On the Chromatic Polynomial of a Graph

David Avis^∗, Caterina De Simone^†, Paolo Nobili^‡

June 14, 2001

Abstract Let P (G, λ) be the chromatic polynomial of a graph G with n vertices, stability number α and clique number ω. We show that for every λ ≥ n,

λ − n + α λ ( λ − n + α − 1 λ − n + α )_α ≤ P (G, λ − 1) P (G, λ) ≤ λ − ω λ ( λ − 1 λ )_{n−ω} . We characterize the graphs that yield the lower bound or the upper bound.

These results give new bounds on the mean colour number μ(G) of G:

n − (n − ω) ( n − 1 n )_{n−ω} ≤ μ(G) ≤ n − α ( α − 1 α )_α .

Keywords: Vertex colorings, chromatic polynomials of graphs

1 Introduction

In this paper, all our graphs will be undirected, simple, and finite. Let G be an arbitrary graph with n vertices. A vertex colouring of G is an assignment

∗School of Computer Science, McGill University, 3480 University Street, Montreal, Canada, H3A2A7. e–mail: avis@cs.mcgill.ca.

†Istituto di Analisi dei Sistemi ed Informatica (IASI), CNR, Viale Manzoni 30, 00185 Rome, Italy. E–mail: desimone@iasi.rm.cnr.it.

‡Dipartimento di Matematica, Università di Lecce, Via Arnesano, 73100 Lecce, Italy; and IASI-CNR. E–mail: nobili@iasi.rm.cnr.it.

of colours to the vertices of G so that adjacent vertices get different colours. The minimum number of colours needed in a vertex colouring of G is called the chromatic number of G and is denoted by χ(G). Let c_k(G) denote the total number of vertex colourings of G that use precisely k colours; clearly, c_k(G) > 0 if and only if k ≥ χ(G).

Let P (G, λ) denote the total number of vertex colourings of G that use at most λ colours. It is well known that P (G, λ) is a polynomial in λ: P (G, λ) = n∑ k=1 c_k(G)(λ)_k, where (λ)_k = λ(λ − 1) · · · (λ − k + 1); P (G, λ) is called the chromatic polynomial of G. For instance, if G = K_n (the complete graph with n vertices) then P (G, λ) = (λ)_n; if G = O_n (the graph with n vertices and no edges) then P (G, λ) = λ^n; if G = T_n (an arbitrary tree with n vertices) then P (G, λ) = λ(λ − 1)^{n−1}. In this paper, λ will be a positive integer.

Consider the set of all colourings of G with at most n colours. The mean colour number of G, denoted by μ(G) is the average of the number of colours used by a colouring in this set. The mean colour number of G is related to the chromatic polynomial of G (see [2]): μ(G) = n ( 1 − P (G, n − 1) P (G, n) ) . Since χ(G) ≤ μ(G) ≤ n, it follows that 0 ≤ P (G, n − 1) P (G, n) ≤ n − χ(G) n . In 1995, Bartels and Welsh [2] conjectured that P (G, n − 1) P (G, n) ≤ ( n − 1 n )_n , or equivalently, P (G, n − 1) P (G, n) ≤ P (O_n, n − 1) P (O_n, n) .

This conjecture was proved by Dong [4] in 1998, who showed the following result.

Theorem 1 ([4]) Let G be a graph with n vertices. Then, for every λ ≥ n, P (G, λ − 1) P (G, λ) ≤ ( λ − 1 λ )_n . (1)

To prove Theorem 1, Dong gave a better bound on P (G, λ − 1)/P (G, λ) in case G was connected.

Theorem 2 ([4]) Let G be a connected graph with n vertices. Then, for every λ ≥ n, P (G, λ − 1) P (G, λ) ≤ λ − 2 λ ( λ − 2 λ − 1 )_{n−2} . (2)

Moreover, if x is a vertex of G such that G − x is connected, then for every λ ≥ n, P (G − x, λ) P (G, λ) ≥ 2λ − 3 (λ − 1)(2λ − d − 2)

, (3)

where d denotes the degree of x in G.

