A P ac k age for T riangulations

�

T. Ono y

, Y. Ky o da y

, T. Masada y

, K. Ha y ase y

, T. Shibuy a y

, M. Inaba y

, H. Imai y

, K. Imai z

and D. Avis x

1 In tro duction

T riangulations of a p oin t set hav e b een intensiv ely stud-

ied in computational geometry in these y ears. T riangu-

lations are very imp ortant not only from the viewp oint

of their applications to computer graphics, numerical

analysis but also from a fact that triangulations are y et

another fundamen tal structure in discrete geometry lik e

h yp erplane arrangemen ts.

Our group has develop ed man y systems concerning

triangulations. Sp eci�cally ,

� minimum weigh t triangulation of a planar p oint set

� enumerating all triangulations of a planar p oint set

� uniform generation of triangulations of a planar

p oint set

� enumeration of all regular triangulations of a p oint

set in general dimensions

In this video, w e demonstrate our results of the ab o v e-

men tioned problems, mainly using animation.

2 Minim um w eigh t triangulation

Ky o da [2] presents a branch-and-cut algorithm for com-

puting the minimum w eigh t triangulation of a planar

p oint set. The branch-and-cut paradigm can solve hard

in teger programming problems by clev er enumeration

with p ow erful cutting planes. It p ow er has b een demon-

strated for large trav eling salesman problems.

In the branch-and-cut algorithm, �rst the minim um

w eigh t triangulation problem is form ulated as �nding

a minim um weigh t set among all maximal indep enden t

(v ertex) set of an intersection graph of edges connecting

pairs of p oin ts. This is an integer linear programming

problem, whose corresp onding matrix is an incidence

matrix of the intersection graph. Then, the � -skeleton

is used to �nd many edges used in the minimum weigh t

triangulation and to delete edges in tersecting with them

in the b eginning. Then, cutting planes are pro duced by

cliques of several vertices and dominating set conditions

for maximal indep endent sets based on graph theory .

Also, a cut pro duced by a geometric cluster is used.

�

This work was supp orted in part by the Grant-in-Aid for In-

ternational Scienti�c Research of the Ministry of Education, Sci-

ence and Culture of Japan.

y

Departmen t of Information Science, Universit y of T oky o,

Hongo, Bunkyo-ku, T oky o 113, Japan

z

Departmen t of Information and System Engineering, Chuo

Univ ersit y , Kasuga, Bunkyo-ku, T oky o 112, Japan

x

Sc ho ol of Computer Science, McGill Universit y , Montreal,

Canada

Figure 1: A minimum weigh t triangulation of 100 p oints

It can solv e problems of size ab out 100 for p oints

uniformly distributed in the square. A minim um weigh t

triangulation of 100 p oints is shown in Fig.1. In the

video, w e show how this algorithm pro ceeds.

3 En umerating all planar triangulations

b y rev erse searc h

It is rather well know that, for planar triangulations of

a giv en set of p oints, starting from any triangulation

we can obtain another triangulation by ipping edges

(diagonal ip) as in Fig.2, and by con tin uing to p er-

form in a direction so that the ipp ed triangulation of

related four p oin ts is the Delauna y triangulation of the

four p oints, the Delaunay triangulation is obtained at

the end. This shows that a graph formed by the adja-

cency relation induced by diagonal ips among planar

triangulations is connected, and can b e lo cally orien ted

so that it b ecomes a acyclic graph with a single ro ot

corresp onding to the Delaunay triangulation.

Figure 2: Diagonal ip: Delaunay and non-Delaunay

ips

Using this fact, together with reverse search tec hnique

b y Avis and F ukuda [1], we can enumerate all the pla-

nar triangulations in an output-size sensitive and work-

space e�cient manner [2]. See Fig.3. In the video, w e

sho w the reverse search enumeration by animation.

Figure 3: Reverse searc h for planar triangulations

4 Uniform generation of planar triangu-

lations b y a Mark o v c hain

Adjacency of planar triangulation by diagonal ips as in

Fig.3 can b e used to generate a triangulation uniformly

b y a Marko v c hain. In the example there, b y setting a

transition probabilit y to 1=6 for edges connecting dif-

feren t triangulations and a transition probabilit y for a

lo op at eac h triangulation to 1 min us the summation

of probabilities of inciden t edges, we obtain a doubly

sto chastic and ap erio dic Marko v chain. See Fig.4. It

has a steady state probability which is uniform among

triangles. Thus, this adjacency graph can b e used to

generate triangulations of a planar p oin t set.

Figure 4: Mark o v c hain for uniform generation

In Ono [4], the conductance of this Marko v c hain is

partially inv estigated, esp ecially for a conv ex p olygon

case, and it exp erimentally conjectures that by sampling

one triangulation after O (n

3

) transitions a uniform gen-

eration is realized. F or the conv ex case, by coun ting the

num b er of triangulations b y dynamic programming, a

similar generation is p ossible, but it can not b e general-

ized to non-conv ex general cases. Exp erimental inv esti-

gations are done in [4].

5 Regular triangulations, secondary

p olytop e and rev erse searc h

Regular triangulations form a meaningful wide sub class

of triangulations of p oin ts in general dimensions. By

restricting our attention to this meaningful sub class of

regular triangulations, algorithms for the planar case

can b e extended to the higher-dimensional case. Reg-

ular triangulation can b e de�ned as a natural exten-

sion of the Delaunay triangulation as follows. F or n

p oints v

1

; :::; v

n given in an a�ne space R d�1

, giv e a

height w

i to each p oin t v

i

, lift up every p oint by the

assigned heigh t, and construct a conv ex hull of lifted

p oints (v

i

; w

i

) 2R d

. Then we obtain a regular triangu-

lation induced b y an assignment of heights (w

1

; :::; w

n

)

by pro jecting only low er facets of the con v ex hull into

the original space R d�1

if all lo w er facets are simplices.

Masada, Imai and Imai [3] prop ose an output-size sen-

sitive and w ork-space e�cient algorithm to en umerate

all regular triangulations b y reverse searc h. The algo-

rithm mak es full use of the existing results on the so-

called secondary p olytop e whose vertices corresp ond to

regular triangulations (see [3]).

In the video, w e present an animation of enumerating

regular triangulations of 7 p oints in the 3-dimensional

space. Although this is still a very limited example,

it is seen that the num b er of triangulations (simplices)

change unlik e in the planar case. The secondary p oly-

top e in this case is a 3-dimensional p olytop e.

References

[1] D. Avis and K. F ukuda: A Piv oting Algorithm for

Conv ex Hulls and V ertex Enumeration of Arrange-

ments and P olyhedra, Discr ete & Computational

Ge ometry, 8 (1992), 295{313.

[2] Y. Ky o da: A Study of Gener ating Minimum Weight

T riangulation within Pr actic al Time. Master’s The-

sis, Departmen t of Information Science, Universit y

of T oky o, 1996.

[3] T. Masada, H. Imai and K. Imai: Enumeration of

Regular T riangulations. This Pro ceedings, 1996.

[4] T. Ono: A Markov Chain Appr o ach to R andom

Gener ation of T riangulation. Master’s Thesis, De-

partment of Information Science, Universit y of

T oky o, 1996.

2