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Abstract
We consider the problem of obtaining “nice” quadrangulations of planar sets of points. For
many applications “nice” means that the quadrilaterals obtained are convex if possible and as
“fat” or as squarish as possible. For a given set of points a quadrangulation, if it exists, may
not admit all its quadrilaterals to be convex. In such cases we desire that the quadrangulations
have as many convex quadrangles as possible. Solving this problem optimally is not practical.
Therefore we propose and experimentally investigate a heuristic approach to solve this problem
by converting “nice” triangulations to the desired quadrangulations with the aid of maximum
matchings computed on the dual graph of the triangulations. We report experiments on several
versions of this approach and provide theoretical justification for the good results obtained
with one of these methods. The results of our experiments are particularly relevant for those
applications in scattered data interpolation which require quadrangulations that should stay
faithful to the original data.
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Introduction

Finite element mesh generation is a problem that has received considerable attention in recent
years, due to its numerous applications in a number of areas such as medical imaging, computer
graphics, and Geographic Information Systems (GIS). Important applications also arise in the
manufacturing industry, where a central problem is the simulation of processes such as fluid flow
in injection molding, by solving systems of partial differential equations [11]. To make such tasks
easier, the classical approach is to use the method of finite elements, where the bounding surface
of the relevant object is partitioned into small pieces by using data points sampled on the object
surface. Each piece of the object (as given by the data points) defines a surface patch and these
patches are then “stitched” together to form an approximation to the object surface. In scattered
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data interpolation, the goal typically is to construct a bivariate function that fits the sampled data,
which is measured from the object surface. There are a variety of methods that yield functions with
particular properties, depending on the application in mind. In these applications, the constructed
mesh is required to stay faithful to the original sampled data.
The generation of a mesh from the sampled data points is, therefore, the first step in applications
such as those mentioned above. For several decades the favored mesh has been the triangular mesh
(or triangulation of the data points [15]), in which the finite elements are triangles. Consequently,
triangulations of sets (such as sets of points, line segments, polygons, etc.) are well-studied and
much is known about them [5]. However, in some situations, it is preferable that the finite elements
be quadrangles (quadrilaterals) instead of triangles. For example, it has recently been shown that
quadrangulations have several advantages over triangulations for the problem of scattered data
interpolation [13, 24, 25, 26] and that improvements in elasticity analysis can be obtained in finite
element methods by using quadrangles rather than triangles [2]. Moreover, convex quadrangles,
while not always required, are preferred in certain applications [26, 28]. Note that the terminology
“quadrangle” and “quadrangulation”, which is standard in the literature on scattered data interpolation [13, 24, 25, 26], is equivalent to “quadrilateral” and “quadrilateralization”. Quadrangle
and quadrilateral are used interchangeably in the mathematics literature as well [14].
Unfortunately, not much is known about quadrangulations of point sets and good quadrangular
meshes are harder to generate than good triangular meshes [22]. One of the reasons for this is
that a quadrangulation of a set may not always exist, in which case additional points that are not
part of the original input, called Steiner points, may need to be added. In other words, if edges
are allowed to be inserted only between points of the given input set, then not all sets of objects
(such as sets of points, simple polygons or polygons with points inside) admit a quadrangulation.
For a survey on this topic see [38]. Engineers have developed a large body of mesh generation