In this paper we shall improve Theorem 1 and inequality (2) in Theorem 2; moreover, we shall give a lower bound on P (G, λ − 1)/P (G, λ). The proof of our generalization of inequality (2) uses a technique similar to that of Dong, and in particular relies on inequality (3).

We close this section with some easy properties of the chromatic polynomial of a graph that will be used in this paper. For this purpose, let G be a graph and let x and y be two vertices of G; G + xy will denote the graph obtained from G by adding the edge xy (if it does not exists); G_{|xy} will denote the simple graph obtained from G by contracting the vertices x and y (i.e. by identifying x and y and by replacing every multiple edge by a single one); G − x will denote the graph obtained from G by removing vertex x. Let x be a non-isolated vertex of G and let x_1, . . . , x_d denote the vertices that are adjacent to x; if x_i and x_j, with i > j, are non-adjacent, then G^x_{ij} will denote the graph obtained from G − x by adding the edges x_1x_i, x_2x_i, . . ., x_{j−1}x_i (if they do not exist) and by contracting x_i and x_j . Finally, a clique-cutset in a graph G = (V, E) is a clique whose removal from G disconnects the graph; when G has a clique cutset K_t we shall write

G = G_1 ∪ G_2, where G_1 and G_2 are the two induced subgraphs of G such that G_1 ∩ G_2 = K_t.

Property 1 Let G be a graph and let x and y be two non-adjacent vertices in G. Then P (G, λ) = P (G + xy, λ) + P (G_{|xy}, λ). Property 2 Let G be a graph with n vertices and let x be a vertex of G that is adjacent to all other vertices. Then P (G, λ) = λP (G − x, λ − 1). Property 3 ([4]) Let G = (V, E) be a graph, let x be a vertex of G, and let x_1, . . . , x_d be the vertices that are adjacent to x, with d ≥ 1. Then

P (G, λ) = (λ − d)P (G − x, λ) + d∑ i=2 ∑ 1≤j<i: x_ix_j /∈E P (G^x_{ij} , λ).

Property 4 Let G = (V, E) be a non-connected graph and let C_1, . . . , C_k denote its connected components. Then P (G, λ) = k∏ i=1 P (C_i, λ). Property 5 Let G = (V, E) be a graph, let K_t denote a clique cutset in G, and let G_1 and G_2 denote the two induced subgraphs of G such that G = G_1 ∪ G_2 and K_t = G_1 ∩ G_2. Then P (G, λ) = P (G_1, λ)P (G_2, λ) P (K_t, λ) . 2 The main results

For every graph G, let α(G) denote the stability number of G (maximum cardinality of a subset of pairwise non-adjacent vertices), and let ω(G) denote the clique number of G (maximum cardinality of a subset of pairwise adjacent vertices).

To every graph G with n vertices, we can associate two graphs L(G) and U(G): L(G) is the complete union of an independent set S of size α(G) and a clique of size n − α(G); U(G) is the disjoint union of a clique K of size ω(G) and an independent set of size n − ω(G). In Figure 1 we show a graph G along with the corresponding L(G) and U(G). Note that when the graph G is K_n or O_n then both graphs G(L) and U(L) are equal to G.

Figure 1 Since P (L(G), λ) = P (K_{n−α(G)}, λ)(λ − n + α(G))^{α(G)} and since P (U(G), λ) = P (K_{ω(G)}, λ)λ^{n−ω(G)}, it follows that

P (L(G), λ − 1) P (L(G), λ) = λ − n + α(G) λ ( λ − n + α(G) − 1 λ − n + α(G) )_{α(G)}

P (U(G), λ − 1) P (U(G), λ) = λ − ω(G) λ ( λ − 1 λ )_{n−ω(G)} .

The following result will show that P (L(G), λ − 1)/P (L(G), λ) is a lower bound on P (G, λ − 1)/P (G, λ) and that P (U(G), λ − 1)/P (U(G), λ) is an upper bound on P (G, λ − 1)/P (G, λ).

