On the solitaire cone and its relationship to multi-commodity flows

David AVIS Antoine DEZA

January 18, 1999

Abstract

The classical game of Peg Solitaire has uncertain origins, but was certainly popular by the time of Louis XIV, and was described by Leibniz in 1710. The modern mathematical study of the game dates to the 1960s, when the solitaire cone was first described by Boardman and Conway. Valid inequalities over this cone, known as pagoda functions, were used to show the infeasibility of various peg games. In this paper we study the extremal structure of solitaire cones for a variety of boards, and relate their structure to the well studied metric cone. In particular we give:

1. an equivalence between the multicommodity flow problem with associated dual metric cone and a generalized peg game with associated solitaire cone;

2. a related NP-completeness result;

3. a method of generating large classes of facets;

4. a complete characterization of 0-1 facets;

5. exponential upper and lower bounds (in the dimension) on the number of facets;

6. results on the number of facets, incidence and adjacency relationships and diameter for small rectangular, toric and triangular boards;

7. a complete characterization of the adjacency of extreme rays, diameter, number of 2-faces and edge connectivity for rectangular toric boards.

1 Introduction and Basic Properties

1.1 Introduction

Peg solitaire is a peg game for one player which is played on a board containing a number of holes. The most common modern version uses a cross shaped board with 33 holes - see Fig. 1.1

Research supported by NSERC Canada and FCAR Québec for the first author and by EU Esprit Long Term Research Project ALCOM-IT under contract n^o 20244 and a Japan Society for the Promotion of Sciences Fellowship for the second one.

- although a 37 hole board is common in France. Computer versions of the game now feature a wide variety of shapes, including rectangles and triangles. Initially the central hole is empty, the others contain pegs. If in some row (column resp.) two consecutive pegs are adjacent to an empty hole in the same row (column resp. ), we may make a move by removing the two pegs and placing one peg in the empty hole. The objective of the game is to make moves until only one peg remains in the central hole. Variations of the original game, in addition to being played on different boards, also consider various alternate starting and finishing configurations.

The game itself has uncertain origins, and different legends attest to its invention by various cultures. An authoritative account with a long annotated bibliography can be found in the comprehensive book of Beasley [6]. The book mentions an engraving of Berey, dated 1697, of a lady with a Solitaire board. The book also contains a quotation of Leibniz [19] which was written for the Berlin Academy in 1710. Apparently the first theoretical study of the game that was published was done in 1842 by Suremain de Missery, and was reported in a paper by Vallot [26]. The modern mathematical study of the game dates to the 1960s at Cambridge University. The group was led by Conway who has written a chapter in [8] on various mathematical aspects of the subject.

One of the problems studied by the Cambridge group is the following basic feasibility problem of peg solitaire:

For a given board B, starting configuration S and finishing configuration F , determine if there is a legal sequence of moves from S to F .

Figure 1.1: A feasible English solitaire peg game with possible first and last moves

The complexity of the feasibility problem for the n by n game was shown by Uehara and Iwata [25] to be NP-complete, so easily checked necessary and sufficient conditions for feasibility are unlikely to exist. One of the earliest tools used to show the infeasibility of certain starting and finishing configurations is a polyhedral cone, which we will call the solitaire cone, S_B, corresponding to some given board B. This paper contains results on the extremal structure of this cone, which we describe in the next subsection.

1.2 Basic properties

For ease of notation, we will mostly be concerned with rectangular boards which we represent by 0-1 matrices. A zero represents an empty hole and a one represents a peg. For example, let S =[ 1 0 1 1 ] and F =[ 0 0 1 0] be starting and finishing positions for the 1 by 4 board.

This game is feasible, involving two moves and the intermediate position [ 1 1 0 0] - as shown in Fig. 1.2.

Figure 1.2: A feasible game on the 1 by 4 board

For any move on an m by n board B we can define an m by n move matrix which has 3 non-zero entries: two entries of -1 in the positions from which pegs are removed and one entry of 1 for the hole receiving the new peg. The two moves involved in Fig. 1.2 are represented by m_1 =[ 0 1 -1 -1] and m_2 =[ -1 -1 1 0]. Clearly F = S + m_1 + m_2. By abuse of language, we use the term move for both the move itself and the move matrix. In general it is easily seen that if S, F define a feasible game of k moves there exist move matrices m_1, . . . , m_k such that F − S = k∑ i=1 m_i. (1.1)

Lemma 1.1 Equation 1.1 is necessary but not sufficient for the feasibility of a peg game. Proof. For example, for the following game - see Fig. 1.3 - where S =[ 1 1 1 1 ] and F =[ 0 0 0 1]. We have F − S = [ -1 -1 1 0] + [ 0 1 -1 -1 ] + [ 0 -1 -1 1 ], but S, F do not define a feasible game; in fact there are no legal moves! 2

Figure 1.3: An infeasible game on the 1 by 4 board

Let us relax the conditions of the original peg game to allow any integer (positive or negative) number of pegs to occupy any hole. We call this game the integer game, and call the original game the 0-1 game. Note that in a 0-1 game we require that in every position of the game a hole is either empty or contains a single peg. A move in the integer game is defined to correspond to the process of adding a move matrix to a given position. By the following lemma, we may identify an integer game S, F with the difference F − S.