software for quadrangulations (see [33] for a comprehensive collection of references and pointers to
currently available software). However, much of this work applies more to solid modeling, where
the number of Steiner points is not an issue and a quadrangulation may add as many vertices as
necessary to model an object. The focus of our work is on the construction of quadrangulations
that modify the original data as little as possible, a requirement for scattered data interpolation.
We should point out that many interpolation schemes use neither triangles nor quadrilaterals, and
among those that do, specific criteria for placing Steiner points may be specified. These criteria
typically depend not only on geometry, but also on interpolatory criteria such as curvature and
other derivative information. See [19] for a discussion of such issues.
The characterization of quadrangulations of sets of objects and the design of algorithms for
their efficient computation using a small number of Steiner points have only just begun [6, 9, 10,
28, 29, 30, 36]. A set of points admits a quadrangulation without Steiner points if and only if
the number of points on the convex hull is even. This was first shown in [39] and may have
been known by Euler [12] (it was later rediscovered in [9, 10]). In [36], the authors show that
there are simple polygons that may require Ω(n) Steiner points to be quadrangulated, and give
efficient algorithms for quadrangulating an arbitrary simple polygon with a bounded number of
Steiner points. In [28, 29, 30], the authors give complexity results and algorithms for convex
quadrangulations of degenerate convex polygons, and related problems. In [6], the authors give
an algorithm for quadrangulating a simple polygon using quadrilaterals with no large angles, and
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using a linear number of Steiner points. Note that the problem of determining if a set of points
admits a convex quadrangulation without Steiner points is open [38].
Keeping the number of Steiner points as small as possible is an important consideration, since
Steiner points change the measured data and increase the size of the input. It is worth pointing out
that this view of Steiner points (as modifying the measured data) does not apply to solid modeling,
where any number of Steiner points may be added to model the topology of the object under
consideration. For scattered data interpolation, the measured data is sacred and hence Steiner
points are seen as modifying the original data. However, minimizing the number of Steiner points
is rarely the only requirement in practice. A number of other features of the quadrangular finite
elements are very important as well. For instance, in a large number of applications, it is critical
that the quadrangles be convex [28]. Furthermore, it is also often desirable that the quadrangles
be fat (intuitively speaking, a fat quadrangle is one that is close to being a square); there are
numerous ways of measuring fatness, some of which we will discuss later on in this paper. It is
difficult to optimize all of these features simultaneously. For example, convex quadrangulations
will require more Steiner points than if the requirement of convexity is removed. One of the goals
of this paper is to give an experimental evaluation of this trade-off for random point sets. In
particular, we construct quadrangulations that add as few Steiner points as possible and evaluate
it for features such as convexity and fatness. On the other hand, we construct quadrangulations
that have as many convex quadrangles as possible and assess the number of Steiner points such a
quadrangulation may need. These experiments are particularly relevant to the area of scattered
data interpolation.
The remainder of the paper is organized as follows. All definitions and notation appear in
Section 2. In Section 3, we provide the relevant background on converting triangulations to quadrangulations via matchings in dual graphs of triangulations. We then discuss, in Section 4, the
motivation behind our experiments. All the experimental results on quadrangulations of point sets
appear in Section 5. Our heuristic approach gives very good results with regard to various quality
measures for quadrangulations; we discuss in Section 6 the theoretical justification for some of our
results.

