here and elsewhere,ln is the natural logarithm and log is
the base 2 logarithm). First, Pittel [1984] showed thatHn/ln n→ γ almost surely
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asn→∞ for some positive constantγ . This constant was known not to exceedα
[Robson 1979], and it was shown in Devroye [1986] thatγ =α, as a consequence
of the fact thatE(Hn)∼αln n. Robson [1982] has found thatHn does not vary
much from experiment to experiment, and seems to have a fixed range of width not
depending uponn. Devroye and Reed [1995] proved thatVar (Hn)=O((ln ln n)2),
but this does not quite confirm Robson’s findings. It is the purpose of this note to
prove that forβ = 3

2ln (α/2), we have:

THEOREM 1. E(Hn)=αln n− β ln ln n+ O(1) andVar (Hn)=O(1).

Remark1. By our definition ofα, we obtainβ = 3α/(2α − 2); however, as we
shall see, the definition given above sheds more light on the reasonβ takes this
value.

For more information on random binary search trees, one may consult Pyke
[1965], Knuth [1973a, 1973b], Aho et al. [1975, 1983], Mahmoud and Pittel [1994],
Devroye [1987, 1990], Mahmoud [1992], and Pittel [1994].

Remark2. After I announced these results, Drmota developed an alternative
proof of the fact thatVar (Hn)=O(1) using completely different techniques. As
our two proofs illuminate different aspects of the problem, we have decided to have
the results published in the same journal [Drmota 2003].

2. A Model

If we construct a binary search tree from a permutation of 1, . . . ,n andi is the first
key in the permutation then:i appears at the root of the tree, the tree rooted at the
left child of i contains the keys 1, . . . , i −1 and its shape depends only on the order
in which these keys appear in the permutation, and the tree rooted at the right child
of i contains the keysi +1, . . . ,n and its shape depends only on the order in which
these keys appear in the permutation.

From this observation, one deduces thatHn is also the number of levels of
recursion required when Vanilla Quicksort (i.e., the version of Quicksort in which
the first element in the permutation is chosen as the pivot) is applied to a random
permutation of 1, . . . ,n.

Our observation also allows us to constructTn from the top down. To ease our
exposition, we think ofTn as a labeling of a subtree ofT∞, the complete infinite
binary tree.

We expose the key associated with each nodet of Tn. To underscore the rela-
tionship with Quicksort, we refer to the key att as thepivotat t . Suppose then that
we have exposed the pivots for some of the nodes forming a subtree ofT∞, rooted
at the root ofT∞. Suppose further that for some nodet of T∞, all of the ancestors
of t are inTn and we have chosen their pivots. Then, these choices determine the
set of keysKt which will appear at the (possibly empty) subtree ofTn rooted att ,
but will have no effect on the order in which we expect the keys inKt to appear.
Indeed, each permutation ofKt is equally likely. Thus, each of the keys inKt will
be equally likely to be the pivot. We letnt be the number of keys in this set and
specify the pivot att by choosing a uniform elementi t of 1, . . . ,nt and using the
i t th largest element ofKt as the pivot att . We actually chose a uniform element
ut of [0 . . 1] and seti t =dntute. Thus, the subtree rooted at the left child oft has
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bntutc nodes and the subtree rooted at the right child oft hasbnt (1− ut )c nodes
(note thatntut is an integer with probability 0, so we ignore this possibility). Now
we can choose theut simultaneously and independently, as follows.

Each nodex of T∞ has a right sonr (x) and a left sonl (x). We consider a random
labeled treeR∞ obtained fromT∞ by choosing a uniform [0. .1] random variable
U (x) for each nodex of T∞ and labelling the edge (x, r (x)) by U (x) and the edge
(x, l (x)) by 1−U (x). The label of edgea is denotedL(a). We letRk be the random
tree consisting of the firstk edge levels ofR∞.

For each nodey of R∞, we let f (y) be the product of the labels of the edges on
the unique path from the root toy. If the labels on the edges of the path from the
root to a nodey of R∞ areL1, . . . , Li , then we define

hn(y)=b· · · bbnL1cL2c · · · Li c.
Fact 1. As discussed above, we can construct a random binary search

tree Tn on n nodes by taking a copyR of R∞ and lettingTn consist of those
nodesy of Rwith hn(y)≥ 1. More strongly,hn(y) isny. (See, e.g., Devroye [1986].)

We letT ′n be the subtree ofT obtained by taking a copyR of R∞ and lettingT ′n
consist of those nodes ofR with f (y)≥ 1/n. The following easy fact, immediate
via induction from the trivialitya− 1≤ bac ≤ a, shows thatT ′n containsTn:

Fact2. Lety be a node ofR∞ at depthi (i.e., at edge-distancei from the root).
Then

n f (y)− i ≤ hn(y) ≤ n f (y).

Facts 1 and 2 suggest thatHn should be close to the heightH ′n of T ′n. We will
first discussH ′n and then strengthen our results to show that they also apply toHn.
Thus, to begin, we will prove:

THEOREM 2. E(H ′n)=αln n− β ln ln n+ O(1) andVar (H ′n)=O(1).

In doing so, we useXn,h to denote the (random) set of nodes ofT ′n at depthh.
We usen′t to denoten f (t) which by Facts 1 and 2 is close tont . Finally, we give a
name to our estimate ofE(Hn).

Definition 1. We leth′ = h′n beαln n− β ln ln n.

3. The Crux of the Matter

We are interested in computing for variousn andh, P(|Xn,h|> 0), as the probability
thatT ′n has heighth is simply:P(|Xn,h|> 0)− P(|Xn,h+1|> 0). SinceE(|Xn,h|) is
much easier to compute, we consider it first. Note that since there are 2h nodes ofT∞
at depthh, we haveE(|Xn,h|)= 2hP( f (y)≥ 1/n) wherey is a node ofR∞ at depthh.

Not surprisingly, the functionf is well understood (for cognoscenti: we use that
for eachx in R∞,−ln U (x) is an exponential random variable with mean 1. Thus, if
y is at depthh in T∞, then−ln f (y) is distributed as the sum ofh i.i.d. exponential
random variables with mean one, that is, it is gamma distributed with parameterh).
Classical results on this function allow us to compute the value ofE(|Xnh|).

Definition 2. We leth∗ = h∗n be the smallesth for whichE(|Xn,h|) ≤ 1, that is,
for whichP( f (y)≥ 1

n ) ≤ 2−h.
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We recall thatα is the solution in [2,∞) of αln(2e/α)= 1.

LEMMA 1. h∗ =αln n − 1/2ln (α/2) ln ln n + O(1), and for some constant
c1, E(|Xn,h∗ |)> c1. Further, there exist positive constants c2 and c3 such that (a)
for i = o(

√
ln n), c2(2/α)i ≤ E(|Xn,h∗+i |) ≤ c3(2/α)i , and (b) for all positive i :

E(|Xn,h∗+i |) ≤ c32−i . Finally, we have (c) for n sufficiently large and h= h∗n +
o(
√

ln n), P(n′x < 2|x ∈ Xn,h)≥ 1/2.

Remark3. Note that we can assume thatn is arbitrarily large here by increasing
the constants so we do not need to state this explicitly. This same remark holds for
many other lemmas as well.

Remark4. Note thath∗n= h′n+ logα/2 ln n+O(1) which, sinceh∗n isα ln(n)(1+
o(1)), is equivalent to:h∗n= h′n+ logα/2 h∗n+O(1). Thus, by Lemma 1(a),E(|Xn,h′n|)
is betweend1h∗ andd2h∗ for two constantsd1 andd2.

PROOF. See Devroye [1986, p. 492] for a proof that the claimed value ofh∗ is
correct. The same page contains a proof of (b). The rest of the lemma can be proved
using similar straightforward computations. (The key is to note that the density
function for a gamma distribution with parameterh isd(x)= xh−1 exp (−x)

(h−1)! . To obtain
P(y ∈ Xn,h), we integrate this function from 0 toln n. To obtainP(n′y≥q2), we
integrate it from 0 toln n− ln 2. Whenx is belowln n andh is nearh∗n, decreasing
x by t decreasesd(x) by a multiplicative factor of at least (1+o(1)) exp(t(α − 1)).
In particular,d(x− ln 2)< 1

4d(x) from which (c) follows easily. Further, this shows
that the main contribution to the integral forP(y ∈ Xn,h) comes fromx nearln n
and suggests that to compute the ratio of the integral forh to that forh − 1, we
need really only consider the ratio between the corresponding density functions at
this point. This latter ratio isln(n)/h, which is aboutα−1. Since the size of the
corresponding tree levels differ by a factor of 2, (a) seems believable. We omit a
formal proof ).

If for eachh nearh∗, |Xn,h| were highly concentrated around its expected value
then this would imply thatE(H ′n)= h∗ + O(1), andVar (H ′n)=O(1). However,
for each suchh, |Xn,h| is not concentrated around its expected value, and, more
strongly,Var (|Xn,h|) is high, as we explain below. (This is why the expected value
of H ′n is nearh′n rather thanh∗n.)

To begin, we note that, if everyui were 1/2, thenH ′n would bedlog ne. It is
the existence of biased pivots (i.e., pivots which split the remaining set of keys
unevenly) that forces the height to rise. In particular, a nodex at depthh in T∞ will
only be inT ′n if the pivots along the pathPx of T∞ from the root tox are sufficiently
biased towards 1. How will this affect the probability that other nodes ofT∞ at
depthh are inT ′n?