Lemma 1.2 Equation 1.1 is necessary and sufficient for the feasibility of the integer game.

In other words, Lemma 1.2 states that all feasible integer games form the integer cone IS_B defined as the set of all non-negative integral combinations of moves.

Unfortunately deciding if F − S can be expressed as the sum of move matrices seems to be a hard computational problem. In Section 2 we show that a variant of the game is NP-complete.

Figure 1.4: An integer feasible but 0-1 infeasible game

A further relaxation of the game leads to a more tractable condition. In the fractional game we allow any hole to contain a fractional (positive or negative) number of pegs. A fractional move matrix is obtained by multiplying a move matrix by any positive scalar. For example, let S =[ 1 1 1], F =[ 1 0 1]. Then F − S =[ 0 -1 0 ] =^1_2 [ -1 -1 1] +^1_2 [ 1 -1 -1] is a feasible fractional game and can be expressed as the sum of two fractional moves, but is not feasible as a 0-1 or integer game.

Figure 1.5: A fractional feasible but integer (and therefore 0-1) infeasible game

Let B be a board and n_B the total number of possible moves on the board. The solitaire cone S_B is the set of all non-negative combinations of the n_B corresponding move matrices. Thus F − S ∈ S_B if: F − S = n_B∑ i=1 y_im_i, y_i ≥ 0, i = 1, . . . , n_B. (1.2) In the above definition it is assumed that the h_B holes in the board B are ordered in some way and that F − S and m_i are h_B-vectors. When B is a rectangular m by n board B_{m,n} it is convenient to display F − S and m_i as m by n matrices, although of course all products should be interpreted as dot products of the corresponding mn-vectors.

Lemma 1.3 For n ≥ 4 or m ≥ 4, the solitaire cone S_{m,n} (and its dual S^∗_{m,n}) associated to the m by n board is a pointed full-dimensional cone.

Proof. Consider S_{1,n} with n ≥ 4. Clearly the following n × n matrix lie in the span of the moves: 1 −1 −1 0 . . . 0 −2 0 . . . .. . . . . 0 −2 0 . . . 0 −1 −1 1 The first and last rows are simply moves and the others rows are sums of two different moves with on the same triple. This matrix is obviously non-singular with determinant (−2)^{n−2}. Hence the associated solitaire cone S_{1,m} is full-dimensional. For any m by n board with m ≥ 4 or n ≥ 4, we can extend the above idea: We get a block diagonal mn by mn matrix - one block for every row (or column), with each block being non singular. Hence S_{m,n} is full-dimensional for m ≥ 4 or n ≥ 4. Since the dual cone clearly contains the [1, 2]^{mn} cube, S^∗_{m,n} is full-dimensional. Therefore both cones are pointed and full-dimensional. 2

Lemma 1.4 The moves of the solitaire cone are extreme rays.

Proof. All the generators - the moves - of the solitaire cone belong to the hyperplane H : ∑h_B i=1 x_i = −1 and to the sphere Ω : ∑h_B i=1 x^2_i = 3. In other words, the moves belong to a sphere of codimension 1 centered on the axis through the origin with normal (1, . . . , 1). This implies that the moves are extreme rays of the (pointed) solitaire cone. 2

The following result obtained in 1961 is credited to Boardman (who apparently has not published anything on the subject) by Beasley [6], page 87. We identify F − S with the fractional game defined by S and F .

Theorem 1.5 Equation 1.2 (F − S ∈ S_B) is necessary and sufficient for the feasibility of the fractional game. In other words, the solitaire cone S_B is the cone of all feasible fractional games.