2

Preliminaries and Definitions

In this section, we introduce relevant terminology and definitions, both geometric and graphtheoretic. These are standard and for more details on the former, we refer the reader to [32, 35]
and for the latter, to [1, 8, 34].
A graph G = (V, E) consists of a finite set of vertices (or nodes) V and a set of edges E, given
by pairs of vertices from V . We consider only undirected graphs here, i.e., the pairs of vertices in E
are unordered. A weighted graph is simply a graph whose edges have weights associated with them.
A planar graph G is a graph that can be embedded (drawn) in the plane such that each vertex of
G is a point on the plane, each edge of G is a simple curve between two vertices and no two edges
of G intersect except possibly at the vertices. It is a well-known fact [17] that every planar graph
that has a planar embedding such that all edges are drawn as straight-line segments. Such a planar
embedding is often referred to as a planar subdivision. A planar subdivision partitions a plane into
3

Figure 1: A triangulation of a set of points, and its dual
several connected regions; the closures of such regions are called the faces of the graph.
Consider a planar subdivision which has the property that every face is classified in one of three
ways: an outer face, an object face or a hole. The outer face is the only unbounded face. Bounded
faces that do not belong to the object are called holes. By a triangulation, we mean a planar
subdivision in which every object face is a triangle and every edge of the subdivision belongs to
at least one object face. From now on, when we use the phrase “triangle of the triangulation”, we
refer exclusively to an object face of the triangulation. A quadrangulation is defined in a manner
similar to a triangulation, except that every object face is a quadrangle (quadrilateral). The dual
graph of a triangulation is the graph in which there is a node for every triangle of the triangulation,
and an edge between two nodes if the corresponding two triangles share a side.
A planar convex region R is a subset of the plane such that for any two points in R, the closed
line segment connecting the two points lies entirely in R. Given a set S of points in the plane, the
convex hull of S is the boundary of the smallest convex region containing S. A triangulation of a
set of points S is a triangulation (without holes) that has the set S as the set of vertices and whose
outer face is bounded by the convex hull of S. See Figure 1 for an example triangulation of a set
of points, as well as its dual (shown in bold).
Given a graph G = (V, E) (possibly weighted) with V as the set of nodes and E as the set of
edges, a matching M on G is a subset of edges from E such that no two of them have a common
node. The maximum cardinality matching of G is a matching of maximum size. The maximum
weight matching in a weighted graph is a matching of maximum weight. A perfect matching is a
matching of size b|V |/2c i.e., every node in V (except possibly one in the case that |V | is odd)
belongs to an edge of the matching.
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Background

As mentioned in the introduction, the study of quadrangular mesh construction has started relatively recently, whereas computing triangulations is a very well-studied topic. Due to this fact,
practitioners often use the approach of converting triangulations to quadrangulations [21, 23, 36, 37].
Several of these methods, however, are heuristic, may require a large number of Steiner points and
often do not give precise bounds on the required number of Steiner points.
There are many different ways to obtain quadrangulations from triangulations by adding Steiner
points (see [36] for some examples). We will assume that a given triangulation is to be converted
into a quadrangulation, which implies that diagonals between a pair of points from the input set
can only be deleted and not added. The idea behind obtaining a quadrangulation in this fashion
is to pair up neighboring triangles to form quadrangles and one of the goals of the conversion is
to add as few Steiner points as possible. In other words, we would like to find the maximum
possible number of such pairings. This corresponds precisely to the problem of finding the maximum cardinality matching in the dual graph of the triangulation. It follows that a triangulation
admits a quadrangulation without Steiner points if and only if the dual graph of the triangulation
admits a perfect matching [36]. If the dual graph does not have a perfect matching, the resulting
quadrangulation will have some leftover triangles.
This relation between quadrangulations and matchings in dual graphs was used in [36] to give
efficient algorithms for quadrangulating simple polygons with a bounded number of Steiner points.
In this paper, we will use this relation to design numerous experiments for constructing quadrangulations of sets of points. Furthermore, we also give tight upper bounds on the number of leftover
triangles when using this approach to convert an arbitrary triangulation into a quadrangulation.
Our experiments, which will be described in detail in the following section, were conducted
on three different types of triangulations. These are the serpentine triangulation, a triangulation
constructed by a divide-and-conquer technique and the Delaunay triangulation. The serpentine
triangulation was selected because the dual graph of such a triangulation always contains a perfect matching, which results in quadrangulations with no leftover triangles. The triangulation
constructed by divide-and-conquer was selected because in constructing such a triangulation, the
point set is equitably subdivided in a recursive manner. The Delaunay triangulation was selected
because it possesses several desirable properties; for example, it is the triangulation that maximizes the minimum angle and satisfies the empty circle property (see [31]). In a related paper
on quadrangulating planar point sets [10], the authors use two types of triangulations that have
perfect matchings, serpentine and hamiltonian [4], to show that the former triangulation results in
better quadrangulations. Our paper extends these results by demonstrating that if we start with
a triangulation with good properties, using maximum matchings results in good quadrangulations
with few leftover triangles, even if the dual graph is not guaranteed to have perfect matchings.
In the following, we provide brief descriptions of the three triangulations used in our experiments.
• A serpentine (or spiral) triangulation [9, 10] of a set of points is defined as follows: First
construct a convex spiral from the set of points S as follows. Start with a vertical half-ray
placed at a leftmost point on the convex hull of S, mark the point, and rotate the half-ray in
5