The answer to this question depends on where these biased pivots occur. To
illustrate this point, we consider three unlikely but illuminating examples. For
simplicity, we assumen= 2k, that is,log n is an integer.

Example1. The firsth− k labels onPx are 1, the remainingk labels are1
2.

Example2. The firstk labels onPx are 1/2, the remainingh− k labels are 1.

Example3. All the labels onPx are the same: 1/2k/h.
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Note that, in Example 1, the (h− k)th nodez on Px satisfiesf (z)= 1. Its child
z′, which is not onPx, satisfiesf (z′)= 1/2. Thus, the random subtree ofT ′n rooted
atz′ given the labels onPx is simply a copy ofT ′n/2 generated independently of our
choices onPx. So, the expected number of nodes at depthh in T ′n given our choices
of the labels onPx is at least the expected number of nodes at depthk− 1 in T ′n/2.
Sincek− 1= log n

2 ¿ αln n
2, we expect this value to be quite large, in fact it is of

the order ofnε for some positiveε. So, the existence of a nodex as in Example 1
implies that we expect there to be many other nodes ofT ′n at depthh.

In discussing Examples 2 and 3, we consider for each nodez of Px − x, the
child z′ of z not onPx. As in the first example, the subtree ofT ′n rooted atz′ is an
independently generated copy ofTn f (z′).

In Example 2, ifz is at depth at leastk, then f (z′)= 0 soT ′n does not intersect
the subtree ofT∞ rooted atz′. If z is at heighti < k, then f (z′)= 1/2i+1. We can
therefore calculate the expected number of nodes ofT ′n underz′ at depthh in T ′n
given the labels ofPx, it is simply the expected size ofXn/2i+1,h−i in the copy. We
do not do so, we simply note that the labels onPz′ are not biased towards 1 and
so this value tends to zero asi grows. It turns out that the sum of these values is
actually less than 1. So the existence of a node as in Example 2 only increases the
expected number of nodes ofT ′n at depthh slightly.

Before discussing Example 3, we introduce some notation. We enumerate the
vertices ofPx asz0, . . . , zh in the order they appear whenPx is traversed starting
at the root. Fori with 0 ≤ i ≤ h − 1, we letz′i be the child ofzi which is not on
Px, and letl i be the label of the edge ofPx enteringzi .

In analyzing Example 3, we again use the fact that

E(|Xn,h| : x ∈ T ′n and labels on Px)= 1+
h−1∑
i=0

E
(∣∣Xn f (z′i ),h−i

∣∣).
We do not compute this bound explicitly. We claim only that fori between 0

and 3h/4 the summand is above 1/10 and more strongly that given a node as in
Example 3 we expect abouth nodes ofT ′n at depthh. This claim could be proven
using Lemma 1. The intuition behind it is that, for eachi , the labels onPz′i are
exactly as biased as they need to be on a path from the root to a vertex ofT ′n at
depthh. Thus, we expect about one node ofT ′n at depthh under eachz′i (there are
some technical complications wheni is nearh which don’t really matter).

Our examples all demonstrate that to estimateVar (|Xn,h|) we need to determine,
for a typicalx in Xn,h, whether the pivots alongPx which are biased towards 1
occur near the beginning or near the end ofPx. It turns out that, as in Example 3,
our analysis relies on determining (i) how manyzi on Px satisfy: f (zi ) is larger
than it would be if all the labels onPx were identical, and (ii) by how much does
f (zi ) exceed this “normal” value for suchzi . Precise answers to these questions
will allow us to prove Theorem 2.

4. The Approach

To answer the questions posed above, we adopt the approach taken in Devroye and
Reed [1995]. In that paper, the authors considered those special nodes for which
f (zi ) is never above its normal value. They showed that forh nearh∗, the expected
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number of such special nodes is at least|Xn,h|/h. Combining this result with an
analysis of the variance of the number of such nodes, along the lines suggested in
the analysis of Example 3 in the preceding section, allowed them to prove that there
is anε >0 such that ifE(|Xn,h|) exceedsh2 then the probability that there is such
a special node at heighth exceedsε. This, along with some routine analysis using
Lemma 1, allowed them to prove that the expected value ofH ′n is within O(ln ln n)
of h∗.

In this section, we explain their approach and discuss how we will modify it to
prove Theorem 2.

We note that this section is intended to provide intuition, and we will not use any
of the statements that we present except for Lemma 2, whose proof is given in full.

To begin, they considered a fixed nodex at depthh in T∞ and generated the
labels onPx by:

(i) first choosing a setS of h random reals uniformly and independently from
[0 . .1].

(ii) then choosing uniformly a random permutationl1, . . . , lh of Sand lettingl i be
the label on thei th edge ofPx.

We note that the eventx ∈ T ′n is determined in (i), whilst the difference between
f (zi ) and its normal value is determined in (ii). It is this independence which
allowed Devroye and Reed to obtain their results by a straightforward analysis of
the random permutation generated in (ii).

Remark5. It is important here that we are consideringT ′n and notTn, as the
effects of the roundoffs in the definition of thent vary over the permutations, and
so the first step alone does not determine ifx is in Tn.

For eachi between 1 andh we leta′i be the natural logarithm of 1/ l i . We note
thatx ∈ T ′n ⇐⇒

∑h
i=1 a′i ≤ ln n. We normalize by settingai =ai

′ − (
∑h

i=1 a′i )/h,
so
∑h

i=1 ai = 0. We letPSi be the partial sum
∑i

j=1 aj . Then, f (zi ) is above its
normal value precisely ifPSi < 0. We sayx is goodif x ∈ T ′n and everyPSi ≥ 0.

The key to Devroye and Reed’s proof is:

LEMMA 2. Let X={x1, . . . , xh} be a set of real numbers whose sum is non-
negative. Let xπ (1), . . . , xπ (h) be a uniformly random permutation of X, then

P

(
6 ∃ j such that

j∑
i=1

xπ (i )< 0

)
≥ 1

h
.

Furthermore, if X sums to zero, but none of its proper subsets do, then this proba-
bility is exactly1/h.

Letting X′n,h be the set of good nodes at depthh, and summing the bound of
Lemma 2 over all those choices ofS in (i) for which x ∈ T ′n yields:

E(|X′n,h|)≥
E(|Xn,h|)

h
(1)

as claimed in the first paragraph of this section.
Since Lemma 2 is also used in this article, we reproduce its short proof.
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PROOF OFLEMMA 2. We can choose the permutation by first exposing a uni-
formly random cyclic permutationc1, . . . , ch of X and then choosing a uniformly
random starting pointj + 1. That is, we setxπ (i )= cj+i where addition is taken
moduloh.

Since X sums to a nonnegative number, ifj minimizes
∑ j

i=1 ci then all the
partial sums for the chosen permutation are nonnegative. Since there is at least one
j obtaining this minimum, the probability that all the partial sums are nonnegative
is at least 1/h as claimed.

Furthermore, ifX sums to 0, then all the partial sums are nonnegative precisely
if j minimizes

∑ j
i=1 ci , If none of the proper subsets ofX sum to 0 then there is

exactly onej achieving this minimum. So the inequality does indeed become an
equation in this case.

When considering Example 3 in the last section, we presented the intuition behind
the second result that Devroye and Reed required:

∃ε >0 such that if h satisfiesE(|X′n,h| > h), thenP(X′n,h 6= ∅)≥ ε. (2)

Now, (1) and (2), together with the estimates onE(|Xn,h|) given in Lemma 1
imply that for someh− = h∗ − 2logα/2 h∗ + 0(1) we have:

∃ε >0 such thatP(X′n,h− 6= ∅)>ε. (3)

By analyzing the 2i subtrees ofT ′n rooted at those nodes ofT∞ at depthi in-
dependently (a standard simple trick), Devroye and Reed [1995] showed that (3)
implies:

∃c> 0 and d< 1, such that∀i with i = o(
√

h∗),P(H ′n< h− − i ) ≤ cdi . (4)

This yields

E(H ′n)> h− + O(1). (5)

Thus, Devroye and Reed have shown thatE(H ′n) lies betweenh∗ + O(1) and
h− + O(1). That is, by our remark after Lemma 1, betweenh′ − logα

2
h∗ + O(1)

andh′ + logα
2

h∗ + O(1).
To prove Theorem 2, we need to tighten both the upper and lower bound. To

tighten the upper bound, we replace the bound

P(Xn,h′+i 6= ∅) ≤ E(|Xn,h′+i |)=O(h2−i )

obtained from Lemma 1 (we use part (b) of the lemma fori between 1 andh∗ − h′
and part (c) for largeri ), by the bound

P(Xn,h′+i 6= ∅)=O
(
2
−i
2
)
. (6)

To tighten the lower bound, we show that knowing thatx is a typical good node
only increases the expected number of good nodes by a constant, rather than by
O(h) which was the bound used by Devroye and Reed to prove (2).

We close this section by presenting some intuition as to how we prove these
results.
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To provide an intuitive as to why (6) holds, we consider pairing each permutation
5 of a givenSwith its reverse5r . We claim that either

(i) f (zi ) is at least its “normal” value when the labels onPx are given by5, or
(ii) f (zh−i ) is at least its “normal” value when the labels onPx are given by5r .