Theorem 3 Let G be a graph with n vertices. Then for every λ ≥ n,

P (G, λ − 1) P (G, λ) ≥ λ − n + α(G) λ ( λ − n + α(G) − 1 λ − n + α(G) )_{α(G)} (4) P (G, λ − 1) P (G, λ) ≤ λ − ω(G) λ ( λ − 1 λ )_{n−ω(G)} . (5)

Theorem 3 implies Theorem 1. To see this, note that for every two integers m, k with m ≥ k ≥ 0, we can write m − k m = k∏ i=1 m − i m − i + 1 ≤ k∏ i=1 m − 1 m , and so m − k m ≤ ( m − 1 m )_k , (6)

with equality if and only if k = 1. Hence, λ − ω(G) λ ( λ − 1 λ )_{n−ω(G)} ≤ ( λ − 1 λ )_n ; (7)

inequality (7) follows directly from (6) with m = λ and k = ω(G).

Now, Dong’s upper bound on P (G, λ−1)/P (G, λ) is related to the empty graph O_n, in the sense that P (O_n, λ − 1) P (O_n, λ) = ( λ − 1 λ )_n . Note that O_n can be seen as the “most sparse” graph having n vertices with clique number equal to one; on the other hand, our graph U(G) can be seen as the “most sparse” graph having n vertices with clique number equal to ω(G). To the best of our knowledge, the only lower bound on P (G, λ − 1)/P (G, λ) that was known was zero; this lower bound is related to the complete graph K_n, in the sense that P (K_n, λ − 1) P (K_n, λ) = 0.

The graph K_n can be seen as the “most dense” graph having n vertices with stability number equal to one; our graph L(G) can be seen as the “most dense” graph having n vertices with stability number equal to α(G).

It is natural to ask which graphs G reach the lower bound and/or the upper bound. Clearly, when G = L(G) (i.e., G is the complete union of a maximum independent set and a clique) then P (G, λ − 1)/P (G, λ) is equal to the lower bound; when G = U(G) (i.e., G is the disjoint union of a maximum clique and an independent set) then P (G, λ − 1)/P (G, λ) is equal to the upper bound. The following result shows that those are the only possible cases.

Theorem 4 Let G be a graph with n vertices, let α = α(G), and let ω = ω(G). Then for every λ ≥ n, P (G, λ − 1) P (G, λ) = λ − n + α λ ( λ − n + α − 1 λ − n + α )_α if and only if G = L(G), P (G, λ − 1) P (G, λ) = λ − ω λ ( λ − 1 λ )_{n−ω} if and only if G = U(G).

To prove the validity of (5) in Theorem 3, we shall prove a stronger result for a connected graph.

Theorem 5 Let G be a connected graph with n vertices. Then, for every λ ≥ n, P (G, λ − 1) P (G, λ) ≤ λ − ω(G) λ ( λ − 2 λ − 1 )_{n−ω(G)} . (8)

Theorem 5 implies inequality (2) in Theorem 2. To see this, note that this is obvious when ω(G) ≤ 2 (in this case, the upper bound given by (2) or (8) is the same). When ω(G) ≥ 3, we can show that the upper bound given by (8) is smaller than the upper bound given by (2), that is λ − ω(G) λ ( λ − 2 λ − 1 )_{n−ω(G)} < λ − 2 λ ( λ − 2 λ − 1 )_{n−2} . (9)

To see the validity of (9), note that ( λ − 2 λ − 1 )_{n−2} ( λ − 1 λ − 2 )_{n−ω(G)} = ( λ − 2 λ − 1 )_{ω(G)−2} , and that λ − ω(G) λ − 2 = (λ − 2) − (ω(G) − 2) λ − 2 , and so, by (6), λ − ω(G) λ − 2 ≤ ( λ − 3 λ − 2 )_{ω(G)−2} < ( λ − 2 λ − 1 )_{ω(G)−2} . To give a meaning to the upper bound in (8), we need to introduce one more graph related to G: the graph C(G). C(G) = (V, E) is a connected graph with n vertices composed by a clique K and a tree T having precisely one common vertex; K and T have ω(G) and n − ω(G) + 1 vertices, respectively. Since, in general, there are many such trees, the graph C(G) may be not unique. In Figure 2 we show a graph G and a corresponding C(G).