Lemma 1.1 and 1.2 and Theorem 1.5 are illustrated in Fig. 1.6

Figure 1.6: Respectively fractional, integer and 0-1 feasible solitaire peg games

The condition F − S ∈ S_B is therefore a necessary condition for the feasibility of the original peg game and, more usefully, provides a certificate for the infeasibility of certain games. The certificate of infeasibility is any inequality valid for S_B which is violated by F − S. According to [6], page 71, these inequalities “were developed by J.H. Conway and J.M. Boardman in 1961, and were called pagoda functions by Conway...”. They are also known as resource counts, and are discussed in some detail in Conway [8]. The strongest such inequalities are those that support the facets of S_B. For example, the facet given in Fig. 3.15 induces an inequality a · x ≤ 0 that is violated by F − S with S, F given in Fig. 1.7 ((F − S) · a = 2 > 0). This implies that this game is not feasible even as a fractional game and, therefore, not feasible as an integer game or classical 0-1 game either.

Figure 1.7: An infeasible classical solitaire peg game

Other tools to show the infeasibility of various peg games include the so-called rule-of-three which simply amounts to color the board by diagonals of a, b and c (in either direction) and to check the parity of a−b, b−c and c−a. The rule-of-three was apparently first exposed in 1841 by Suremain de Missery; see Beasley’s book [6] for a detailed historical background. The ruleof-three can be used, for example, to show that on the classical cross shaped English 33-board, starting with the initial configuration given of Fig. 1.1, the only reachable final configurations with exactly one peg are - besides the configuration of Fig. 1.1 - the four configuration of Fig. 1.8.

Figure 1.8: Four other feasible final configurations

Another necessary condition generalizing the rule-of-three - the solitaire lattice criterion - is to check if F − S belong to the solitaire lattice generated by all integer linear combinations of moves, that is: F − S = n_B∑ i=1 y_im_i, y_i ∈ ZZ, i = 1, . . . , n_B While the lattice criterion is shown to be equivalent to the rule-of-three for the classical English 33-board and French 37-board as well as for any m × n board, the lattice criterion is stronger than the rule-of-three for games played on more complex boards. In fact, for a wide family of boards presented in this paper, the lattice criterion exponentially outperforms the rule-of-three, see Deza and Onn [12].

Remark 1.6 In later sections we will consider the toric closure of a board B which is more symmetric. These boards allow moves that traverse the boundary of the board. For example, the game given in Fig.1.9 is feasible on a toric closure of the 1 by 4 board.

Figure 1.9: A feasible classical game on the toric closure of the 1 by 4 board

Finding all facets of the cone S_B is an example of a convex hull or vertex enumeration problem, for which various computer programs are available. The computational results in this paper were obtained using the double description method cdd implemented by Fukuda [14], and the reverse search method lrs implemented by Avis [3]. The diameters of cones were computed using graphy implemented by Fukuda [14]. We made use of these codes to completely generate all facets for some small boards as reported in later sections (such as the 95 444 facets for the toric closure of the 4 by 4 board). For realistically sized boards the corresponding solitaire cones are too large for these programs. For example the original peg solitaire game gives rise to a cone with 77 extreme rays in 33 dimensions. The reverse search vertex enumeration code lrs applied to this cone generated over 300,000 facets from about 6 million bases of the cone that were generated before the program was terminated. An unbiased estimate obtained from lrs suggests that the solitaire cone has about 9.2 million facets and 12 billion bases. If correct, this estimate puts the size of the cone just beyond problems currently solvable by a parallel version of lrs. We define the dual of the solitaire cone S_B as the the cone defined by the inequalities m_i · x ≤ 0, for each move matrix m_i defining S_B. The facets of the dual cone are therefore defined by triangle inequalities. These inequalities, combined in a very different way, also define the well studied metric cone which we define in the next section. One of the motivations of our work was to explore the relationship between the solitaire and metric cones. We give some new results on facets of S_B for various boards in Section 3. We present an algorithm for generating a large class of facets, and which generates all 0-1 facets for some boards. These facets are considerably more complex than the 0-1 facets of the dual of the metric cone, which are generated by cuts in the complete graph.

In Section 4 we give some results and conjectures on the combinatorial and geometric properties of the solitaire cone. We investigate the diameter, edge connectivity, adjacency and incidence relationships of the solitaire cone and its dual. In Section 5 we recall some properties of the cone generated by the {0, 1}-valued facets of the solitaire cone, and some other related polyhedra. Finally in Section 6 we conclude by comparing and contrasting the solitaire and metric cones. The Appendix contains the proofs of Lemma 4.1 and Theorems 4.3.

2 Relationship with Multicommodity Flows and the Metric Cone

The solitaire cone is generated by a set of extreme rays, each of which is all zero except for three non-zero components which are 1,-1,-1. In this section we relate the solitaire cone to another cone with the same property, the flow cone which is dual to the metric cone. This cone arises in the study of multicommodity flows (which we abbreviate to multiflows), and we will show similarities between this problem and the peg game. For more details on the relationship between the metric cone and multicommodity flows; see the survey paper of Avis and Deza [5]. We give a brief sketch here.