To see this, note thatf (zi ) is above its “normal” value if and only if

i∏
j=1

l j ≥
(

h∏
j=1

l j

) i
h

.

Our claim implies that on average at leasth/2 of the f (zi ) are above their normal
value. As in Example 3, we can deduce that the expected number of nodes inXn,h
given thatx is in Xn,h is at leastch for some constantc> 0. This fact suggests (but
does not imply) that

P(Xn,h′+i 6= ∅) ≤ E
( |Xn,h′+i |

h′

)
=O(2−i ).

We cannot quite prove this, but do prove (6), which is good enough for our purposes.
In order to tighten our lower bound, we need to show that for a typical good node,

most of thef (zi ) are well below their normal value and hence the expected number
of good nodes at depthh′ given the existence of a typical good node isO(1). That
is, we need to show that for a typical good node, the overwhelming majority of the
partial sums for our random permutation ofSare well above zero.

To do so, we need to refine the analysis used in the proof of Lemma 2. To begin,
we remark that the event that for theSchosen in (i), there is some proper subset of
S which sums to 0 has probability zero. Thus, we can apply the strong version of
Lemma 2 which holds for sets none of whose proper subsets sum to zero, to obtain:

the probability x is good given that it is in Xn,h is exactly1/h. (7)

Actually, for very general setsSwhich sum to 0, it can be shown that the prob-
ability that every partial sumPSi of a random permutation ofS is nonnegative is
O(1/h) and more strongly that for smalla the probability everyPSi exceeds−a is
also near 1/h.

Now, consider such a setS and corresponding permutation5, and ask what
is the probability of the eventE that PSh

2
is 0 and all the partial sums for5 are

nonnegative? IfPSh
2
= 0, then our permutation5 breaksS into two subsetsS1 and

S2 both of which haveh
2 elements and sum to 0. Further as all the partial sums for

5 are nonnegative so are the partial sums for the permutation51 of S1 consisting
of the first half of5 and the permutation52 of S2 consisting of the second half
of 5. Clearly, we can first generate our choice for (S1, S2) and then generate51
and52 independently. IfS is sufficiently well-behaved then we can show that the
probability a random permutation of eachSi stays above 0 is alsoO( 1

h ). So, the
foregoing discussion implies that the probability ofE is O(( 2

h )2).
Since, by Lemma 2, the probability that all thePSi for 5 are nonnegative is

at least1h , we see that the probability thatPSh
2

is 0 given all thePSi are nonnegative
is O( 1

h ). A similar analysis shows thatPSh
2

is unlikely to be near 0, as isPSi for
any i sufficiently far from 0 andh. Using a more delicate analysis with the same
flavor, we can deal with the extremities of the permutation, and obtain the desired
tightening of the lower bound.
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5. Some Independence Properties of Conditioned Exponentials

The results we prove about random permutations hold for a large class of distribu-
tions. However, the proof of this general result is rather gruesome. A proof sketch
of this general result will eventually be presented elsewhere. We present here an
elegant proof which relies on the independence properties of the distribution that
arises in the study of random binary search trees. These properties and the resultant
proof simplification were pointed out to me by Luc Devroye.

So letE1, . . . , En be independently chosen exponential random variables with
mean 1. Letσn be their sum. LetDn= (d1, . . . ,dn) wheredi = Ei

σn
. For 1≤ i ≤ n,

let Ti =
∑i

j=1 dj . We need the following

PROPERTY1: σn is independent of Dn.

PROOF. See Chapter 8 of Shorack and Wellner [1986].

PROPERTY2: Dn is distributed like the spacings on[0 . .1] determined by n−1
independent uniform variables, and hence every permutation of a given multi-set
is equally likely to be Dn.

PROOF. See Chapter 8 of Shorack and Wellner [1986].

PROPERTY3. For 1 ≤ i < j ≤ n, if we condition on Ti =a and Tj = b, then
the set(di+1/(b− a), . . . ,dj /(b− a)) is distributed like Dj−i .

PROOF. Specify the choices ofS1=
∑i

l=1 El , S2=
∑ j

l=i+1 El and S3=∑n
i=l+1 El . Then, our conditioning is thatS1=aσn, S2= (b− a)σn, andS3= (1−

b)σn. The result follows from the second of these equations and Property 1.

PROPERTY4. For any integer a between1 and n and real b between0 and1,
the probability that Ta exceeds b is precisely the probability that if we pick a subset
B of a set A of n− 1 elements by putting each element of A into B independently
with probability b, we obtain:|B|<a.

PROOF. Follows immediately from Property 2, we just specify which of the
uniforms are less thanb.

PROPERTY5. The probability that there exists an i such that Ei > 6ln n is less
than 1

n5 .

PROOF. The probability thatEi exceeds 6ln n is 1
n6 . Since there aren choices

for i , the result follows.

6. The Key Ideas

We let yi = di − 1
n , that is, to obtain theyi we normalize thedi so that they sum to

0. We letUi =
∑i

j=1 yj = Ti − i
n . We say thatDn exceeds 0, writtenDn exc0 if

for all i we haveUi ≥ 0. For a nonnegative integera, we say thatDn exceeds−a,
written Dn exc − a if for all i we haveUi >

−a
n . By Lemma 2,P(Dn exc0)= 1

n .
The crux of the proof is the following result:

LEMMA 3. For any positive integer a,P(Dn exc − a)=O(a4

n ).
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PROOF. We can assume thata is at least 3, as if the statement holds for 3, it
also holds for 1 and 2. We can also assume thatn is large anda< n

1
4 . Consider

Dn+2a2. Let Ev(b, c) be the event thatUa2= b
n+2a2 , andUn+a2= c

n+2a2 .

If b, c> 0, then given Ev(b, c);
P((Ui > 0∀i ≤a2)∩ (Ui > 0∀i ≥ n+a2))≥a−4. (8)

PROOF OF (8). Choose as unordered sets the values of{y1, . . . , ya2} and
{yn+a2, . . . , yn+2a2}. Then, specify the values of theseyi by choosing a uniformly
random permutation of each of these sets. By Lemma 2, sinceb> 0, the permuta-
tion of the first set yieldsUi > 0∀i ≤ a2 with probability at least1a2 . Similarly, since
c> 0, the permutation of the second set yieldsUi > 0∀i ≥ n+ a2 with probability
at least 1

a2 . Furthermore, these choices are independent. The result follows.

We now consider the probability thatUi is above 0 for alli betweena2 andn+a2

given Ev(b, c). We focus onb, c with n> b> c>a.
Note that, fori betweena2 andn+ a2, we have:

Ui =Ua2 +
i∑

j=a2+1

dj − i − a2

n+ 2a2
.

= b

n+ 2a2
+ n+ (c− b)

n+ 2a2

 i∑
j=a2+1

dj
n+ 2a2

n+ (c− b)

 − i − a2

n

+ c− b

n+ 2a2

i −a2

n

= b

n+ 2a2
+ n+ (c− b)

n+ 2a2

 i∑
j=a2+1

dj

Tn+a2 − Ta2

− i − a2

n

+ c− b

n+ 2a2

i − a2

n

= b

n+ 2a2

n+ a2− i

n
+ c

n+ 2a2

i − a2

n

+n+ (c− b)

n+ 2a2

 i∑
j=a2+1

dj

Tn+a2 − Ta2

− i − a2

n

 .
Sinceb, c>a anda2< i ≤ n+ a2 this yields:

Ui ≥ a

n+ 2a2
+ n+ (c− b)

n+ 2a2

 i∑
j=a2+1

dj

Tn+a2 − Ta2

− i − a2

n

 .
Sincea> 0 andn+c−b> 0, if Ui is not positive, then (

∑i
j=a2+1

dj

Tn+a2−Ta2
)− i−a2

n
is negative. Asc− b< 0, this implies:

Ui >min

0,
a

n+ 2a2
+ n

n+ 2a2

 i∑
j=a2+1

dj

Tn+a2 − Ta2

− i − a2

n

 .
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Thus, if  i∑
j=a2+1

dj

Tn+a2 − Ta2

− i − a2

n
≥ −a

n
,

thenUi > 0. So, by Property 3, the probability thatUi > 0 for all i betweena2 and
n+ a2 given Ev(b, c) is at leastP(Dn exc − a).

Since this probability is clearly independent of our choices for the permutations
of the yi with i ≤ a2 or i ≥ n+ a2, we have:

For n> b> c>a : P(Dn+2a2 exc0|Ev(b, c))≥ 1

a4
P(Dn exc − a). (9)

We now show that the probability thatEv(b, c) holds for some choice ofb andc
with n> b> c>a isÄ(1). SinceP(Dn+2a2 exc0)= 1

n+2a2 this completes the proof.
More precisely, we show:

P((2a<Ua2 < 3a) ∩ (a<Un+a2 < 2a))=Ä(1). (10)

PROOF OF (10). This probability can be computed using the correspondence
discussed in the proof of Property 4. We provide the details but suggest the reader
bypass them.

