Lower Bounds for Line Stabbing

D. Avis McGill University

J.M. Robert McGill University

R. Wenger Université de Montréal

March 25, 1997

Abstract

We present an Ω(n log n) fixed order algebraic decision tree lower bound for determining the existence of a line stabber for a family of n line segments in the plane. We give the same lower bound for determining the existence of a line stabber for n translates of a circle in the plane. In proving this lower bound, we show that this problem is equivalent to determining if the width of a set of points is less than or equal to w. Through this transformation we can reexamine an old example by Hadwiger, Debrunner and Klee of a family of k + 1 translates where every k translates have a line transversal but the entire family has no line transversal.

A line which intersects every member in a family of objects is known as a line stabber or line transversal. Recently, computer scientists have been very interested in algorithms for finding such line stabbers, (see [1, 2, 3, 5, 6, 7, 8, 14, 24, 25].) Mathematicians have also shown renewed interest in transversal problems, (see [11, 15, 16, 17, 18, 19, 26, 30, 31].)

In [8], Edelsbrunner et al. presented an O(n log n) algorithm for constructing a representation of the line stabbers of n line segments in the plane. This was generalized by Atallah and Bajaj to an O(nα(n) log n) algorithm for line stabbing n simple objects in the plane, where α(n) is the inverse of Ackerman’s function [1]. A simple object is an object which has an O(1) storage description and for which common tangents and intersections can be computed in O(1) time. Edelsbrunner, Guibas and Sharir showed how to construct a representation of the line stabbers of convex polygons with a total of n vertices in O(nα(n) log n) time [7]. Recently Hershberger announced an O(n log n) algorithm for finding the lower envelope of a set of line segments in the plane [13]. His result gives an O(n log n) algorithm for line stabbing n simple objects in the plane and an O(n log n) algorithm for line stabbing convex polygons with a total of n vertices in the plane.

In their paper [8], Edelsbrunner et al. showed an Ω(n log n) lower bound for constructing a representation of the line stabbers. However, this lower bound did not apply to the decision problem, determining if there existed a line stabber of n line segments. They conjectured that Ω(n log n) was also a lower bound for the decision problem. We prove their conjecture.

In proving the lower bound for line stabbing of line segments we make use of line segments with many different slopes. In fact, a line stabber of n line segments all with the same slope can be found by linear programming in linear time [4, 22, 23]. There also exists an O(n) algorithm by Edelsbrunner for finding a line stabber of n rectangles [5]. In [5] Edelsbrunner gave an O(n log n) algorithm for finding the line stabbers of n translates. One might, however, conjecture that there exists an O(n) algorithm for finding a line stabber of n translates. Unfortunately, this is not the case. We show that there exists an Ω(n log n) lower bound for line stabbing n translates of a circle in the plane.

The lower bound for line stabbing translates of a circle is based upon the equivalence of this problem to the width problem, determining if the width of a set of points in the plane is less than or equal to w for some fixed w. The width of a set of points is the minimum distance between two parallel lines of support of the set. Using this transformation to the width problem, we review an old example by Hadwiger, Debrunner and Klee of a family of k + 1 translates of a circle where every k translates have a line stabber but the entire family does not [12, p. 9, fig. 3].

In 1958 Grünbaum conjectured that a family of pairwise disjoint translates of a compact convex set in the plane has a line transversal if and only if every five translates have a line transversal [10]. Katchalski proved a weaker form with the condition that every 128 translates have a line transversal [16], and Tverberg settled the problem by proving Grünbaum’s conjecture [30]. A similar theorem by Hadwiger which applied to line transversals of families of pairwise disjoint compact convex sets was shown by Wenger to apply to all families of compact convex sets [12, 31]. However, the example by Hadwiger, Debrunner and Klee shows that the pairwise disjointness condition cannot be dropped from Tverberg’s theorem. Through the width problem we give an easier way to view the construction by Hadwiger, Debrunner and Klee.

Families of pairwise disjoint compact convex sets do not have the nice transversal property that if every k have a transversal then the entire family has a transversal [12]. Even for families of pairwise disjoint line segments, Lewis showed that there exist examples of k + 1 line segments with no line transversal where every k line segments have a line transversal [20]. Thus families of pairwise disjoint translates have a special mathematical property which does not apply in general. Egyed and Wenger recently proved line transversals of these families can be found in O(n) time [9], showing that they also have special algorithmic properties.

Lower bounds for the fixed order algebraic decision tree do not imply lower bounds for other models of computation. In fact the max gap problem referred to above has an O(n) algorithm when the floor function is permitted [27]. Is there an O(n) algorithm for line stabbing using the floor function?

The stabbing segments problem is given a set of line segments in the plane determine if there exists a line which intersects all the segments. In the proof of Ω(n log n) lower bounds for the stabbing problem, we also prove Ω(n log n) lower bounds for two other problems. The arc cover problem is given a set of n open arcs on a circle determine if their union covers the circle. The arc intersection problem is given a set of n closed arcs on a circle determine if the intersection of all the arcs is non-empty. In both problems the arcs lie on a circle in the plane with endpoints p, q specified in Cartesian coordinates and with the arcs extending counter-clockwise from p to q.