Figure 2: (a) Serpentine triangulation (b) HVP-triangulation (c) Delaunay triangulation
the clockwise direction until it hits an unmarked point. Mark this point, which is the second
point of the spiral chain. We now have a new direction for the half-ray. To find the third
point on the spiral chain, repeat the procedure with the new half-ray anchored at the second
point of the spiral chain, and so on until all the points in S are marked. Spiral chains are
closely related to convex layers (also known as the onion peeling of a set), and one can be
found from the other in linear time [35]. Once the spiral chain has been constructed, the
triangulation is computed using a rotating calipers method. The serpentine triangulation can
thus be constructed in O(n log n) time (see [9] for details). The serpentine triangulation of
50 points is shown in Figure 2(a).
• The triangulation constructed by divide-and-conquer is built as follows. First, the point set
is partitioned into two halves by a vertical line. Each half is triangulated recursively where
the dividing line alternates between horizontal and vertical. In the merge step, the two
triangulated halves are “stitched” up along the dividing line. This method of partitioning
the points is the same as the partitioning method used in the construction of kd-trees. Since
these triangulations are constructed by repeated horizontal and vertical partitionings, we shall
henceforth refer to them as HVP-triangulations. See Figure 2(b) for an example of such a
triangulation of the same set of 50 points used in Figure 2(a).
• The Delaunay triangulation of a set of points possesses many desirable properties and can
be constructed in many different ways (see [31]). Some useful properties include the emptycircle property (i.e. the circumcircle of a triangle in the Delaunay triangulation does not
contain any other points in the point set), and the maxmin-angle property (i.e. the Delaunay
triangulation of a point set is the triangulation that maximizes the value of the minimum
angle). The Delaunay triangulation is often the triangular mesh of choice among practitioners.
See Figure 2(c) for an example of the Delaunay triangulation of the same 50 points used in
Figure 2(a).
Observe that the serpentine triangulation dual has a perfect matching because, by construction,
the dual contains a hamiltonian path. The duals of the other two triangulations will not, in general,
have perfect matchings.
6

4

Motivating the Experiments

Now that we have established the relevant definitions, we can describe the motivation behind the
set of experiments that we conducted. The basic idea behind all the experiments is to construct
a quadrangulation of a point set by finding matchings in the dual graph of a triangulation. Note
that the quadrangulation may have leftover triangles. Our experiments were designed to evaluate
two important requirements in quadrilateral meshes: there should be as few leftover triangles as
possible, and the quadrangles must be convex.
Computing maximum cardinality matchings minimizes the number of unmatched nodes. This
implies that the corresponding quadrangulation contains the minimum number of leftover triangles.
However, maximum cardinality matchings give us no guarantees on the shape of the quadrangle,
and hence the quadrangulation may contain a large number of non-convex quadrangles. In order to
find quadrangulations that contain many convex quadrangles, we compute the maximum weighted
matching of the dual graph, where the weight of an edge is high if the quadrangle corresponding
to that edge is convex.
The following variables determined each experimental run:
Number of points Point sets of size 50, 100, 200, 500, and 1000 were used.
Method used to randomly generate the point set The points were generated randomly using three different distributions: uniform on a disk, uniform inside a square, and Gaussian
(or standard normal).
Triangulation algorithm Three types of triangulations were used: Delaunay triangulation, HVPtriangulation, and serpentine triangulation. These are described in Section 3. To compute
the Delaunay triangulation of a point set, we used Steve Fortune’s implementation of his
O(n log n) time algorithm [18]. The C source code is publicly available at AT&T Bell Labs.
C code for the algorithms to compute the HVP and serpentine triangulations were developed
by us.
Matching algorithm Maximum cardinality matching, and maximum weighted matching algorithms were applied. The best known algorithm for computing the
p maximum cardinality
matching of a graph with vertex set V and edge set E is an O(|E| |V |) algorithm given by
Micali and Vazirani [27]. This algorithm was implemented in Pascal by Steven Crocker for
the implementation challenge held by DIMACS in 1985, and is available by anonymous ftp
from dimacs.rutgers.edu. Source code for maximum weighted matching was developed by
Edward Rothberg for the same implementation challenge, and was also available at the same
site (/pub/netflow/matching/weighted/solver-1/). This code is an implementation of
Gabow’s O(n3) algorithm [20] for computing the maximum weighted matching of an n-node
graph.
All other code, such as the driver, graphics, and statistics code necessary for the experiments,
was developed by us. Each trial run, as determined by the above variables, was run one hundred
times in order to collect statistical data on the following quality measures for the quadrilateral
mesh generated:
7