Figure 2 Since P (C(G), λ) = P (K_{ω(G)}, λ)P (T_{n−ω+1}, λ) λ , it follows that P (C(G), λ − 1) P (C(G), λ) = λ − ω(G) λ ( λ − 2 λ − 1 )_{n−ω(G)} . Hence, the upper bound in (8) is nothing but P (C(G), λ − 1)/P (C(G), λ). Note that the upper bound in (2) is nothing but P (T_n, λ − 1)/P (T_n, λ).

While the graph T_n can be seen as the “most sparse” connected graph with n vertices (n ≥ 2) having clique number equal to two, our graph C(G) can be seen as the “most sparse” connected graph with n vertices having clique number equal to ω(G).

3 Proof of the results

As stated in the previous section, to prove Theorem 3, we first need to prove Theorem 5.

Proof of Theorem 5. Let G be an arbitrary connected graph with n vertices; write ω = ω(G). The theorem is obvious when n ≤ 3 or when G = K_n. Hence, we may assume that n ≥ 4, that G ≠ K_n, and that (8) holds for all connected graphs with at most n − 1 vertices.

Let x be an arbitrary vertex of G such that ω(G − x) = ω (such a vertex exists since G ≠ K_n) and let x_1, . . . , x_d denote all the vertices of G that are adjacent to x. Clearly d ≥ 1 since G is connected.

First, assume that G − x is not connected. Then, by Property 5, we can write P (G, λ) = P (G_1, λ)P (G_2, λ) λ , where G_1 and G_2 are such that G = G_1 ∪ G_2 and G_1 ∩ G_2 = x. Since G is connected, both G_1 and G_2 are connected. By assumption, (8) holds for the graphs G_1 and G_2, and so for i = 1, 2 P (G_i, λ − 1) P (G_i, λ) ≤ λ − ω(G_i) λ ( λ − 2 λ − 1 )_{ni−ω(Gi)} , where n_i denote the number of vertices of G_i. Then P (G, λ − 1) P (G, λ) ≤ (λ − ω(G_1))(λ − ω(G_2)) λ^2 ( λ − 2 λ − 1 )_{n1+n2−ω(G1)−ω(G2 )} λ λ − 1 . Now, ω is equal to ω(G_1) or to ω(G_2); without loss of generality, we can assume that ω = ω(G_1). Since n = n_1 + n_2 − 1, we have P (G, λ − 1) P (G, λ) ≤ λ − ω λ ( λ − 2 λ − 1 )_{n−ω} λ − ω(G_2) λ − 1 ( λ − 1 λ − 2 )_{ω(G2 )−1} .

But λ − ω(G_2) λ − 1 = (λ − 1) − (ω(G_2) − 1) λ − 1 ≤ ( λ − 2 λ − 1 )_{ω(G2)−1} , (the last inequality follows from (6)), and so we are done.

Hence, we can assume that G − x is connected. If we set

f(G, λ) = (λ − ω)(λ − 2)^{n−ω}P (G, λ) − λ(λ − 1)^{n−ω}P (G, λ − 1), to prove the validity of the theorem, we only need show that f(G, λ) ≥ 0. Note that, by Property 3,

P (G, λ) = (λ − d)P (G − x, λ) + d∑ i=2 ∑ 1≤j<i: x_ix_j /∈E P (G^x_{ij} , λ). (10)

Write ω_{ij} = ω(G^x_{ij} ). Since G − x and each G^x_{ij} are connected graphs with less vertices than G, by assumption, inequality (8) holds for these graphs. Hence, P (G − x, λ − 1) P (G − x, λ) ≤ λ − ω λ ( λ − 2 λ − 1 )_{n−1−ω} (11) and P (G^x_{ij} , λ − 1) P (G^x_{ij} , λ) ≤ λ − ω_{ij} λ ( λ − 2 λ − 1 )_{n−2−ωij} . (12)

