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Scheduling via Graph Coloring:
Final Exam Example

Suppose want to schedule some final exams for CS courses
with following course numbers:

1007,3137,3157, 3203, 3261,4115,4118, 4156

Suppose also that there are no students in common taking
the following pairs of courses:

1007-3137

1007-3157,3137-3157

1007-3203

1007-3261, 3137-3261, 3203-3261

1007-4115, 3137-4115, 3203-4115, 3261-4115
1007-4118,3137-4118

1007-4156, 3137-4156,3157-4156

How many exam slots are necessary to schedule exams?



Graph Coloring and Scheduling

Convert problem into a graph coloring problem.
Courses are represented by vertices.

Two vertices are connected with an edge if the
corresponding courses have a student in common.
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Graph Coloring and Scheduling

Therefore we need 3 exam slots:










)

Washington ,n"l "
[ { | r Vermon
i
Montana ' North Dakota \\

| -

\ B L_ 'Mlnnuo’a ~
~—ry ‘-———____f —< \leoonsl )

| ’ South Dakota :

’——7

|Pennsylulnhj
]' Ohio
\ ||||no|s\llndhn|a /) # i‘i

Missouri L ’Vlluln

’
<\

Kentucky /
No:tll Carolina

'/s:»utn

\\tznmlln

Ten nessee







An arbitrary number of colors may be
needed if regions are not contiguous.

This example needs 5:
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Simple, Connected, Planar




Simple, Connected, Planar







Two Theorems

* Two theorems are important in our
approach to the 4-color problem.

* The first puts and upper bound to the

number of edges a simple planar graph with
IV vertices can have.

* The second puts an upper bound on the
degree of the vertex of smallest degree.



Theorem 1: Let G be a simple connected planar graph
with 77 =3, then £ <3(V -2).

Proof: G is a simple connected planar graph, so > deg( f;)=2E.

Since the graph is simple, all faces must be of degree 3 or
more (there are no loops or multiple edges), so > deg( f;) = 3F7.

Consequently, 7 = %E

Also, V-E+F=2,50 V—E+§E22 and £ =3(V-2).




Theorem 2: Let G be a simple planar connected graph.
Then G has at least one vertex of degree 5 or less.

Proof: We proceed by contradiction. Suppose all of the vertices
of G have degree 6 or more, so >" degv, = 6V . But, by

the handshaking lemma, > degy, =2E. So E =3V .

But G is a simple planar connected graph,so & = 3(V— 2).

This contradiction shows it is not possible for all of the vertices
to be of degree 6 or more, so at least one must be of degree 5 or less.




Proof: We proceed by induction. Let £ be the statement that
every connected simple planar graph with n vertices is 6-colorable.

Basis Step: Clearly A,7,---, F are true, since any graph

of 6 or fewer vertices can be colored with 6 colors.

Assume every connected simple planar graph with k vertices
is 6-colorable. We must prove that every connected simple
planar graph with £ +1 vertices is 6-colorable.













The 5-Color Theorem:
All connected simple planar graphs are 5 colorable.
Proof by induction on the number of vertices.

 Base Case: Any connected simple planar graph with
5 or fewer vertices is 5-colorable.

* Induction Hypothesis: Assume every connected
simple planar graphs with k vertices is 5-colorable.

* Prove for a graph with k+1 vertices.
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