• the number of leftover triangles
• the number of convex quadrangles
• the average fatness of a quadrangle
The third quality measure requires further discussion. There are several ways to measure the
fatness of a quadrangle; for example, some standard ways are via the maximum angle of the
quadrangle (the smaller it is, the more fat the quadrangle), or the minimum angle (the larger it
is, the more fat the quadrangle). However, these two measures alone do not adequately reflect the
fatness of a quadrangle, since of two quadrangles with exactly the same minimum and maximum
angles, one may be fat and the other long and skinny (for example, a square and a rectangle
with the long edge much longer than the short one). Hence we use one more measure of fatness,
namely, the ratio of the maximum distance and √
the minimum distance between any two vertices
of the quadrangle. This number will vary from 2 to arbitrarily large values. One weakness of
this measure of fatness is that it is unbounded, and influenced by how close the vertices of the
quadrangle are. This results in a lot of variance over many quadrangles. Therefore, we choose to
find the median, rather than average, value of this measure.

5
5.1

Experimental Results
Maximum Cardinality Matchings

In this section, we show the results obtained by running the maximum cardinality matching algorithm on the Delaunay, serpentine, and HVP-triangulations. Recall that this approach seeks to
minimize the number of leftover triangles in the resulting quadrangulation. All graph plots of data
obtained from this set of experiments appear in Appendix A.
Figure 3 shows the quadrangulation obtained from the Delaunay triangulation of 500 points.
The graphs in Figure 9 (Appendix A) show the fraction of quadrangles in the resulting quadrangulation that are convex (left), and the fraction of triangles of the triangulation that are matched
(right). The variance is indicated by vertical bars. Observe that near-perfect matchings are obtained for the larger data sets.
Figure 10 contains the graphs of the mean maximum angle (left), and the mean minimum angle
(right) of the quadrangles in the quadrangulation. Observe that the quadrangles are convex on
average and the variance is small. The median maximum ratio of the distances between pairs of
vertices of a quadrangle is shown in Figure 11. The quadrangulation performs well in terms of this
quality measure as well.
Figure 4 shows the quadrangulation obtained from the serpentine triangulation of 500 points.
The graphs in Figure 12 show the fraction of quadrangles in the resulting quadrangulation that
are convex (left), and the fraction of triangles of the triangulation that are matched (right). Recall
that since serpentine triangulation duals have perfect matchings, which explains the graph on the
right hand side. However, the fraction of convex quadrangles is much smaller than for Delaunay
triangulations, a fact that is clearly visible in the difference between Figures 3 and 4. The mean
8

Figure 3: Quadrangulation obtained by computing a maximum cardinality matching on the Delaunay triangulation dual. Unmatched triangles are shaded.
maximum angle, and the mean minimum angle of the quadrangles in the quadrangulation are shown
in Figure 13. Again, the results are significantly worse than for Delaunay triangulations, with the
mean maximum angle being greater than 180 degrees for larger data sets, and the mean minimum
angle being smaller than 25 degrees. The serpentine triangulation also performs poorly in terms of
the maximum ratio fatness measure, as the graph in Figure 14 shows.
Finally, Figure 5 shows the quadrangulation of 500 points, obtained from the HVP-triangulation.
This triangulation has the worst performance in terms of convexity of the quadrangles, as is apparent from the graph in Figure 15 (left). However, we obtain near-perfect matchings in this case
as well. This triangulation also has the worst results for the average angle measures, with the
maximum angle being greater than 189 degrees, and the minimum angle being less than 23 degrees
on average. However, for the maximum ratio fatness measure (Figure 17), this quadrangulation
performs better than the one obtained from serpentine triangulation.