Clearly, either ω_{ij} = ω or ω_{ij} = ω + 1 (because ω(G − x) = ω). In both cases it is easy to show that P (G^x_{ij} , λ − 1) P (G^x_{ij} , λ) ≤ λ − ω λ ( λ − 2 λ − 1 )_{n−2−ω} . (13)

Now, let

f_1(G, λ) = (λ − d − 1)(λ − 1)[(λ − ω)(λ − 2)^{n−1−ω} P (G − x, λ)+ −λ(λ − 1)^{n−1−ω}P (G − x, λ − 1)], f_2(G, λ) = (λ − 1)^2 d∑ i=2 ∑ 1≤j<i: x_ix_j /∈E [(λ − ω)(λ − 2)^{n−2−ω}P (G^x_{ij} , λ)+ −λ(λ − 1)^{n−2−ω}P (G^x_{ij} , λ − 1)],

f_3(G, λ) = (d − 1)(λ − ω)(λ − 2)^{n−1−ω}P (G − x, λ)+ −(2λ − 3)(λ − ω)(λ − 2)^{n−2−ω} d∑ i=2 ∑ 1≤j<i: x_ix_j /∈E P (G^x_{ij} , λ).

Since (λ − d)(λ − 2) = (λ − d − 1)(λ − 1) + (d − 1), and since (λ − 2)^2 = (λ − 1)^2 − (2λ − 3).

using for P (G, λ) and P (G, λ − 1) the corresponding expressions given by (10), it is easy to see that f(G, λ) = f_1(G, λ) + f_2(G, λ) + f_3(G, λ).

Now, (11) implies that f_1(G, λ) ≥ 0 and (13) implies that f_2(G, λ) ≥ 0. Hence, we only need show that f_3(G, λ) ≥ 0. But,

f_3(G, λ) = (λ − ω)(λ − 2)^{n−2−ω}[(d − 1)(λ − 2)P (G − x, λ)+ −(2λ − 3)P (G, λ) + (2λ − 3)(λ − d)P (G − x, λ)], and so f_3(G, λ) ≥ 0 if and only if

[(d − 1)(λ − 2) + (2λ − 3)(λ − d)]P (G − x, λ) − (2λ − 3)P (G, λ) ≥ 0. Now, since (d − 1)(λ − 2) + (2λ − 3)(λ − d) = (λ − 1)(2λ − d − 2), inequality (3) implies that f_3(G, λ) ≥ 0. Thus the theorem follows.

Proof of Theorem 3. Let G be an arbitrary graph with n vertices and let λ ≥ n. To prove Theorem 3, we shall first prove the validity of the upper bound (inequality (5)) and then the validity of the lower bound (inequality (4)).

Write ω = ω(G). If G is connected then Theorem 5 implies that inequality (8) holds. But, since λ − ω λ ( λ − 2 λ − 1 )_{n−ω} ≤ λ − ω λ ( λ − 1 λ )_{n−ω} , we are done.

Hence, we can assume that G is not connected. Let H be the graph obtained from G by adding a vertex x joined to every vertex of G. Property 2 implies that P (H, k) = kP (G, k − 1) for every k, and so P (G, λ − 1) P (G, λ) = λ + 1 λ P (H, λ) P (H, λ + 1) . Now, since H is a connected graph with n+1 vertices and since ω(H) = ω+1, Theorem 5 implies that P (H, λ) P (H, λ + 1) ≤ λ − ω λ + 1 ( λ − 1 λ )_{n−ω} , and so (5) holds.