2.1 Metric cone and multicommodity flows

Let K_n denote the complete graph on n vertices. We write the edge with endpoints i and j as either ij or ji. For each edge ij we define a non-negative integral capacity c_{ij} and demand d_{ij}. Since the same edge is labeled in two ways, we identify c_{ij} with c_{ji}, and perform similar identifications for other vectors indexed by edges. Let c and d denote the respective capacity and demand vectors of length (n 2 ) . Let 1 ≤ r ≠ s ≠ t ≤ n be three distinct indices. A flow on the triple (r, s, t) is a vector f^{rst}_{ij} = 1 i = r, j = s −1 i = r, j = t −1 i = s, j = t 0 otherwise.

The integral multiflow problem is to try to find an integral combination of flows, z, such that z ≥ d − c. If this is possible we say that c, d are integer feasible. Such a vector z defines a set of d_{ij} paths between each pair of vertices i and j in K_n. No edge ij in K_n can appear in more than c_{ij} paths. If z = d − c, we say the multiflow is saturated. This corresponds to the case where each edge ij is contained in exactly c_{ij} paths defined by z. In the example shown in Fig. 2.10, we have n = 4, d =[ 3 0 0 0 0 3 ] and c =[ 0 5 3 4 1 0 ]. Then d − c ≤ 3f^{123} + 2f^{341} + f^{342} = z. The problem is integer feasible and the multiflow is unsaturated as there is a residual capacity of 1 on arc 1, 3.

Figure 2.10: An integer feasible multicommodity flow problem

Even, Itai and Shamir - see Garey and Johnson [15] p. 217 - proved the following result showing that integer feasibility is an intractable problem in general.

Theorem 2.1 It is an NP-complete to decide if c, d are integer feasible for the multiflow problem, even if c is a 0-1 vector and d has only two non-zero components.

The fractional multiflow problem is to try to express d − c as a non-negative combination of flows. If this is possible we say that c, d is fractionally feasible. For a fractionally feasible problem it is always possible to find a saturated multiflow, since any excess capacity on edge rs can be used by combining flows f^{rst} and f^{srt} (with possibly fractional multipliers). For example, set n = 5, d =[ 1 1 0 0 1 0 0 0 0 0 ] and c =[ 0 0 1 1 0 1 1 1 1 0 ]. We identify the flow problem c, d with the vector d − c. This problem has the fractional solution d − c = 1 2 (f^{124} + f^{125} + f^{134} + f^{135} + f^{234} + f^{235})

but no integral solution. Fractional multiflows lead to the study of the flow cone which is the set of all non-negative combinations of the 3 (n 3 ) possible flow vectors:

F_n = {z : z = ∑ r,s,t y_{rst}f^{rst} with y_{rst} ≥ 0 and 1 ≤ r < s < t ≤ n}. (2.3) F_3 is illustrated in Fig. 2.11. The dual of the flow cone is the much studied metric cone; see for example, Avis [1], Deza, Deza and Fukuda [11] and Lomonosov [20]): M_n = {z : z_{rs} ≤ z_{rt} + z_{st} with 1 ≤ r < s < t ≤ n}. The Japanese theorem of Iri and Onaga and Kakusho gives a necessary and sufficient condition for the feasibility of the fractional multicommodity flow problem.

Theorem 2.2 [18, 21] A multiflow problem c, d is fractionally feasible if and only if d− c ∈F_n.

Facets of the flow cone are useful to show the infeasibility of multiflow problems. In the previous example, if we change the demand vector to d =[ 1 1 0 0 1 0 0 0 0 1 ], the problem becomes infeasible. This is demonstrated by the facet a =[ 2 2 1 1 2 1 1 1 1 2 ]. For each flow f^{ijk}, af^{ijk} ≤ 0, but a(d − c) = 2 > 0 so c, d is infeasible.

The reader should compare this description of multiflows with the development of the solitaire cone in Section 1, and in particular equation 1.2 with 2.3, and Theorem 1.5 with Theorem 2.2. There are two obvious differences in the two problems. The first is that in the flow cone we consider all triples from a set of n elements, whereas in the solitaire cone the triples are constrained to be consecutive horizontal or vertical entries in a rectangular array. The second difference is that in the flow cone for a given triple r, s, t we include all three orderings of the non-negative entries 1,-1,-1. In the solitaire cone we only allow the orderings 1,-1,-1 and -1,-1,1. The third ordering, -1,1,-1 , could be considered as an additional move in the peg game where two pegs surrounding an empty hole are replaced by a peg in the empty hole. The cone induced by this variation of the Solitaire game is called the complete solitaire cone CS_B; see Section 5.3. With this additional move, we can in fact show a strong correspondence between the peg game and multicommodity flows.