5.2

Maximum Weighted Matchings

In this section, we show the results obtained by running the maximum weighted matching algorithm
on the Delaunay, serpentine, and HVP-triangulations. Recall that this approach seeks to maximize
the number of convex quadrangles in the resulting quadrangulation. All graph plots of data obtained
from this set of experiments appear in Appendix B.
Figure 6 shows the quadrangulation obtained from the Delaunay triangulation of 500 points.
Of all our experimental runs, maximum weighted matchings on Delaunay triangulations gave us
the best overall results in terms of the number of leftover triangles, as well as element quality.
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Figure 4: Quadrangulation obtained by computing a maximum cardinality matching on the Serpentine triangulation dual. Unmatched triangles are shaded.
As Figure 18 (Appendix B) clearly shows, the number of leftover triangles is not very high, even
though the weight was biased entirely in favor of convex quadrangles (a weight of 10,000 was used
for dual graph edges that represent convex quadrangles). Furthermore, Figures 19 and 20 show that
all fatness measures indicate a high-quality quadrangulation as well, with mean maximum angle
less than 145 degrees, mean minimum angle greater than 40 degrees, and a fairly low maximum
inter-vertex distance ratio.
Figure 7 shows a quadrangulation obtained from the serpentine triangulation of 500 points.
It can be seen that the number of leftover triangles is quite high. Since the matching is biased
entirely in favor of dual graph edges that give convex quadrangles, this indicates that in serpentine
triangulations, the fraction of pairs of triangles that form convex quadrangles is relatively low.
Furthermore, the element quality is quite poor as well, with all fatness measures being generally
worse than those obtained for Delaunay triangulations.
Finally, Figure 8 shows the quadrangulation obtained from the HVP-triangulation of 500 points.
The results for the fraction of matched triangles, and the fraction of convex quadrangles is slightly
worse than those for serpentine triangulations (Figure 24). However, the maximum and minimum angle fatness measures, shown in Figure 25, are slightly better than those for the serpentine
triangulation , and Figure 26 shows that the distance ratio measure is significantly better for
HVP-triangulations.
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Figure 5: Quadrangulation obtained by computing a maximum cardinality matching on the HVPtriangulation dual. Unmatched triangles are shaded.

5.3

Summary of Results

The following table summarizes the results for the case of 1000 points. The maximum weighted
matching results shown in the table use a weight of 10,000 (1) for dual graph edges representing
convex (non-convex) quadrangles.

Triangulation
Delaunay
HVP
Serpentine

Matching
Cardinality
Weighted
Cardinality
Weighted
Cardinality
Weighted

Percent
matched
100
99
100
95
100
97

Percent
convex
82
98
47
81
61
90

Mean max
angle
2.7
2.5
3.3
2.9
3.2
3.0

Mean min
angle
.72
.78
.36
.47
.21
.27

Table 1: Summary of results for 1000 points
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Median
ratio
3.4
3.4
4.6
4.6
6.7
6.6

Figure 6: Quadrangulation obtained by maximum weighted matching on the Delaunay triangulation
dual. Unmatched triangles are shaded.