Theorem 1 Any fixed order algebraic decision tree which solves the stabbing segments problem, the arc cover problem or arc intersection problem has Ω(n log n) depth.

Proof:

We prove the theorem by a reduction of the max gap problem to line stabbing in the plane. The max gap problem is given a set of n points on the real line and a real number δ determine if the distance between two consecutive points is greater than or equal to δ. Lee and Wu [21] and Ramanan [28] gave an Ω(n log n) fixed order algebraic decision tree lower bound for the max gap problem. The papers by Lee and Wu and Ramanan addressed a slightly different version of the max gap problem, determine if the distance between two consecutive points is greater than δ. However, their proofs of the lower bounds work equally well for our version of the problem.

We first reduce max gap to the arc cover problem. Let the leftmost and rightmost input point to the max gap problem be p_l and p_r respectively. For

Figure 1: Transformation of the max gap problem to the arc cover problem.

each input point p other than p_r create an open line segment with endpoints p and p + δ. Using a stereographic projection Φ, map the real line onto the circle, mapping open line segments onto open arcs on the circle. There is one point θ on the circle which is not the image of any point on the real line. Add one additional open arc which extends from Φ(p_r) to Φ(p_l + δ) and passes through θ, (see Figure 1). The distance between two consecutive input points is greater than or equal to δ if and only if the open arcs do not cover the circle.

A fixed order algebraic decision tree can simulate the stereographic projection. Square roots are removed by repeated squaring with a constant increase in the degree of the polynomials in the tree and a constant factor increase in depth. Thus the Ω(n log n) lower bound for the max gap problem extends to an Ω(n log n) fixed order algebraic decision tree lower bound for the arc cover problem.

The arc intersection problem is merely the formulation of the arc cover problem in terms of the arc complements. A set of closed arcs intersect if and only if the set of complement arcs do not cover the circle. The same Ω(n log n) lower bound applies to the arc intersection problem.

Finally we reduce the arc intersection problem to the stabbing segments problem. Instead of using Cartesian coordinates, we will describe the reduction using polar coordinates where the center of the circle lies on the origin and the circle has radius 1. All the transformations can be done on the Cartesian coordinates and can be simulated in a fixed order algebraic decision tree.

Every point is labelled by its counter-clockwise angle α, 0 ˇ α < 360, from the x-axis. Each arc is labelled (α, β) and extends counter-clockwise from α to β. Map each arc (α, β) where α ˇ β to an arc half the size with endpoints (α/2, β/2). Map each arc (α, β) where β < α to an arc with endpoints (180 + α/2, β/2).

We claim that the intersection of the original arcs is non-empty if and only if there exists some diameter, two antipodal points on the circle, which intersects all the new arcs. An arc (α, β) contains a point γ if and only if

α ˇ γ ˇ β or γ ˇ β < α or β < α ˇ γ. The first inequality describes an arc

where α ˇ β while the next two inequalities describe the two possible cases in which β < α. In the case α ˇ β, α ˇ γ ˇ β if and only if α/2 ˇ γ/2 ˇ β/2. Similarly in the case β < α, γ ˇ β < α if and only if γ/2 ˇ β/2 < 180+α/2, and β < α ˇ γ if and only if β/2 < 180 + α/2 ˇ 180 + γ/2. Thus γ lies in the intersection of each of the original arcs if and only if γ/2 or 180 + γ/2 intersect each of the new arcs.

Add a line segment between the endpoints of each new arc. Add two horizontal line segments with endpoints at the center of the circle one extending to the right and one to the left. Any line which stabs these two line segments must go through the origin. There exists a line which stabs all the n + 2 line segments if and only if the intersection of the original arcs is non-empty. All the transformations can be simulated by a fixed order algebraic decision tree so there is an Ω(n log n) fixed order algebraic decision tree lower bound for the stabbing problem.2

Theorem 2 Any fixed order algebraic decision tree which determines the existence of a line stabber for circles of equal radius has depth Ω(n log n).

Proof:

We prove Theorem 2 by a reduction from the width problem. Lee and Wu [21] and later Ramanan [29] gave Ω(n log n) fixed order algebraic decision tree lower bounds for solving the width problem.

We can formulate the width problem as a problem of stabbing translates of a circle. Around each point in S place a circle of radius w/2. It is easy to see that there exists a line stabber for this family of circles if and only if the width of S is less than or equal to w. Thus the lower bound for solving the width problem gives the same lower bound for the stabbing of circles problem, proving Theorem 2.2

Finally, we present a proof of the theorem of Hadwiger, Debrunner and Klee using the transformation to a width problem.

Theorem 3 For any k > 0, there exists a family of k + 1 translates of a circle such that every subset of the family of size k has a line transversal but the family does not have a line transversal.