Figure 2.11: All fractionally feasible multicommodity flow problems form the flow cone F_n

2.2 Multicomomodity flows versus peg game

Given a graph G = (V, E), the line graph of G is a graph whose vertices correspond to edges in G. Two vertices are adjacent in the line graph if the corresponding edges share an endpoint in G. Let L_n denote the line graph of K_n. For given vectors c and d, we will construct a generalized peg game on B = L_n. Each vertex of L_n represents a hole of B. The moves on B derive from triangles in K_n. Let i, j, k be three vertices in G. Then the vertices ij, ik, jk in L_n form a valid triangle and a valid move on the board B. We allow all three possible moves on the triangle: for the integer game this means that the number of pegs on any two of the holes is decremented by one, and the number of pegs on the remaining the hole is incremented by one. We assign initially c_{ij} pegs to vertex ij of L_n. This is the starting configuration S. It is required to reach a finishing position with at least d_{ij} pegs at each vertex ij, using valid (respectively valid fractional) moves. We illustrate in Fig. 2.12 the correspondence for the problem presented in Fig. 2.10.

Theorem 2.3 A multiflow problem c, d on K_n is integer (respectively fractional) feasible if and only if the corresponding generalized peg game on L_n is integer (respectively fractional) feasible. Therefore, the dual metric cone M^∗_n equals the complete solitaire cone CS_{Ln} for a game played on the line graph of the complete graph on n nodes.

Proof. First we show that an integer (respectively fractional) multiflow for c, d corresponds to an integral (respectively fractional) solution of the peg game. Suppose z is an integral combination of flows. Each of the flows is in one to one correspondence with a move on a valid triangle of L_n. Since d ≤ c + z, in the peg game we end up with at least d_{ij} pegs at each vertex ij. Note if the multiflow is saturated, we end up with exactly d_{ij} pegs at each vertex ij. In the same way a solution to the peg game gives the required vector z and its decomposition into

Figure 2.12: Correspondence of multicommodity flows and solitaire peg game

flows. The same argument applies to the fractional game. 2

Together with Theorem 2.1 we get immediately the following corollary.

Corollary 2.4 The integer generalized peg game is NP-complete even if in the starting position all holes contain at most one peg and the finishing position has positive requirements for exactly two holes.

Remark 2.5 The integer generalized peg game can be solved in polynomial time if only one hole has positive finishing requirement. This is because in this case the corresponding multiflow problem is a single commodity multiflow for which many polynomial time algorithms exist. It is interesting that the 0-1 game is NP-complete on the n by n board, even if the final position contains exactly one peg; see Uehara and Iwata [25].

3 Facets of the Solitaire Cone

For simplicity we begin with rectangular boards. Most of the results can be applied to boards which are subsets of the square lattice in the plane, such as the original Peg solitaire board. We also give some results for their toric closures, which are simpler since they avoid many special situations caused by the boundary.

3.1 Rectangular boards Let B be a rectangular m by n board, with m ≥ 4 or n ≥ 4. Using the notation described following equation 1.2, we will represent the coefficients of the facet inducing inequality az ≤ 0 (3.4) by the m by n array a = [a_{i,j}]. Inequality 3.4 holds for every z ∈ S_B. It is a convenient abuse of terminology to refer to a as a facet of S_B. A corner of a is a coefficient a_{i,j} with i ∈ {1, m} and j ∈ {1, n}. We will frequently need to refer to three consecutive row or column elements of an m by n array. For this we use the notation T = (t_1, t_2, t_3) to refer to a consecutive triple of row or column indices. For example both t_1 = i, j, t_2 = i, j +1, t_3 = i, j +2 and t_1 = i+2, j, t_2 = i+1, j, t_3 = i, j are consecutive triples. Using this notation we see that a move matrix for B is an m by n matrix that is all zero except for elements of some consecutive triple which take the values 1,-1,-1. Each consecutive triple defines a triangle inequality a_{t1} ≤ a_{t2} + a_{t3} (3.5) A triangle inequality is tight if equality holds a_{t1} = a_{t2} + a_{t3} (3.6) The following theorem summarizes known results on properties of valid inequalities (pagoda functions) for S_B; see Beasley [6]. We include a proof for completeness. Theorem 3.1 For each valid inequality a = [a_{i,j}] for S_B

1. The triangle inequality 3.5 must hold for every consecutive triple T = (t_1, t_2, t_3). 2. Negative coefficients of a can only occur in corners. 3. If T = (t_1, t_2, t_3) is a consecutive triple with a_{t2} = 0 then a_{t1} = a_{t3} . 4. If two consecutive row (respectively, column) entries of a are zero the entire row (respectively, column) is zero.