To prove the validity of the lower bound, write α = α(G). Clearly, (4) is true when n ≤ 3, or when G = L(G). In particular, (4) holds when G = K_n or when G = O_n. Hence, we can assume that n ≥ 4, that G is different from L(G), and that (4) holds for all graphs with at most n − 1 vertices and for all graphs with n vertices but more edges than G. Let

f(G, λ) = (λ − n + α)(λ − n + α − 1)^αP (G, λ) − λ(λ − n + α)^αP (G, λ − 1). To prove the validity of (4), we only need show that f(G, λ) ≤ 0. In fact, we shall show that f(G, λ) < 0.

For this purpose, let x be an arbitrary vertex of G such that α(G−x) = α (such a vertex exists since G ≠ O_n). Since G ≠ L(G), there exists a vertex y not adjacent to x such that α(G + xy) = α. Write G^′ = G + xy, G^{′′} = G_{|xy}, and α^{′′} = α(G^{′′}). Since by Property 1, P (G, k) = P (G^′, k) + P (G^{′′}, k) for every k, it follows that f(G, λ) = f^′(G, λ) + f^{′′}(G, λ) = f^′(G, λ) + (λ − n + α − 1)g(G, λ)+ −λ(λ − n + α)^{α−1}P (G^{′′}, λ − 1), where

f^′(G, λ) = (λ − n + α)(λ − n + α − 1)^αP (G^′, λ) − λ(λ − n + α)^αP (G^′, λ − 1),

f^{′′}(G, λ) = (λ − n + α)(λ − n + α − 1)^αP (G^{′′}, λ) − λ(λ − n + α)^αP (G^{′′}, λ − 1),

g(G, λ) = (λ−n+α)(λ−n+α−1)^{α−1}P (G^{′′}, λ)−λ(λ−n+α)^{α−1}P (G^{′′}, λ−1). By assumption, (4) holds for both graphs G^′ and G^{′′}, and so P (G^′, λ − 1) P (G^′, λ) ≥ λ − n + α λ ( λ − n + α − 1 λ − n + α )_α (14) and P (G^{′′}, λ − 1) P (G^{′′}, λ) ≥ λ − n + α^{′′} + 1 λ ( λ − n + α^{′′} λ − n + α^{′′} + 1 )_α′′ . (15)

Now (14) implies that f^′(G, λ) ≤ 0. Clearly, either α^{′′} = α or α^{′′} = α − 1. If α^{′′} = α, then (15) reads P (G^{′′}, λ − 1) P (G^{′′}, λ) ≥ λ − n + α + 1 λ ( λ − n + α λ − n + α + 1 )_α , (16)

and so P (G^{′′}, λ − 1) P (G^{′′}, λ) > λ − n + α λ ( λ − n + α − 1 λ − n + α )_α . (17)

But then, (17) implies that f^{′′}(G, λ) < 0, and so f(G, λ) < 0. If α^{′′} = α − 1, then (15) reads P (G^{′′}, λ − 1) P (G^{′′}, λ) ≥ λ − n + α λ ( λ − n + α − 1 λ − n + α )_{α−1} . (18)

But then, (18) implies that g(G, λ) ≤ 0; moreover λ(λ − n + α)^{α−1}P (G^{′′}, λ − 1) > 0 (because G^{′′} has n − 1 vertices and λ − 1 ≥ n − 1), and again f(G, λ) < 0. The theorem follows.

Proof of Theorem 4. Let G be an arbitrary graph with n vertices, and let λ ≥ n. ¿From the proof of Theorem 3 it follows that (4) holds as equation if and only if G = L(G).

Now consider inequality (5). Clearly, if G is connected, then Theorem 5 implies that (5) holds as an inequality.

Hence, we can assume that G is not connected. Let C_1, . . . , C_k denote the connected components of G and let n_i denote the number of vertices of C_i. By Property 4, P (G, λ − 1) P (G, λ) = k∏ i=1 P (C_i, λ − 1) P (C_i, λ) . Write ω_i = ω(C_i) and assume that ω_1 ≥ . . . ≥ ω_k. Hence ω = ω_1.