Consider a setX of n+2a2−1 independent uniform elements of [0 . . 1]. LetA1
be the event that less thana2 elements ofX are in the interval [0..a

2+ 2a
n+ 2a2 ]. Let A2 be

the event that less thana2 elements ofX are in the interval [n+a2+ 2a
n+ 2a2 . .1]. Let A3

be the event that more thana2 elements ofX are in the interval [0. . a2+ 3a
n+ 2a2 ). Let

A4 be the event that more thana2 elements ofx are in the interval (n+a2+a
n+ 2a2 . .1].

Then, by Property 2,

P((2a<Ua2 < 3a) ∩ (a<Un+a2 < 2a))=P(A1 ∩ A2 ∩ A3 ∩ A4).

So, it is enough to show that the right hand side of this inequality isÄ(1).
To do so, we letA5 be the event that betweena

2 and 3a
2 of the elements ofX are

in the interval (a
2+ 2a

n+ 2a2 . .
a2+ 3a
n+ 2a2 ). Similarly, we letA6 be the event that betweena2

and 3a
2 of the elements ofX are in the interval (n+a2+a

n+ 2a2 . . n+a2+ 2a
n+ 2a2 ).

We let A′1 be the event that less thana2 but more thana2− a
2 of the elements of

X are in the interval [0. . a2+ 2a
n+ 2a2 ]. Similarly, we letA′2 be the event that less thana2

but more thana2− a
2 of the elements ofX are in the interval [n+a2+ 2a

n+ 2a2 . .1].
Clearly, A5 ∩ A6 ∩ A′1 ∩ A′2 is a subset ofA1 ∩ A2 ∩ A3 ∩ A4. So, it is enough

to show:

P(A5 ∩ A6 ∩ A′1 ∩ A′2)=Ä(1).

The number of reals inX which are in an interval of lengthl is distributed like
the sum ofn+ 2a2− 1 independent binomials that are 1 with probabilityl .

Thus, the expected number of elements ofX in the interval (a
2+ 2a

n+ 2a2 . .
a2+ 3a
n+ 2a2 ) is

a− a
n+ 2a2 which is between a anda+ 1

2. Applying the Chernoff bound, we see
thatP(A5)=Ä(1).

Given that A5 holds, the expected number of elements ofX in the interval
(n+a2+a

n+ 2a2 . . n+a2+ 2a
n+ 2a2 ) is distributed like the sum ofn+ 2a2 − d − 1 independent
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binomials which are 1 with probability a
n+ 2a2−a for somed betweena

2 and 3a
2 .

Thus, the conditional expected size of this subset ofX is a+O( a2

n+ 2a2 ) which is
a+O(1). Applying the Chernoff bound, we see thatP(A6|A5)=Ä(1), and hence
P(A5 ∩ A6)=Ä(1).

Given thatA5 ∩ A6 holds, the expected number of elements ofX in the interval
[0 . . a2+ 2a

n+ 2a2 ] is distributed like the sum ofn+ 2a2 − d − 1 independent binomials
which are 1 with probability a2+ 2a

n+ 2a2−2a for somed betweena and 3a. Thus, the condi-
tional expected size of this subset ofX is a2+ 2a+O( a3

n+ 2a2 ) which, sincea< n
1
4 ,

is a2+ 2a+O(1). Since the standard deviation for the sum of independent bino-
mials is the square root of this expected value, we see thatP(A′1|A6 ∩ A5)=Ä(1),
and henceP(A′1 ∩ A6 ∩ A5)=Ä(1).

Given thatA′1 ∩ A5 ∩ A6 holds, the expected number of elements ofX in the
interval [n+a2+ 2a

n+ 2a2 . .1] is distributed like the sum ofn+a2− d − 1 independent
binomials which are 1 with probabilitya2−2a

n+a2−4a (note that this probability is positive
sincea is assumed to be at least 3), for somed betweena

2 and 3a. Thus, the
conditional expected size of this subset ofX is a2 − 2a+O( a2

n+a2−4a ) which is
a2−2a+O(1). Since the standard deviation for the sum of independent binomials is
the square root of this expected value, we see thatP(A′2|A′1∩A6∩A5)=Ä(1), and so
(10) holds.

Using the previous lemma, we can easily show that ifDn exceeds 0 then it is
well above 0 most of the time. Specifically, we have;

LEMMA 4. For every integer a> 0 letting Ra be the event

∃k, a40 < k ≤ n

2
s.t. Uk <

30(logk)7

n
or Un−k <

30(logk)7

n

we have;

P((Dn exc − a) ∩ Ra) = O

(
1

na2

)
.

Remark6. We needk>a40 so thata8=O(k1/4) and a2= o(k1/10), two in-
equalities used in the proof. The right-hand sides of the bounds onUk andUn−k are
chosen because this is the bound required in later proofs. Actually the result holds
for any right-hand side which iso(k1/280) with the same proof. Here and below, the
O ando notation is with respect toa, k andn. that is, the constants involved are
independent of all three parameters.

PROOF. We can assumen is large. Fix ana as in the statement of the lemma.
We can assumea is bigger than any fixed constant as for boundeda the result fol-
lows directly from Lemma 3. In particular, we can assume that for anyk>a40,
30(log k)7< k

1
40 < k

2. Choose an integerk betweena40 and n
2. For any realb

with −a< b< 30(log k)7, we let Ev(b) be the event thatUk= b
n . andEv′(b) be

the event thatUn−k= b
n .

The key to the proof is to apply Property 3 and Lemma 3 to show:

P(Dn exc − a|Ev(b)) ≤ P(Dk exc − 2a− 2|b|)
× P(Dn−k exc − 2a− 2|b|)=O

(
(a+ |b|)8

nk

)
. (11)
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and

P(Dn exc − a|Ev′(b))=O

(
(a+ |b|)8

nk

)
. (12)

We do so below.
Using Property 4, it is easy to show

the probability that Uk lies in any interval of size
1

n
is O

(
1√
k

)
. (13)

For completeness, we also prove this result below.
It follows from (13) that the probability thatEv(b) holds for someb between
−a and 30(logk)7 is O(a+ (log k)7√

k
). By symmetry (reversing the permutation) the

probability thatEv′(b) holds for somebbetween−a and 30(logk)7 is O(a+ (log k)7√
k

).
Applying (11) and (12), we obtain that the probability that for this specific value

of k we have

(Dn exc − a) ∩ (Uk <
30(log k)7

n

or Un−k <
30(log k)7

n
) is O

(
a+ (log k)7

√
k

(a+ (log k)7)8

nk

)
.

Sincek≥a40 and 30(logk)7< k
1
40 , this iso(n−1k

−5
4 )= o(n−1k

−9
8 a−2). So, sum-

ming over all values ofk yields the desired result. It remains only to prove (11),
(12), and (13).

PROOF OF(11). We want to bound the conditional probability thatDn exceeds
−a given thatEv(b) holds.

We consider first the conditional probability thatUi ≥ −a for all i between 1 and
k. By Property 3, we can generate theseUi by taking an independentD′k distributed
like Dk with correspondingT ′j andU ′j and settingTi = T ′i ( k

n + b
n ). Now suppose

T ′i = ( i
k − x

k ) for somex> 0. Then,Ti = i
n − x

n − xb
kn + ib

kn.
If b is nonnegative, then sincei ≤ k, Ti is at mostin − x

n + b
n and soUi is at most

b− x
n . If b is negative, then sincek> 2a> 2|b|, Ti is at mostin − x

n + x
2n and soUi

is at most−x
2n .

Thus, in either case, ifx is more than 2a+ |b| thenUi is less than−a
n . So, if Dn

exceeds−a thenD′k must exceed 2a+ |b| and hence also 2a+ 2|b|.
We consider next the conditional probability thatUi ≥ −a for all i betweenk+1

andn. By Property 3, we can generate theseUi by taking aD′n−k independently of
D′k distributed likeDn−k with correspondingT ′j andU ′j and settingTk+ j = k

n + b
n +

T ′j (
n− k

n − b
n ). Now supposeT ′j = ( j

n− k− x
n− k ) for somex> 0. Then,Tk+ j = k+ j

n −
x
n + b

n + xb
(n− k)n − jb

(n− k)n .

If b is nonnegative, then sincen − k> n
2 > 60(log n)7> 2b, Tj+k is at most

k+ j
n − x

n + b
n + x

2n and soU j+k is at mostb
n − x

2n . If b is negative, then since
n− k> j , Tk+ j is at mostk+ j

n − x
n + b

n − b
n and soUi is at most−x

n .
Thus, in either case, ifx is more than 2a+2|b| thenUi is less than−a

n . So, if Dn

exceeds−a thenD′n−k must exceed 2a+ 2|b|.
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We have obtained the desired result by consideringi ≤ k andi ≥ k separately.

PROOF OF(12). We want to bound the conditional probability thatDn exceeds
−a given thatEv′(b) holds. The proof is very similar to that of (11).

We consider first the conditional probability thatUi ≥ − a for all i between 1
andn− k. By Property 3, we can generate theseUi by taking an independentD′n−k
distributed likeDn−k with correspondingT ′j andU ′j and settingTi = T ′i (n− k

n + b
n ).

Now supposeT ′i = ( i
n− k− x

n− k ) for somex> 0. Then,Ti = i
n− x

n− xb
(n− k)n+ ib

(n− k)n .