Proof:

Let S^0 be the set of vertices of a regular k+1-gon and let S be the set S^0 with one point removed. Let w be the width of set S. It is a simple exercise to show that the width of S^0 is greater than w. Center k + 1 circles with radius w/2 on each of the k + 1 vertices of the k + 1-gon. If any circle is removed, the width of the centers of the remaining sets is w. By the argument in Theorem 2, there exists a line stabber for the k circles. Since the width of S is greater than w, there is no line stabber for the entire family of k + 1 circles.2

References

[1] Atallah, M. and Bajaj, C., Efficient algorithms for common transversals, Information Processing Letters 25 pp. 87-91 (1987).

[2] Avis, D. and Doskas, M., Algorithms for high dimensional stabbing problems, Discrete Mathematics, to appear.

[3] Avis, D. and Wenger, R., Algorithms for line stabbers in space, Proceedings of the Third ACM Conference on Computational Geometry, pp. 300-307 (1987).

[4] Dyer, M.E., Linear time algorithms for two- and three-variable linear programs, SIAM J. Computing, 13 pp. 31-45 (1984).

[5] Edelsbrunner, H., Finding transversals for sets of simple geometric figures, Theoretical Computer Science 35 pp. 55-69 (1985).

[6] Edelsbrunner, H., Algorithms in Combinatorial Geometry, Springer- Verlag (1987).

[7] Edelsbrunner, E., Guibas, L. J. and Sharir, M., The upper envelope of piecewise linear functions: algorithms and applications, Report No. UIUCDCS-R-87-1390, University of Illinois (1987).

[8] Edelsbrunner, H., Maurer, H. A., Preparata, F. P., Rosenberg, A. L., Welzl, E. and Wood, D., Stabbing line segments, BIT 22 pp. 274-281 (1982).

[9] Egyed, P., Wenger, R., Stabbing pairwise disjoint translates in linear time, Proceedings of the Fifth Annual Symposium on Computational Geometry, pp. 364-369 (1989).

[10] Grúnbaum, B., On common transversals, Arch. Math. 9 pp. 465-469 (1958).

[11] Goodman, J. E. and Pollack, R., Hadwiger’s transversal theorem in higher dimensions, Journal of Am. Math. Soc. 1 (2) (1988).

[12] Hadwiger, H., Debrunner, H. and Klee, V., Combinatorial Geometry in the Plane, Holt, Rinehart and Winston (1964).

[13] Hershberger, J., Finding the upper envelope of n line segments in O(nlogn) time, manuscript.

[14] Jaromczyk, J. W. and Kowaluk, M., Skewed projections with an application to line stabbing in R^3, Proceedings of the Fourth ACM Conference on Computational Geometry, pp. 362-370 (1988).

[15] Katchalski, M., Thin sets and common transversals, Journal of Geometry 14 (2) pp. 103-107 (1980).

[16] Katchalski, M., A conjecture of Grünbaum on common transversals, Math. Scand. 59 pp. 192-198 (1986).

[17] Katchalski, M., Lewis, T. and Liu, A., Geometric permutations and common transversals, Discrete and Computational Geometry 1 pp. 371- 377 (1986).

[18] Katchalski, M., Lewis, T. and Liu, A., Geometric permutations of disjoint translates of convex sets, Discrete Mathematics 65 pp. 249-259 (1987).

[19] Katchalski, M., Lewis, T. and Zaks, J., Geometric permutations for convex sets, Discrete Mathematics 54 pp. 271-284 (1985).

[20] Lewis, T., Two counterexamples concerning transversals for convex subsets of the plane, Geometriae Dedicata 9 pp. 461-465 (1980).

[21] Lee, D. T. and Wu, Y. F., Geometric complexity of some location problems, Algorithmica 1 pp. 193-212 (1986).

[22] Megiddo, N., Linear-time algorithms for linear programming in R^3 and related problems, SIAM J. Computing 12 pp. 759-776 (1983).

[23] Megiddo, N., Linear programming in linear time when the dimension is fixed, JACM 31 pp. 114-127 (1984).

[24] McKenna, M. and O’Rourke, J., Arrangements of lines in 3-space: a data structure with applications, Proceedings of the Fourth ACM Conference on Computational Geometry, pp. 371-380 (1988).

[25] O’Rourke, J., An on-line algorithm for fitting straight lines between data ranges, Comm. ACM 24 pp. 574-578 (1981).

[26] Pollack, R. and Wenger, R., Necessary and sufficient conditions for hyperplane transversals, Proceedings of the Fifth ACM Conference on Computational Geometry, pp. 152-155 (1989).

[27] Preparata, F. P. and Shamos, M. I., Computational Geometry Springer- Verlag (1985).

[28] Ramanan, P., Obtaining lower bounds using artificial components, Information Processing Letters 24 pp. 243-246 (1987).

[29] Ramanan, P., Ω(n log n) lower bound for computing the width of a planar point set, Tech. Report, TRCS-88-14, University of California, Santa Barbara (1988).

[30] Tverberg, H., Proof of Grünbaum’s conjecture on common transversals for translates, Discrete and Computational Geometry, 4 pp. 191-203 (1989).

[31] Wenger, R., A generalization of Hadwiger’s theorem to intersecting sets, Discrete and Computational Geometry, to appear.