Proof.

1. Every move matrix is trivially in S_B and so inequality 3.4 with z equal to the move matrix corresponding to T gives the triangle inequality 3.5.

2. Let a_{t2} be a coefficient of a that is not a corner. It must lie in two consecutive triples (t_1, t_2, t_3) and (t_3, t_2, t_1). The two triangle inequalities for these triples imply that a_{t2} ≥ 0.

3. Again this follows from the two triangle inequalities induced by the triples (t_1, t_2, t_3) and (t_3, t_2, t_1).

4. Follows by repeatedly applying part 3 of the theorem. 2 As mentioned in the introduction, it is not feasible to generate all facets for reasonably sized boards, and in general no characterization of facets is known. A large class of facets can, however, be generated by the following procedure.

GENFACET(B) /*procedure to generate a facet matrix a of S_B */

1. Choose a proper subset of coefficients of a satisfying:

(a) If a corner is chosen, all coefficients in the row and/or column of at length at least 4 containing the corner must also be chosen; and (b) If two consecutive coefficients are chosen, their entire row and column must also be chosen.

Set these chosen coefficients to zero.

2. Choose any undefined coefficient that is not a corner and set it to one.

3. Choose a consecutive triple T = (t_1, t_2, t_3) for which precisely two of the corresponding coefficients of a are defined. Define the remaining coefficient by equation 3.6 providing this does not violate any triangle inequality for a.

4. Repeat step 3 until no further coefficient of a can be defined.

Theorem 3.2 Given an m by n board B, with m ≥ 4 or n ≥ 4, if GENFACET(B) terminates with all elements of a defined, then a is a facet of S_B.

Proof. By Lemma 1.3, under the conditions of the theorem, S_B is full dimensional. Let a be a matrix generated by GENFACET and let b be any other m by n matrix that is valid for S_B such that for every consecutive triple T = (t_1, t_2, t_3),

a_{t1} = a_{t2} + a_{t3} ⇔ b_{t1} = b_{t2} + b_{t3} . (3.7)

We will show that b is a positive scalar multiple of a, proving that a is facet inducing, since S_B is full-dimensional. By construction, a satisfies all triangle inequalities and so is valid for S_B, so we may apply results from Theorem 3.1.

First we show that for each a_{i,j} = 0 that is set in step 1 of GENFACET we must also have b_{i,j} = 0. Initially assume that i, j is not a corner index, so there is some consecutive triple T = (t_1, t_2, t_3) with t_2 = i, j. Suppose a_{t2} = 0. It follows from Theorem 3.1 (3) that a_{t1} = a_{t3} . Applying relation 3.7 twice we obtain the equations

b_{t1} = b_{t2} + b_{t3} b_{t3} = b_{t1} + b_{t2} and conclude that b_{t2} = 0. An identical argument shows that b_{i,j} = 0 implies that a_{i,j} = 0. If i, j is a corner with a_{i,j} = 0, by construction of a there must be a consecutive triple T = (t_1, t_2, t_3) with t_1 = i, j, a_{t2} = a_{t3} = 0, and such that a_{t3} is not a corner coefficient. As we showed, this implies b_{t2} = b_{t3} = 0 and so applying Theorem 3.1 (4) to b we have b_{t1} = 0.

The argument in the previous paragraph implies that all of the entries set to zero in step 1 of GENFACET must be also zero in b. Suppose a_{i,j} is the coefficient set to one in step 2. Since it is not a corner element, Theorem 3.1 (2) implies that b_{i,j} ≥ 0, and in fact it must be strictly positive since a_{i,j} is non-zero. we may now scale b so that in fact b_{i,j} = 1.

We complete the proof with a simple inductive argument to show that at the end of each execution of step 3 of GENFACET, if a_{i,j} has been assigned then b_{i,j} = a_{i,j}. Indeed suppose this statement is true when step 3 is about to be executed, and suppose some a_{i,j} is defined by the equation a_{t1} = a_{t2} + a_{t3} .