If b is nonnegative, then sincei ≤ n− k, Ti is at mostin − x
n + b

n and soUi is at
most b− x

n . If b is negative, then sincen− k> 2a> 2|b|, Ti is at mosti
n − x

n + x
2n

and soUi is at most−x
2n .

Thus, in either case, ifx is more than 2a+ |b|, thenUi is less than−a
n . So, if Dn

exceeds−a, thenD′n−k must exceed 2a+ |b| and hence also 2a+ 2|b|.
We consider next the conditional probability thatUi ≥−a for all i between

n− k+ 1 andn. By Property 3, we can generate theseUi by taking aD′k inde-
pendently ofD′n−k distributed likeDk with correspondingT ′j andU ′j and setting
Tk+ j = n−k

n + b
n + T ′j (

k
n − b

n ). Now supposeT ′j = ( j
k − x

k ) for somex> 0. Then,

Tn−k+ j = n−k+ j
n − x

n + b
n + xb

kn − jb
kn.

If b is nonnegative, then sincek2 > 30(log k)7> b, Tn−k+ j is at mostn− k+ j
n −

x
n + b

n + x
2n and soU j+k is at mostbn − x

2n . If b is negative, then sincej ≤ k, Tn−k+ j

is at mostn−k+ j
n − x

n + b
n − b

n and soUi is at most−x
2n .

Thus, in either case, ifx is more than 2a+ 2|b|, thenUi is less than−a
n . So, if

Dn exceeds−a thenD′n−k must exceed 2a+ 2|b|.
We have again obtained the desired result by consideringi ≤ k and i ≥ k

separately.

PROOF OF(13). LetX be a set ofn−1 independent uniform elements of [0. .1].
Consider any reala and leta′ = k

n + a. Then, the probability thatUk lies in the
interval [a . .a+ 1

n ] is the probability of the eventE that thekth largest element of
X lies in the intervalI = [a′. .a′ + 1

n ].
The numberr of elements ofX in I is the sum ofn− 1 independent binomial

variables each of which is 1 with probability at most1
n (we have at most instead of

equal to here becausea′ may be negative or exceedn−1
n ). Thus, the probability that

r = j is at most1
j ! . So, we have thatP(r > log k)=O( 1

k ).
If we condition onr = j , then the probability ofE is simply the probability

that betweenk − j and k of the remainingn − j elements ofX are less than
a′. This is clearly at mostj times the maximum over alls betwenk − j andk
of P(E(s,a′)) whereE(s,a′) is the event that exactlys of the remainingn − j
elements ofX are less thana′. Now, P(E(s,a′)) is the probability that the sum
of n − j independent identically distributed 0-1 binomials each of which is 1
with probability a′ sums tos. Sinces ≤ k< n

2, standard results on the binomial
distribution yield:P(E(s,a′))=O( 1√

s
). So we have for allj ≤ log k:

P(E|r = j ) ≤ O

(
j√
k

)
.
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SinceP(r = j ) ≤ 1
j ! , we see that

P(E ∩ (r ≤ log k)) ≤ O

(
k∑

j=1

1

( j − 1)!
√

k

)
=O

(
1√
k

)
.

The result follows.

We have now obtained enough information about the shape of our random per-
mutations to allow us to prove Theorems 1 and 2. We do so in the next two sections.

7. The Proof of Theorem2

We now show thatH ′n is concentrated aroundh′n=dαln n − β ln ln ne via three
lemmas proven below.

LEMMA 5. P(Xn,h′n 6= ∅)=Ä(1).

LEMMA 6. There exist (universal) constants C1> 2 and d> 1 such that, for
i > 0 with i = o(

√
ln n), we have:

P(Xn,h′n−i =∅)<C1d
−i .

LEMMA 7. There is a (universal) constant C2> 2 such that, for i> 0, we have:

P(Xn,h′n+i 6= ∅)<C22
−i /2.

Now, Lemma 6 implies that for some constantC (in fact,C= 16 will do)

E(H ′n)> h′n − C logd C1+ o(1).

Similarly, Lemma 7 implies that for a constantC (in fact,C= 16 will do)

E(H ′n)< h′n + C logC2+ o(1).

Thus,E(H ′n)= h′n+O(1). Combining Lemmas 6 and 7 then yieldsVar (H ′n)=O(1)
(since

∑ i 2

bi is O(1) for anyb> 1).
So, it remains only to prove these three lemmas. Their proofs rely on the results

of the last section. In particular, as discussed in Section 4, we apply them to the
labels on the path from the root to a nodex of the tree.

The crucial fact that allows us to apply the results is that we can first expose the
products of labels to determine ifx is in T ′n and then expose the actual values of
the labels to check ifx is good or determine other properties of the ordered set of
labels on this path. Before presenting the proofs of this theorem we make this idea
more precise.

We can assumen is large for the remainder of the section, since all three results
are asymptotic.

Thus, we again consider some nodex at depth h of T∞, the path
Px = zo, . . . , zh= x from the root ofT∞ to x, and the nodesz′0, . . . , z

′
h−1. Once

again we leta′i be the negative of the natural logarithm of the label on the edge into
zi and letai bea′i −

∑h
i=1 a′i
h . We let5 (= 5(x)) be the permutation of theai given

by the labeling ofPx. We letσh=
∑h

j=1 aj . We letPSi =
∑i

j=1 aj . For a positive
reala, We say5 is above−a (written5> − a) if eachPSi is. We say5 is above
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0 (written5>0) if for all i , PSi ≥ 0. We sayx is good if5 is above 0. We sayx
is above−a if 5 is.

We can expose thea′i by

(i) choosingσh, according to the appropriate probability distribution (i.e.,σh is
gamma distributed with parameterh),

(ii) choosingDh as in Property 2 of Section 5, and
(iii) settinga′i = diσh.

Note thatPSi = σhUi . Thus,P(5> −a) is simplyP(Dh exc−ah
σh

) andP(x is good)
is P(Dh exc0).

We considerh u αln n (as we know the height ofT ′n is not far from this value)
andσh u ln n (since this is the breakpoint at whichx is in Xn,h). So,h/σh u α. In
particular, we often consider choices forh andσh such thath< 5σh.

In such a situation, Lemma 3 implies:

Conditioned on a choice ofσh, which is less than5h :

P(5> − a) = P
(

Dh exc
−ah

σh

)
<P(Dh exc − 5a) = O

(
a4

h

)
. (14)

In such a situation, Lemma 4 implies:

Conditioned on a choice ofσh, which is less than5h, for every integer a> 0 :

P
(

(5> − a) ∩
(
∃k, a40< k ≤ h

2
such that PSk< 6(log k)7

or PSn−k< 6(log k)7

))
=O

(
1

ha2

)
. (15)

Having translated Lemmas 3 and 4 into the language we use for discussing
our random binary search trees, we are now ready to proceed with the proofs of
Lemmas 5, 6, and 7.

PROOF OFLEMMA 5. We claimed in Section 4 that for atypicalgood node, we
have that fori far from 0 andh, PSi is well above 0. We note that (15) is an explicit
formulation of this claim, which we have proven correct. To prove Lemma 5, we
want to restrict our attention to these typical good nodes, as they are easier to handle.

Specifically, we leth′ = h′n defined earlier and restrict our attention to the setYn,h′

of thosex in Xn,h′ which satisfyn′x < 2. Lemma 1(c) implies that the expected size
of Yn,h′ is at least half that ofXn,h′ . Applying Lemma 2, we see that, on average,
1
h′ |Yn,h′ | of the elements ofYn,h′ are good. Applying (15), we see that there is a
constantr such that for alla∗ larger thanr , we expect at least one half of the good
elements ofYn,h′ to satisfy:

∀k with
h′

2
≥ k>a∗,PSk> 6(log k)7 and PSh′−k> 6(log k)7.

We choosea∗ larger thanr and also large enough to satisfy some implicit in-
equalities below. We letA= An,h′ consist of thosex in Yn,h′ which are good, and
satisfy the property above. We have shown thatE(|An,h′ |)> 1

4h′E(|Xn,h′ |)=Ä(1).
We will show that the variance of|A| is bounded, thereby completing the proof of
Lemma 5.
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Remark7. The constant one half above is arbitrary as is the choice of 2 as
our bound onn′x. By increasingr and the bound onn′x, we could obtain thatAn,h′

contains all but an arbitrarily small proportion of the good nodes inXn,h′ . Thus, we
can indeed think of the nodes ofAn,h′ as being typical good nodes.

The approach we take is quite simple. Our choice ofAn,h′ ensures that fork
betweena∗ andh′ − a∗, nz′k is well below its normal value and hence the expected
number of good nodes underz′k will be small. The remaining values ofk will not
contribute much to the sum as there are only a constant number of them. The details
follow; although somewhat tedious they are just straightforward counting.

Because we need a similar result in our proof of Theorem 1, we will actually
prove a more general statement.

Suppose we have exposed a set of choices for the labels on Px for a node x at
height h′ which yield

(a) x ∈ Xn,h′ ,
(b) n′x ≤ 2,
(c) x is good, and
(d) For some constant C∗,

∀k with
h′

2
≥ k>C∗,PSk> 6 log k and PSh′−k> 6 log k.