6

Analysis of Results on Matchings

One of the most striking results in our experimental work is the fact that the maximum cardinality
matching gave perfect, or near perfect, matchings in all the cases. While this is not surprising
for serpentine triangulations (whose duals admit a hamiltonian path, as pointed our earlier), it
is unexpected for the Delaunay and HVP-triangulations. However, we are able to explain this
phenomenon. We show that the number of leftover triangles in a maximum cardinality matching
of the dual graph of any triangulation of a point set depends only on the number of convex hull
vertices. For randomly generated point sets in a disc or square, this number is relatively small [16].
In fact, the number of unmatched nodes in a maximum cardinality matching of the dual graph
of a triangulation of a point set cannot exceed a third of the number of convex hull vertices. We
prove this bound below.
A k-edge coloring C of a graph G is an assignment of one of k colors to each edge of G such that
no two adjacent edges have the same color. Note that each color class of edges in a k-edge coloring
of a graph represents a matching. This link will be exploited in order to bound the maximum
number of unmatched triangles.
Given a point set P , let T (P ) represent an arbitrary triangulation of P . Every face of T (P )
is a triangle except possibly the outer face. Let CH represent the number of vertices on the outer
face of T (P ), i.e. the number of vertices on the convex hull.
Let T ∗(P ) represent the dual graph of T (P ). Let M T ∗ represent a maximum matching in
T (P ). Let M T represent the edges in T (P ) that are dual to the edges M T ∗ in T ∗(P ) but are not
∗
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Figure 7: Quadrangulation obtained by maximum weighted matching on the Serpentine triangulation dual. Unmatched triangles are shaded.
on the convex hull of P .
Lemma 6.1 Removal of the edges M T from T (P ) results in a graph where every internal face
is either a triangle or a quadrangle. If a face is a triangle, then the vertex v ∗ in the dual T ∗(P )
representing the triangle is unsaturated (i.e. is not adjacent to an edge in the matching M T ∗ ) or
v ∗ is saturated but adjacent to the vertex in T ∗ (P ) representing the external face.
Proof: Consider an edge e∗ of M T ∗ whose dual edge is not on the convex hull of P . Let the two
vertices adjacent to e∗ be vi∗ and vj∗. These two vertices correspond to two triangles, ti and tj ,
respectively, in T (P ). The two triangles in T (P ) share an edge e that is the dual of e ∗ . Removal
of the edge e from T (P ) results in a quadrangle. None of the 4 edges forming this quadrangle are
removed since no other edge of M T ∗ is adjacent to vi∗ or vj∗. Therefore, the removal of an edge in
M T from T (P ) can only create a quadrangle.
Since all of the faces in T (P ) are originally triangles, the lemma follows.
Notice that reducing the number of unsaturated vertices in the matching M T ∗ of the dual
T ∗ (P ) reduces the number triangles remaining after the edges M T are removed from T (P ). The
fewer triangles that remain, the fewer Steiner points are needed to complete the quadrangulation.
This crucial link will be exploited in order to convert a triangulation into a quadrangulation.
We need to establish a relation between the number of unsaturated vertices in T ∗ (P ) and the
number of Steiner points that must be added to convert T (P ) into a quadrangulation once the
edges of M T are removed. This link is established by studying maximal planar graphs.
13

Figure 8: HVP-triangulation: Quadrangulation obtained by maximum weighted matching on the
HVP-triangulation dual. Unmatched triangles are shaded.
Definition 1 A maximal planar graph is a connected planar graph in which every face (including
the external face) is a triangle.
By adding CH - 3 edges between vertices on the convex hull, T (P ) can be converted into a
maximal planar graph G. Since the vertex set of G and T (P ) is the same, by Euler’s formula for
planar graphs, G has CH - 3 more faces than T (P ). By considering properties of the dual G ∗ of
G, we will bound the number of Steiner points added in order to quadrangulate P through the
removal of edges from T (P ).
The dual G∗ of G is a 3-regular, bridgeless graph.
Lemma 6.2 The dual G∗ of a maximal planar graph G is 3-regular and bridgeless (i.e. contains
no cut edge).
Proof: Since every face in G is a triangle, every vertex in G∗ has degree three.
Suppose that G∗ had a cut edge e∗ . Note that the faces adjacent to a vertex v in G form a
cycle in G∗ . Let edge e with end points a and b in G be the dual of edge e∗ . The faces adjacent to
a form a cycle C in G∗. However, e∗ is in cycle C contradicting the fact it is a cut edge.

Theorem 6.1 Every bridgeless, 3-regular planar graph is 3-edge-colorable.
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A proof of the above theorem appears in [8] where it is shown to be equivalent to the four-color
theorem [3]. Theorem 6.1 implies that the edges of a bridgeless, 3-regular planar graph can be
partitioned into three sets such that each set is a perfect matching. Therefore, we conclude with
the following.
Theorem 6.2 The number of unmatched nodes in a maximum cardinality matching of the dual
graph of a triangulation of a point set cannot exceed a third of the number of convex hull vertices.
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Concluding Remarks