One of the coefficients in this equation is a_{i,j} and the other two coefficients have already been assigned. By induction, these two coefficients are equal to the corresponding coefficients of b. Now by condition 3.7 the equation b_{t1} = b_{t2} + b_{t3}

holds for b and so b_{i,j} = a_{i,j}. This completes the induction. At termination of GENFACET, all coefficients of a were assigned, so we have shown that b is equal to a up to multiplication by a positive scalar. 2

Remark 3.3 If condition (a) in step 1 is dropped, GENFACET could generate matrices that are not facets. For example, the matrices a = 0 1 1 0 0 0 0 0 0 1 1 0 b = −1 2 1 1 0 0 0 0 −1 2 1 1

have the same tight triangle inequalities. Since one is not a scalar multiple of the other, they are not facets. However a would be generated by GENFACET if condition (a) in Step 1 is dropped.

Remark 3.4

1. Not all facets of rectangular boards are generated by GENFACET. For example the following facet (found by computer) of the 3 by 4 rectangular board cannot be generated by GENFACET. −1 2 1 1 2 1 1 0 1 1 0 1

2. GENFACET can easily be adapted to non-rectangular boards that are connected subsets of the square grid, such as the original peg solitaire game. The notion of corner generalizes in the obvious way to all holes that have exactly one horizontal and vertical neighbour. For example, the original English game has 8 corners and by GENFACET we can generate the two facets given in Fig. 3.13:

Figure 3.13: Two facets of the English solitaire cone

3. Conway [8] gives 14 valid inequalities (pagoda functions) for the English solitaire game.

Of these, 11 described in his Figures 21(d), 22(a)-(d) are facets of S_B and can be generated by GENFACET. The two pagoda functions in Figures 22(h) and 22(v) - see [8] - are not facets since (h) is one half the sum of the inequality from (a) (interchanging the 0 and 1 in (a) as shown) and the same inequality with -1 replaced by +1, similarly, (v) is half the sum of 2 inequalities derived from (b) again with the indicated interchanges. The pagoda function in Figure 21(c) - see Fig. 3.14 - is a facet of S_B, and is not generated by GENFACET.

Figure 3.14: Two pagoda function from Conway’s book [8]

4. The facet of Fig.3.15 given by Beasley [7] proves the infeasibility of the game of Fig. 1.7

To avoid the special effects created by the boundary of the rectangular board, we were motivated to study their toric closures. Some results on these are given in the Section 3.2 where we simply call them toric boards.

Figure 3.15: A facet of the English board

3.2 Toric boards

From now on, the toric closure of a board is simply called a toric board. In other words, the toric m by n board for m ≥ 3 or n ≥ 3 is an m by n rectangular board with additional jumps which traverse the boundary. The associated toric solitaire cone is pointed and full-dimensional for m ≥ 3 or n ≥ 3. This can be proved along the lines of Lemma 1.3, by noting that the mn by mn matrix with -2 on the diagonal and 0 elsewhere is spanned by the move matrices expressed as mn-vectors (write each matrix row by row as a vector). Formally, we extend the definition of consecutive triple given in the last subsection by allowing row indices to be taken modulo m and column indices to be taken modulo n. For example, for a 4 by 4 toric board both t_1 = 2, 3, t_2 = 2, 4, t_3 = 2, 1 and t_1 = 1, 3, t_2 = 4, 3, t_3 = 3, 3 are consecutive triples. Similarly we extend the definition of a consecutive string of entries to include strings that traverse the boundary. All holes on a toric board are equivalent from the point of view of allowable jumps, so we say that the toric board has no corners.

The results of Section 3.1 can easily be adapted to toric boards. Theorem 3.1 applies, except that we get the stronger condition that all coefficients are non-negative since there are no corner coefficients. In GENFACET the condition on corner coefficients is not applied, since toric boards have no corners. Similarly, in step 2 any non defined coefficient can be chosen. Theorem 3.2 is easily adapted to apply to toric boards B with m ≥ 3 and n ≥ 3, under which condition the S_B is full-dimensional. Given any facet matrix, we may cyclically permute its rows and/or columns to obtain a possibly different matrix, which again defines a facet. We call such facets isomorphic. Observe that the 3 by 3 identity matrix and the matrix a = 0 0 0 0 1 1 0 1 1

would be generated by GENFACET for the 3 by 3 toric board, and are facets. There are 6 facets isomorphic to the identity matrix and 9 facets isomorphic to a. These are all the facets for the solitaire cone of the 3 by 3 toric board.

We can use Theorems 3.1 and 3.2 to obtain a complete characterization of 0-1 facets of S_B when B is a toric board. Let a be an m by n 0-1 matrix. We define the a graph G_a on a as follows: vertices of G_a correspond to non-zero coefficients, and two vertices are adjacent if the corresponding coefficients are in some consecutive triple where the remaining coefficient is zero.