Then the conditional expected value of|X′n,h′ | is at most D for some constant which
depends on C∗. (16)

Note that the event thatx is in An,h′ is the disjoint union of a set of events each
of which satisfy (a)–(d) withC∗ =a∗ (each of these events is a choice of labels
on Px). Thus, summing (7) over this set of events yields the conditional expected
value of|X′n,h′ | given thatx is in An,h′ is at mostD= D(a∗). SinceAn,h′ is a subset
of X′n,h′ , this implies that the conditional expected value of|An,h′ | given thatx is
in An,h′ is at mostD. It follows that the expected value of|An,h|2 and hence the
variance of|An,h′ | areO(1), as required. So, it remains only to prove (16).

PROOF OF(16). Throughout the proof, we seth= h′n. We consider a fixedx
and a fixed set of choices for the labels onPx, satisfying (a)–(d). For 1≤ k ≤ h, we
let Ek be the expected number of nodes ofX′n,h underz′k given this set of choices.
We need to show that the

∑h−1
k=0 Ek=O(1). We note first thatEh− j < 2 j−1 because

there are only 2j−1 nodes of depthh underz′h− j . Thus,
∑dC∗e

j=1 Eh− j =O(1).
We consider nextk betweenh

2 andh− C∗. We let j = h− k.
We note that sincen′x < 2 andPSk> 6 log j > 6ln j we have that:

n′z′k ≤ n′zk
≤ n

j 6

(
2

n

)k/h

≤ 2

j 6
nj/h.

Sinceln n= h+ β ln ln n/α + O(1), we obtain:

n′z′k =O

(
j−6 exp

(
j

α

)
exp

(
jβ ln ln n

αh

))
.
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If j < h
ln ln n , then this isO(ej/α

j 6 ). Otherwise, sincej < h and ln h= ln ln n+
O(1), it is O( j−6 exp ( j

α
)h

β

α ). Now, j > h
ln ln n >

√
h andβ <α son′z′k is O(ej/α

j 4 ).
Thus,n′ = n′z′k is O(exp (j/α − 4ln j)), We now consider the copy ofT∞ rooted

at z′k. We letT ′ be the corresponding copy ofT ′n′ and note that this corresponds to
the subtree ofT ′n underz′k. We leti ∗ =α( j

α
− 4ln j)− 1

2ln α/2 ln ( j/α − 4 ln j ) and
note that by Lemma 1(c), we have thath∗n′ is i ∗ + O(1).

Manipulating our expression fori ∗, we obtain

h∗n′ = j −
(

4α − 1

2 ln α/2

)
ln j + O(1)< j − 6ln j + O(1).

Applying Lemma 1(b) toT ′, we obtain thatEk is O(2h∗
n′− j )=O(1/j 3). Summing

over allk yields
∑h−dC∗e

k=(h/2) Ek=O(1).

A similar computation shows that
∑h/2

k=dC∗e Ek=O(1). However, we need to be
a bit more careful. So we fix somek in this range. We show thatEk= o( 1

k2 ) from
which the desired result follows. We know, as in the previous case, that for some
b′> 6 log k> 6 ln k+ 1 we have:

n′ = n′z′k ≤ n′zk
≤ 2

exp (b′)
n(h−k)/h.

Thus, we can writen′ as exp(−b)n(b−k)/n for someb> 6 log k−1. Setj = h−k.
Then j = (ln n′ + b) h

ln n . If b> 6 ln j , then we can proceed as in the casek> h
2

to obtain the desired result. So, we can assume thatb< 6 ln j < 6 ln h. Hence,
j − αln n′ = o(

√
ln(n)).

We now consider the copy ofT∞ rooted atz′k. We letT ′ be the corresponding
copy ofT ′n′ andX′ be the nodes ofT ′ at depthj . Note first thatEk is at most the
expected number of nodes ofX′ which are above-1-b; for the other nodes ofX′
will not correspond to good nodes ofXn,h. Our bound onj − α ln n′ implies that
we can apply (14) toT ′ to obtain thatEk is at mostO(b4/h|E(|X′|)). We claim
thatE(|X′|)= o(h/b4k3). Thus,Ek= o(1/k3), a stronger result than we needed.

To prove our claim, we need to calculateh∗n′ and then apply Lemma 1, as in the
previous case.

Mimicking the proof above withj−6 replaced by exp(−b), we obtain:

n′ =O

(
exp(−b) exp

(
j

α

)
hβ/α

)
.

Setting

i ∗ =αln n′ − 1

2ln (α/2)
ln ln n′.

and applying Lemma 1, we have thath∗n′ = i ∗ +O(1). Manipulating our expression
for i ∗, we obtain:

h∗n′ ≤ j + β ln h− αb− 1

2ln α
2

ln

(
j + β ln h

α
− b

)
+ O(1).
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Since j > h
2 andb= o( j ), this yields:

h∗n′ ≤ j +
(
β − 1

2 ln α/2

)
ln h− αb+ O(1)= j + 1

ln α/2
ln h− αb+ O(1).

Our bound on j − α ln n′ thus allows us to apply Lemma 1(a) to show
that we expectO((α2 )(1/ ln α

2 )ln h−αb) nodes at heightj in T ′. That is,E(|X′|)=
O(h 2

α

αb
)= o(h2−αb). Sinceb> 6 logk−1, we haveb> 3 logk+4 logb, soE(|X′|)

is O( h
b4k3 ), as claimed.

Finally, we considerk in the range 1 toC∗. We need to show that
∑dC∗e

k=1
Ek=O(1). So we fix somek in this range. We show thatEk=O(1) from which
the desired result follows. We know thatn′z′k ≤ n′zk

; sincex is good andn′x ≤ 2,
this yields:

n′ = n′z′k ≤ 2n
h−k

h .

So, for someb between−1 andln n, we can write

n′ = e−bn
h−k

h .

Remark8. Becausek is so close to 0, we have thatn(h−k)/h is betweenn and
n/F for some constantF which depends onC∗ and thatj − h=O(1). It may help
the reader to be aware of these facts in the sequel.

We now consider the copy ofT∞ rooted atz′k. We letT ′ be the corresponding
copy ofT ′n′ andX′ be the nodes ofT ′ at depthj = h− k.

Now, Ek is at most the expected number of nodes ofX′ which are above−(b+4);
for the other nodes ofX′ will not correspond to good nodes ofXn,h.

If b> ln h+ 1, thenn′< n
h and soh∗n′ < h∗n/h= h∗n′ −αln h+O(1)< h− 2ln h+

O(1)< j − 2ln (h)+ 0(1). So, applying Lemma 1(a), we obtainE(|X′|)=
O(22lnh)=O( 1

h ), a stronger result then we need.

Thus, we can assume thatb< ln h+1. This implies thatj −h∗n′ = o(
√

ln n′) and

hencej < 4.5 ln n′. Applying (14), we see that theEk is at mostO( (b+ 4)4

h |E(|X′|)).
Now, sincen′ ≤ n

eb and j = h′n − O(1), Lemma 1(b) implies thatE(|X′|) is
O(h 2

α

−b
) . Thus,Ek=O( (b+ 4)4

2b ), which isO(1) as claimed.
This completes the proof of (16) and Lemma 5.

PROOF OFLEMMA 6. Expose the treeRd i
100e consisting of the firstd i

100e lev-
els of R∞. Let B be the set of 2d

i
100e leaves of Rd i

100e. Let B′ be the subset
{x|n′x > n exp(− i

5)} of B. Since−ln n′x
n is gamma distributed with parameterd i

100e,
its expected value isd i

100e and the probability it exceedsi5 is o(2
−i
100) (once again,

this is easy to prove by considering the density function). So,E(|B − B′|)= o(1),
andP(|B− B′|> 2

i
100−1) ≤ 21− i

100. Thus,

P
(|B′|< 2

i
100−1

) ≤ 21− i
100. (17)

Now, for eachx ∈ B′, we let Ax be the event that there is a node of the subtree
of T ′n rooted atx with depthh′ − i . By Lemma 5, we see that for some fixedε >0,
we haveP(Ax)≥ ε. Furthermore, having exposed the labels onRd i

100e, the events
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Ax andAy are independent for distinctx andy. Thus,

P(H ′n< h′ − i | |B′| = l ) ≤ (1− ε)l .

Combining this result with (17) yields the lemma.

PROOF OF LEMMA 7. We let h= h′n + i . We will show that P(Xn,h 6=
∅)=O( 2

i
2

h E(|Xn,h|)+ 1

2
i
2
). By Lemma 1 (part (a) fori < h∗n − h′n, part (b) for

largeri ), this implies the desired result. Clearly, Lemma 1(b) permits us to assume
i ≤ 2 log h.

We setd=d4 loghe, we letXd be those nodes inXn,h which arenot above−d
andYd be those which are above−d. We considerXd andYd separately.

If Xd is not empty, then there is a nodet of depthl < h such thatn′t ≥ n(h−l )/hh4.
The number of such nodes is distributed like the number of nodes ofTnl/h

h4
at

height l . Since h>αln(n) − 2ln ln n, we have thatn
l/h

h4 =O(el/α

h3 ). So, app-
lying Lemma 1, we obtain that the expected number of such nodes at heightl is
O( 1

h3 ). Since there are fewer thanh choices forl , it follows thatP(Xd 6= ∅)=O( 1
h2 ).

Sincei ≤ 2 log h, this yields

P(Xd 6= ∅)=O

(
1

2i /2

)
.