First, assume that ω_2 = 1. Then ω_i = 1 for every i > 1, and so n_i = 1 for every i > 1. Hence, P (G, λ − 1) P (G, λ) = P (C_1, λ − 1) P (C_1, λ) ( λ − 1 λ )_{k−1} . Since C_1 is a connected graph with n − k + 1 vertices, Theorem 5 implies that P (G, λ − 1) P (G, λ) ≤ λ − ω λ ( λ − 2 λ − 1 )_{n−k+1−ω} ( λ − 1 λ )_{k−1} , and so P (G, λ − 1) P (G, λ) ≤ λ − ω λ ( λ − 2 λ − 1 )_{n−ω} ( (λ − 1)^2 λ(λ − 2) )_{k−1} . (19)

If the theorem were false, then there would exist a non-connected graph G ≠ U(G) such that P (G, λ − 1) P (G, λ) = λ − ω λ ( λ − 1 λ )_{n−ω} . But then (19) would imply that ( (λ − 1)^2 λ(λ − 2) )_{n−ω} ≤ ( (λ − 1)^2 λ(λ − 2) )_{k−1} , and so n−ω ≤ k−1. Hence, n_1 = n−k+1 ≤ ω, that is n_1 = ω, contradicting the assumption that G ≠ U(G).

Next, assume that ω_2 ≥ 2. Since each graph C_i is connected, Theorem 5 implies that

P (G, λ − 1) P (G, λ) ≤ k∏ i=1 λ − ω_i λ ( λ − 2 λ − 1 )_{ni−ωi}

= λ − ω λ ( λ − 2 λ − 1 )_{n−ω} ( λ − 1 λ − 2 )_{ω2+...+ωk k}∏ i=2 λ − ω_i λ . Since ω_2 ≥ 2, inequality (6) implies that λ − ω_2 λ < ( λ − 1 λ )_{ω2}

and that, for every i > 2, λ − ω_i λ ≤ ( λ − 1 λ )_{ωi} . Hence, P (G, λ − 1) P (G, λ) < λ − ω λ ( λ − 2 λ − 1 )_{n−ω} ( (λ − 1)^2 λ(λ − 2) )_{ω2+···+ωk} . But, since n ≥ ω + ω_2 + · · · + ω_k, it follows that ω_2 + · · · + ω_k ≤ n − ω, and so ( (λ − 1)^2 λ(λ − 2) )_{ω2+···+ωk} ≤ ( (λ − 1)^2 λ(λ − 2) )_{n−ω} . It follows that P (G, λ − 1) P (G, λ) < λ − ω λ ( λ − 1 λ )_{n−ω} . Thus, the theorem follows.

4 Remarks

Our proof of Theorem 5 uses the decomposition of P (G, λ) given in Property 3 and inequality (3) in Theorem 2. Theorem 5 is then used to prove the validity of the upper bound in Theorem 3.

One way to prove differently the upper bound in Theorem 3 could be the following. Assume that G ≠ K_n and let x be an arbitrary vertex of G such that ω(G − x) = ω(G). Since Theorem 3 holds for n small, by induction, we can assume that inequality (5) holds for G − x, i.e. P (G − x, λ − 1) P (G − x, λ) ≤ λ − ω(G) λ ( λ − 1 λ )_{n−1−ω(G)} . Hence, Theorem 3 would follow immediately if the following conjecture were true:

Conjecture 1 Let G be a graph with n vertices such that G ≠ K_n. Then there exists a vertex x such that, the following two properties hold: (i) ω(G − x) = ω(G);

(ii) for every λ ≥ n, P (G, λ − 1) P (G, λ) ≤ λ − 1 λ P (G − x, λ − 1) P (G − x, λ) . Note that if we remove property (i) in Conjecture 1, then x could be adjacent to all other vertices of G. In this case, Property 2 would imply that P (G, λ − 1) P (G, λ) = λ − 1 λ P (G − x, λ − 2) P (G − x, λ − 1) . Hence, if we write H = G − x, and we set k = λ − 1, then Conjecture 1 would be equivalent to the following conjecture:

[P (H, k)]^2 ≥ P (H, k − 1)P (H, k + 1) for every k ≥ n − 1. (20)

Note that, if in (20) we replace “for every k ≥ n − 1” with “for every k”, then we obtain the famous “log-concavity” conjecture (see [2] and [3]). This conjecture was disproved by Seymour in [5]. However, in the counterexample given in [5], k ≪ n − 1.