Intuition seems to suggest that if you start with a good triangulation, the strategy of pairing up
triangles to form quadrangles should lead to good quadrangulations. The experiments conducted
support this intuition. As the data in Table 1 clearly shows, Delaunay triangulations consistently
give the best results in terms of element quality. In particular, the maximum weighted matching
algorithm run on the Delaunay triangulation dual has the best overall output with 99% of the
triangles matched, 98% of the resulting quadrangles convex, mean maximum angle of 2.5 radians
(143.2 degrees), mean minimum angle of .78 radians (44.7 degrees), and a maximum inter-vertex
distance ratio median of 3.4. Note that the weighted serpentine seems to be a close second. However,
the minimum angle and median ratio for these quadrangulations are much worse than for the
Delaunay. Even though the weighted serpentine triangulation has a high number (90%) of convex
quadrangles, these quadrangles are long and skinny, which is undesirable in practice.
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A

Graphs of results from maximum cardinality matchings
Delaunay Triangulation - Maximum Cardinality Matching

Delaunay Triangulation - Maximum Cardinality Matching
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Figure 9: Delaunay triangulation: (a) Fraction of convex quadrangles (b) Fraction of triangles
matched
Delaunay Triangulation - Maximum Cardinality Matching

Delaunay Triangulation - Maximum Cardinality Matching

3.4

1.6

3.2

1.4

1.2

2.8

Mean Minimum Angle

Mean Maximum Angle

3

2.6

2.4

1

0.8

0.6

2.2
0.4

2

0.2

1.8

1.6

0
0

200

400

600
Number of Points

800

1000

0

200

400

600
Number of Points

800

1000

Figure 10: Delaunay triangulation: (a) Mean maximum angle (b) Mean minimum angle (in radians)
Delaunay Triangulation - Maximum Cardinality Matching
8

Median Maximum Ratio of Distances

7

6

5

4

3

2

0

200

400

600
Number of Points

800

1000

Figure 11: Delaunay triangulation: Median ratio
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Serpentine Triangulation - Maximum Cardinality Matching

Serpentine Triangulation - Maximum Cardinality Matching
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Figure 12: Serpentine triangulation: (a) Fraction of convex quadrangles (b) Fraction of triangles
matched
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Figure 13: Serpentine triangulation: (a) Mean maximum angle (b) Mean minimum angle (in
radians)
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Figure 14: Serpentine triangulation: Median ratio
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Divide and Conquer Triangulation - Maximum Cardinality Matching

Divide and Conquer Triangulation - Maximum Cardinality Matching
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Figure 15: HVP-triangulation: (a) Fraction of convex quadrangles (b) Fraction of triangles matched
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Figure 16: HVP-triangulation: (a) Mean maximum angle (b) Mean minimum angle (in radians)
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Figure 17: HVP-triangulation: Median ratio
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B

Graphs of results from maximum weighted matchings
Delaunay Triangulation - Weighted Matching (W = 10,000)

Delaunay Triangulation - Weighted Matching (W = 10,000)
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Figure 18: Delaunay triangulation: (a) Fraction of triangles matched (b) Fraction of convex quadrangles
Delaunay Triangulation - Weighted Matching (W = 10,000)
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Figure 19: Delaunay triangulation: (a) Mean maximum angle (b) Mean minimum angle (in radians)
Delaunay Triangulation - Weighted Matching (W = 10,000)
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Figure 20: Delaunay triangulation: Median ratio

21

Serpentine Triangulation - Weighted Matching (W = 10,000)

Serpentine Triangulation - Weighted Matching (W = 10,000)
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Figure 21: Serpentine triangulation: (a) Fraction of triangles matched (b) Fraction of convex
quadrangles

Serpentine Triangulation - Weighted Matching (W = 10,000)
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Figure 22: Serpentine triangulation: (a) Mean maximum angle (b) Mean minimum angle (in
radians)
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Figure 23: Serpentine triangulation: Median ratio
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Divide and Conquer Triangulation - Weighted Matching (W = 10,000)

Divide and Conquer Triangulation - Weighted Matching (W = 10,000)
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Figure 24: HVP-triangulation: Fraction of (a) triangles matched (b) convex quadrangles
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Figure 25: HVP-triangulation: (a) Mean maximum angle (b) Mean minimum angle (in radians)
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Figure 26: HVP-triangulation: Median ratio
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