So, it remains to show

P(Yd 6= ∅)=O

(
2i /2

h
E(|Xn,h|)+ 1

2i /2

)
.

Now,

P(Yd 6= ∅) ≤ E(|Yd|) ≤ O

(
d4

h
E(|Xn,h|)

)
,

where we obtain the last inequality by applying (14) (our bound oni implies we have
σh< 5h; this plus our bound ond allows us to apply (14), (15), and Lemma 1(a)
here and below). So, we can assumei ≤ 10 log d or we are done.

Now, we setb=b2 i
10c, and letXb be the set of nodes inXn,h which are above−b.

We also consider separately for all integersa betweenb andd, the setXa consisting
of those elements ofXn,h, which are above−a but not above 1− a. Applying (14)
as before, we obtain:P(Xb 6= ∅)=O( 2

i
2

h E(|Xn,h|)). We shall show that for eacha
betweenb andd, P(Xa 6= ∅)=O( 1

h(a+ 1)2 E(|Xn,h|)+ 1

2
i
2 (a+ 1)2

). The desired result
follows.

So, fix an a betweenb and d. By (15), we need only prove thatP(Ya 6=
∅)=O( 1

h(a+1)2 E(|Xn,h|) + 1

2
i
2 (a+1)2

) whereYa consists of those elementsx of Xa

satisfying:

6 ∃k such that(a− 1)40 ≤ k ≤ h− (a− 1)40 with PSk< 0.

Thus, in particular, forc= (a − 1)40, the minimumPSk is achieved on somek
with k< c or k> h−c. For eachk with k< c or k> h−c, we letyk be the random
number of elements ofYa for whichPSi is minimized ati = k.

Step1: P(∃k< c such thatyk 6= 0)≤ O( 1

2
i
2 (a+ 1)2

).
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It is enough to show that, for eachk with k< c, we have:

P(yk 6= 0)=O

(
1

2
i
2 (a+ 1)42

)
.

For each nodet at heightk< c, we letWt be the event that there is a descendant
of t in Ya whose partial sum is minimized atPSk. We note that ifWt holds then
n′t > exp(a−1)n(h−k)/h, that is f (t)≥ exp(a−1)n−k/h. Thus, settingn0= exp(1−
a)nk/h, we have:

P(yk 6= 0)=P(Xn0,k 6= ∅) ≤ E(|Xn0,k|).
Thus, we need only show that this expected value is at mostO( 1

2
i
2 (a+1)42

).

Now, h∗no
=α ln n0 − 1

2 logα
2

ln n0 + O(1). Further,ln n0= kln n
h − a + O(1)

and sincei ≤ 2 logh, h=α ln n + O(ln ln n). Thus,ln n0= k
α
+ O(k ln ln n

h ) −
a + O(1). Sincek<a40< (5 logh)40, we have:ln n0= k

α
− a + O(1). Thus,

h∗no
= k − αa − 1

2 logα/2 (k − aα) + O(1). Applying Lemma 1(b), we see that

E(|Xn0,k|)=O(2−αa+1/2 logα
2

(k−aα)). Sincek<a40, 1
2 ln α

2
(k − aα)= o(a). Thus, as

a≥ b≥d2 i
10e, E(|Xn0,k|)=O( 1

2
i
2 (a+1)42

), as required.

Step2. P(∃k> h− c such thatyk 6= 0)=O(E(|Xn,h|)
h(a+ 1)2 ).

It is enough to show that for eachk with k> h − c, we have:P(yk 6= 0)=
O(E(|Xn,h|)

h(a+1)42 ). For each nodet at depthk> h − c, we letWt be the event that there
is at least one descendant oft in Ya whose partial sum is minimized atPSk. We
note that ifWt holds thenn′t > exp(a − 1)n

h−k
h . That is, f (t)≥ exp(a − 1)n

−k
h .

Furthermore, given thatf (t) is this high, if we consider the normalized labels on
the path from the root tot we see that ifWt holds then corresponding permutation
must be above−a− 1, as otherwise we contradict our choice ofk.

By (14), the probability the latter event holds (given the first) isO( (a+ 1)4

k ).
Thus, settingn0= n

k
h exp(1−a) we see thatP(yk 6= 0)=O(E(|Xn0,k|) (a+ 1)4

k ). Now,
k> h− c> h− a40. So, sincea ≤ d=d4 log he, we have thatk− h= o(

√
lnn).

In particular,k
h =O(1). Thus, to complete this step, we need only show:

E(|Xn0,k|)=O(E(|Xn,h|)(a+ 1)−46).

Now, h − h∗n=O(logh)= o(
√

logn). Thus, by Lemma 1(a),E(|Xn,h|)≥
c2( 2

α
)h−h∗n , for some constantc2. Furthermore, we claim thath∗n − h∗n0

= o(
√

logn)
and sok − h∗n0

is alsoo(
√

logn). Given this claim, by Lemma 1(a),E(|Xn0,k|) ≤
c3( 2

α
)k−h∗n0 , for some constantc3. Thus,

E(|Xn0,k|)=O

(
E(Xn,h)

(
2

α

)k−h+h∗n−h∗n0

)
.

We show thatk − h + h∗n − h∗n0
=αa + O(1). Sinceαa> 46 log(a + 1)+ O(1)

this completes our proof of this step. Further, sincea= o(
√

ln n) by definition, and
we proved above thath − k= o(

√
ln n), this result yieldsh∗n − h∗n0

= o(
√

ln n) as
claimed above.



The Height of a Random Binary Search Tree 327

Thus, it only remains to show:k − h + h∗n − h∗n0
=αa + O(1). To begin, we

note that

h∗n=αln n− logα/2 ln n+ O(1)

and

h∗n0
=αln n

(
1− h− k

h

)
− αa− logα

2
ln n0+ O(1).

We proved above thath− k= o(
√

ln n). By definitiona=O(
√

ln n). Taking these
two facts together we obtain that|ln n0− ln n}= o(ln n). This yields:

h∗n − h∗n0
=αln n

(
h− k

h

)
+ αa+ O(1).

Manipulating our formula forh∗n−h∗n0
further by substituting inh=αln n+o(

√
ln n)

gives:

h∗n − h∗n0
= h− k+ o(

√
ln n)

(
h− k

h

)
+ αa+ O(1).

Again applyingh− k= o(
√

ln n) we obtain:

h∗n − h∗n0
= h− k+ αa+ O(1).

This is the statement we needed to prove.

8. A Stronger Result

We turn now to the height ofTn. SinceT ′n is at least as tall asTn we have as an
immediate corollary of Lemma 7 that

LEMMA 8. There is a (universal) constant C2 such that for i> 0 with
i = o(log n) we have:

P(Hn ≥ h′n + i )<C22
−i
2 .

We show below that

LEMMA 9. There is a (universal) constant C3 such that the probability that Tn
contains a node at height h′n − C3 isÄ(1).

With this result in hand, as shown below, it is straightforward to mimic the proof
of Lemma 6 using Lemma 9 in the proof of Lemma 5 to obtain:

LEMMA 10. There exist (universal) constants C1,C3 and d< 1 such that for
i > 0 with i = o(

√
logn) we have:

P(Hn< h′n − C3− i )<C1d
i .

Theorem 1 follows immediately from these results, in the same way that
Theorem 2 followed from Lemmas 5, 6, and 7.

So, it remains only to prove Lemma 9 and Lemma 10.

PROOF OFLEMMA 9. In comparingTn to T ′n, we need to consider the difference
betweennz andn′z which arises as a result of rounding. We denote this difference
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by1z. We note that ifz hasw as a parent andLwz is the label of the edgezw then
1z is the sum ofLwz1w andnw Lwz − bnw Lwzc. This observation is the key to
dealing with the difference betweenTn andT ′n.

We begin the proof with a simple example illustrating how we can use this
observation. Note first thatnw Lzw− bnw Lwzc. is at most 1. Thus, if1w is at most
2 andLwz is less than a half, then1z is less than1

2(2)+ 1= 2. Applying this fact
inductively, we see that if every label onPx is less than12 thennz−n′z ≤ 2 for every
z on Px. Now, if we also have thatx is in T ′n thenn′x ≥ 1 and this implies that the
grandfatherw of x satisfiesn′w ≥ 4 because of our upper bound on the label values
on Px. Thus,nw ≥ 4−1w ≥ 2 andw is in Tn.

More generally, we can show that, if there are enoughsmall labels spread along
Px, then the round-off errors will not accumulate and so ifx is in T ′n there is an
ancestor at distanceO(1) from x which is inTn.

To complete the proof, we need to show that the probability we have such a node
x at heighth′n in T ′n isÄ(1). To do so, we essentially apply the proof of Lemma 5,
showing that the requirements we need to impose onPx so as to bound the roundoff
errors are so loose that the proof still goes through.

We now turn to the details. We seth= h′n. In the last section, we considered the
subsetAn,h consisting of those goodx in Xn,h with n′x < 2 such that the correspond-
ing normed permutation is nonnegative and satisfies for a universal constantC,

∀ k with C≤ k ≤ h

2
: (PSk> (6 logk)7) ∩ (PSn−k> 6(logk)7).