We close this paper with a corollary of Theorem 3. For this purpose, note that, by Theorem 3,

α(G) n ( α(G) − 1 α(G) )_{α(G)} ≤ P (G, n − 1) P (G, n) ≤ n − ω(G) n ( n − 1 n )_{n−ω(G)} . Hence, Theorem 3 yields new bounds on the mean colour number of G.

Corollary 1 For every graph G with n vertices,

n − (n − ω(G)) ( n − 1 n )_{n−ω(G)} ≤ μ(G) ≤ n − α(G) ( α(G) − 1 α(G) )_{α(G)} . It is natural to ask wether our lower bound on the mean colour number of a graph is stronger than the lower bound given by its chromatic number. Clearly, when ω(G) = χ(G) the answer is yes. In fact, for almost all graphs, our lower bound is much bigger than χ(G).

Theorem 6 For almost all graphs G with n vertices, n − (n − ω(G)) ( n − 1 n )_{n−ω(G)} > χ(G). Proof For almost all graphs G with n vertices (see [1], p.148),

ω(G) ∼ 2 log_2 n and χ(G) ∼ n 2 log_2 n . If we let f(n) = ( n − 1 n )_{n−2 log2 n} , then n − (n − ω(G)) ( n − 1 n )_{n−ω(G)} ∼ n − (n − 2 log_2 n)f(n).

Since the limit, as n goes to infinity, of f(n) is e^{−1} = .367 . . ., it follows that, for n large enough, f(n) < 0.5. Hence, for almost all graphs G with n vertices, with n large enough,

n − (n − 2 log_2 n)f(n) > n − n − 2 log_2 n 2 = n 2 + log_2 n > n 2 log_2 n ∼ χ(G).

For dense graphs G, our lower bound on μ(G) can be smaller than χ(G). To see this, consider the graph H constructed by Erdős (see, [1], p. 35). This graph has n/2 vertices, it has no triangles, and α(H) < n/18 for n large enough. The complement H̄ of H has α(H̄) = 2, and so χ(H̄) ≥ n/4. Let G be the graph obtained by the complete union of H̄ and K_{n/2}. Note that G is a graph with n vertices, such that n 2 < ω(G) < 5 9 n, and χ(G) ≥ 3 4 n. By adding edges, we can make ω(G) = ⌊5n/9⌋ (without decreasing χ(G)). Now, if we take n large enough and divisible by 9, we have n − (n − ω(G)) ( n − 1 n )_{n−ω(G)} = n ( 1 − 4 9 ( n − 1 n ) 4_{9 n}) . But n ( 1 − 4 9 ( n − 1 n ) 4_{9 n}) ≤ n ( 1 − 39 90 e^{− 49} ) ≤ .73n < χ(G).

Acknowledgments. We thank Vašek Chvátal, Luc Devroye, and Bruce Reed for helpful conversations.

References

[1] N. Alon, J.H. Spencer, The Probabilistic Method, Wiley 1992.

[2] J.E. Bartels, D. Welsh, The Markov Chain of Colourings, In: E. Balas, J. Clausen eds., Integer Programming and Combinatorial Optimization: Proc. of the 4th International IPCO Conference, vol. 920 of Lecture Notes of Computer Science, 373–387, 1995.

[3] F. Brenti, Expansions of chromatic polynomials and log-concavity, Trans. Amer. Math. Soc. 332 (1992), 729–755.

[4] F.M. Dong, Proof of a Chromatic Polynomial Conjecture, J. of Combin.

Theory Ser. B 78 (2000), 35–44.

[5] P. Seymour, Two Chromatic Polynomial Conjectures, J. of Combin.

Theory Ser. B 70 (1997), 184–196.