Exam #1 - Data Structures and Algorithms Computer Science 308-251 A - October 3, 2000

1. Contradiction Proof (graphs) (5 points)

Let S be a set of n points in the plane in general position. By general position we mean that no three points lie on a line and no two distances between pairs of points are the same. The nearest-neighbor-graph of S, denoted by NN(S), has as its vertices all the points of S. The edges of NN(S) are obtained as follows. For every point in S its nearest neighbor is found and an edge is inserted in NN(S) between the two corresponding vertices. The minimal spanning tree of S, denoted by MST(S), is the shortest tree that spans all the points in S. All distances are euclidean. Give a fully detailed proof bycontradiction that the NN(S) is a subgraph of the MST(S). In other words the minimal spanning tree contains every edge in the nearest neighbor graph.

2. Induction Proof (arrangements of lines) (5 points)

Let A be a set of n lines in general position. General position means that no two lines are parallel and no three lines meet at a common point. Prove in full detail by induction that the number of points of intersection of the n lines is n(n-1)/2.

3. The Collapsing Compass Computer (5 points)

In proposition II of Book I of The Elements, Euclid proposed an algorithm (using the straight-edge-and-collapsing-compass computer) to transfer (or displace) a given line segment [a,b] to a new location so that one end point, say a, lies on a pre-specified point c in the plane. The transferred segment obtained by executing Euclid‘s algorithm is not necessarily in any particularly specified direction with respect to the original segment. Design an algorithm that uses the same computer (the straight-edge-and-collapsing-compass ) and necessarily yields a displacement so that not only a lies on a pre-specified point c, but such that it satisfies the additional requirement that the new position of the segment be orthogonal (at 90 degrees) to the old position. The Lemoine simplicity of an algorithm is the number of circles plus the number of lines drawn. What is the Lemoine simplicity of your algorithm? The lower the Lemoine simplicity of your algorithm, the higher the mark.

4. Algorithms for Turing Machines (5 points)

Let T(k) be an k-state Turing machine. Design an algorithm that takes a tape with n consecutive marks on it (where n is any arbitrarily large odd integer not smaller than 3) as input and erases all but the middle mark. Use the symbols R, L, X and - for: move right, move left, make a mark and make a blank, respectively. Assume the machine starts in state 1 and the reader is located on the leftmost mark on the tape. The machine should go to state 0 (the stop state) when finished. Let your instruction units (lines of code) be 4-tuples of the form (a, A, B, b) where a denotes the present state, A takes on the symbols X or -, B takes on the symbolsR orL orX or -, andb denotes the next state entered. The statesa andb are integers. Example: if the machine is in state 5 and the reader is on a mark then move to the right one unit and go to state 7. For full marks make k at most 6 (zero is one of the six states). The lower the value of k the higher the mark.