We showed that the probability thatAn,h is nonempty isÄ(1). We now consider
the setBn,h consisting of thosex ∈ Xn,h such thatn′x < 2 and the corresponding
normed permutation satisfies for some universal constantd,

(i) ∀ k with2d ≤ k ≤ h
2 : (PSk> 6 logk) ∩ (PSn−k> 6 logk)

(ii) x is good,

(iii) ∀ j with d ≤ j ≤ blog h
2c,

∏h−2 j−1−1
i=h−2 j l i <

1
4

We will show that, for some constantD:

the probability that Bn,h is nonempty is at least
1

D
. (18)

Using this fact, we will prove the following restatement of Lemma 9:

There is a constant C3 such that the probability that

Hn is at least h− C3 is at least
1

D
. (19)

PROOF OF(19). We can assumeh is large as otherwise by increasingC3 we can
makeh − C3 negative. We actually prove the stronger statement that ifx ∈ Bn,h
then theh− C3th node on the pathPx from the root tox is in Tn.

Recall that the pathPx from the root tox is enumerated asz0, . . . , zh. We letC3 be
22d+4. Sincen′zh−2d

> 1, it follows immediately from (iii) thatn′h−C3
≥ 4d+4= 22d+8.

We will show that in addition,1zh−C3
< 22d+6 thereby proving thatzh−C3 is in Tn.

To do so, we must consider how large the difference1zi betweennzi andn′zi
can

become for thezi on Px as the rounding errors accumulate.
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For each integerj betweend and j ∗ = blog h
2c, we claim that1zh−2 j < 2 j+2. This

claim applied toj = 2d + 4 implies the desired result.
We prove our claim by backwards induction onj . Note first that1zi+1−1zi ≤ 1.

Thus, for anyi ≤ h,1zi < h. Hence, the result holds forj ∗. Now, we assume that
the result holds forj + 1 for somej betweend and j ∗ and prove it forj . The new
rounding errors introduced in the pivoting betweenzh−2 j+1 andzh−2 j are at most
2 j . The effect of the old rounding errors is multiplied by1

4 by (iii). Thus, the new

rounding error is at most2
j+3

4 + 2 j < 2 j+2.

So, it remains to prove (18).

PROOF OF(18). The proof follows the lines of that of Lemma 5. We letC be
as in the definition ofAn,h in that lemma, and choose a constantd with d> logC
which is large enough to satisfy some implicit inequalities below. We recall that
j ∗ = †blog h

2c. We first show that the expected number of elements inBn,h isÄ(1).
To complete the proof, we need to show that for anyx at depthh, and any choices for
the labels onPx which show thatx is in Bn,h, the expected size ofBn,h is O(1). To
do so, we simply apply (16) withC∗ =C. So, we need only show that the expected
number of elements inBn,h isÄ(1).

To prove this bound on the expectation, we show that the expected size ofBn,h
is not much smaller than that ofAn,h. To do so, we consider a random elementx of
Yn,h and consider generating a random permutation5 of the multiset of labelsSon
Px via a 2-step process. We first generate a random permutation51 of Suniformly.
We then swap some of the elements of5 to obtain a new uniform permutation52.
We specify this swapping procedure precisely in a moment. We letB be the set of
permutations ofSfor whichx is in Bn,h and letA be the set of permutations ofSfor
which x is in An,h. We show that the probability that52 is inB given that51 is in
A isÄ(1). This yields the desired result, as it shows thatE(|Bn,h|)=Ä(1)E(|An,h|)
and we proved in the preceding section thatE(|An,h|)=Ä(1).

Our swapping procedure has the following form:

(1) we pick a uniformly random set of
( j ∗+1

2

) − (d+1
2

)
integers k(d+1

2 )+1,

k(d+1
2 )+2, . . . , k( j∗+1

2 ) betweenh
4 and h

2 − 1,

(2) we swap the values in{ak(d+1
2 )+1

, . . . ,ak
( j∗+1

2 )
} with the values

{ah−2d+1+1,ah−2d+1+2,ah−2d+1+d+1, . . . ,ah−2 j+1, . . . ,ah−2 j+ j , . . . ,ah−2 j∗+ j ∗}.
where, ford + 1≤ j ≤ j ∗ and 1≤ r ≤ j , ah−2 j+r is swapped withak

( j
2)+r

.

How do these swaps affect the values of thePSk??
Fork< h

4 andk> h−2d, they have no effect. Fork betweenh
4 andh−2d, let S1

k
be the set of labels that appeared at or before thekth position and have now been
swapped so they appear after it and letS2

k be the set of those labels which appeared
after thekth position and have now been swapped so they appear at or before it.
Here we are thinking of the labels as the normalized negative logarithms. We have
that the decrease inPSk is ∑

x∈S1
k

x −
∑
x∈S2

k

x.
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Now, we considerk with h
4 ≤ k< h

2. Note that|S1
k |+ |S2

k | ≤ 2( j ∗+1
2 ) ≤ (log h)2.

Clearly, since eachl i is at most 1, eachai is at least−1. Hence,
∑

x∈S2
k

x≥
− (log h)2. Suppose that:

6 ∃i such thataki > (logh)3. (20)

Then, for all suchk, the decrease inPSk is less than ((logh)3+ 1))(logh)2, and
hencePSk still exceeds 6 logk.

For k with h
2 ≤ k ≤ h− C, we definedk to beh− k, we note that|S1

k |, |S2
k | ≤

(log dk)2. Hence,
∑

x∈S2
k

x≥ − (log dk)2. So provided∑
x∈S1

k

x ≤ 5(log dk)7, (21)

PSk will still exceed 6 logdk.
In order for (iii) in the definition ofBn,h to hold forx, it is enough to insist that

for j with d + 1≤ j ≤ j ∗ :
∏( j+1

2 )
i=( j

2)+1
lki ≤

1

4
(22)

where thel i are the [0. .1] uniforms corresponding toS and their indices refer
to51.

Thus, if (20) and (22) hold and (21) holds for allk, then52 ∈ B. We now show
that the intersection of these three events occurs with probabilityÄ(1) thereby
completing the proof.

To begin, we show that the probability that (20) fails is o(1). This probability
is at most (logh)2P(ai ∗ ≥ (logh)3) wherei ∗ is a random index betweenh4 and h

2.
Since

∑ h
4

i= h
2

ai ≤ ln n, this latter probability isO( 4ln n
h(logh)3 )=O((logh)−3). So the

probability that (20) fails isO((logh)−1).
To bound the probability that (21) fails for somek, we proceed in a similar

manner. To begin, we note that since|S1
k | ≤ (logdk)2, this probability is at most

(logdk)2P(ai ∗ ≥ 5(logdk)5) wherei ∗ is a random index betweenh4 and h
2. Since∑ h

4

i= h
2

ai ≤ ln n, this latter probability isO( 4ln n
h(logdk)5 )=O((logdk)−5). So the prob-

ability that (21) fails for a particulark is O((logdk)−3).
Since (21) holds provided it holds for all all values ofi betweenh

2 andh − 2d

for which we swapai , we obtain by induction that forj with d ≤ j ≤ j ∗

P((21)holds∀ k with h− 2 j ≤ k ≤ h− 2d)

= O

(
j

j 3

)
+ P((21)holds∀ k with h− 2 j−1 ≤ k ≤ h− 2d).

So

P((21)holds∀ k with
h

2
≤ k ≤ h− 2d)=O

( ∞∑
j=d

1

j 2

)
=O(d−1).

The proof of (22) is straightforward. LetE be the event that|{i |h4 ≤ i ≤
h
2}, l i > 1 − 1

5000}|> h
8. The uncoditioned probability that somel i is more than

1− 1
5000 is 1

5000. Thus, the unconditioned probability thatE holds iso(2h). Since
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the probabilityx ∈ An,h is Ä(2h), it follows that for x ∈ An,h the probabilityE
holds iso(1). Given thatx ∈ An,h and E fails to hold, the probability that fewer
than 15000 of thei between (j2)+ 1 and (j+1

2 ) satisfyl i < 1− 1
5000 is O(2− j ). But

clearly, this is an upper bound on the conditioned probability

( j+1
2 )∏

i=( j
2)+1

lki >
1

4
.

So, the probability that (22) fails, given thatx ∈ An,h and E fails, is
O(
∑∞

j=d 2− j )=O(2−d). Hence, the probability that (22) holds for somex ∈ An,h

is 1− O(2−d).
The desired result follows as we are free to maked as large as we like.

To complete the proof of Theorem 2, this section and the article, we present:

PROOF OFLEMMA 10. Expose the treeRd i
100e consisting of the first i

100 levels of

R∞. Let B be the set of 2d
i

100e leaves ofRd i
100e. Let B′ be the subset{x|n′x > n2−

i
5 }

of B. Now, (17) states:

P
(|B′|< 2

i
100−1

) ≤ 21− i
100.

Note that for eachx ∈ B′, Fact 2 implies thatnx > n2
−i
5 −d i

100e. Thush′nx
> h′−i .

For each suchx, we let Ax be the event that there is a node of the subtree ofTn
rooted atx with depthh′ −C3− i . By Lemma 9, we see that for some fixedε >0,
we haveP(Ax)≥ ε. Furthermore, having exposed the labels onRd i

100e, the events
Ax andAy are independent for distinctx andy. Thus,

P(H ′n< h′ − C3− i | |B′| = l ) ≤ (1− ε)l .

Combining this result with (17) yields the lemma.
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