Note that in fact there must be at least two such triples since if (t_1, t_2, t_3) is such a triple then so is (t_3, t_2, t_1).

Theorem 3.5 [characterization of 0-1 valued facets] Let B be the m by n toric board. A m by n 0-1 matrix b is a facet of S_B if and only if

1. No non-zero row or column contains two consecutive zeroes, and

2. G_b is connected.

Figure 3.16: Two pagoda functions of S_{4×4}, only the first one being a facet

Proof. To prove sufficiency we show that a matrix a = b can be constructed by GENFACET and then apply Theorem 3.2 to show it is a facet. We begin by setting a_{ij} to zero if b_{ij} = 0. Since b is valid for S_B, Theorem 3.1 (4) implies the zeroes of a are a valid choice in step 1 of GENFACET. We will show all other coefficients of a are set to one in GENFACET, so that a = b. In step 2, some non-zero coefficient a_{i,j} of a is set to one, as required. Consider the first execution of step 3. Let v be the vertex in G_b corresponding to a_{i,j}. Since G_b is connected, v is adjacent to some vertex w. By construction of G_b, the coefficients corresponding to v and w lie in some consecutive triple T = (t_1, t_2, t_3) where the remaining coefficient is zero. We may choose such a triple so that the zero coefficient is a_{t2} or a_{t3} . Then in the equation

a_{t1} = a_{t2} + a_{t3}

one of the variables has value one and one of the right hand side variables has value zero, so the remaining variable must also have value one. Therefore in step 3, the undefined coefficient, corresponding to vertex w, gets set to one.

In general, every time we execute step 3 we can select an undefined coefficient whose corresponding vertex in G_b is adjacent to some already defined coefficient. Since G_b is connected, this is always possible. In this way all of the coefficients that were not set to zero receive the value one. The conditions on the zeroes are sufficient to ensure that all triangle inequalities are satisfied, so GENFACET has constructed a which is identical to b. It follows from Theorem 3.2 that b is a facet, concluding the proof of sufficiency.

For necessity, suppose (1) is violated, then b violates a triangle inequality and does not generate a valid inequality for S_B. Now suppose (2) is violated. G_b consists of two or more components. We form a new matrix a that is identical to b except that in one of the connected components of G_b we replace all coefficients that have value one with the value^3_2 . Clearly a is not a scalar multiple of b. We show a is valid for S_B and has the same tight triangle inequalities.

This is a contradiction since it shows b is not a facet of S_B. To show validity of a, the only triangle inequalities that could fail for a are of the form

a_{t1} > a_{t2} + a_{t3}

where a_{t1} =^3_2 . Now the right hand side variables cannot both be zero or the triangle inequality would fail for b, so {a_{t2} , a_{t3} } = {0, 1}. But this is impossible because it would imply an edge in G_b between the vertices corresponding to non-zero coefficients, contradicting the fact they lie in separate components. To show a and b have the same tight triangle inequalities, consider a consecutive triple for which the equation

a_{t1} = a_{t2} + a_{t3}

holds. Since the coefficient values are chosen from {0, 1,^3_2 } there is no way both 1 and^3_2 can appear in the equation. Therefore non-zero coefficients lie in the same connected component, and the same equation holds for b. Similarly, a tight triangle inequality holding for b must have any non-zero coefficients in the same connected component, so the corresponding equation holds for a. 2

Theorem 3.5 is useful for proving large classes of 0-1 matrices are facets. Let x = (x_1, . . . , x_m) and y = (y_1, . . . , y_n) be two vectors. We say the m by n matrix a is the product of x and y if for all 1 ≤ i ≤ m and 1 ≤ j ≤ n a_{i,j} = x_iy_j. A simple application of Theorem 3.5 gives the following:

Corollary 3.6

1. A 0-1 n-vector is a facet of the 1 by n toric board if and only if it has no pair of consecutive zeroes, no string of five or more ones, and at most one string of four ones.

2. The product of two 0-1 facets of the 1 by m and 1 by n toric boards gives a 0-1 facet of the m by n toric board.

We end this section by remarking that a 0-1 vector a is valid over S_B if and only if the position F = a is not reachable from any other position in the 0-1 peg game. To see this note that if F = a is reachable, then the last jump must result in the configuration 0 0 1 in some row or column, violating the triangle inequality, so a is not valid. Conversely if a is not valid, it must contain the string 0 0 1 in some row or column. Replacing this by the string 1 1 0 gives a position leading to F = a. A similar statement is not true for the integer game: for example the valid a = 0 1 1 for the 1 by 3 game can be reached from 1 2 0. It would be interesting to see if the 0-1 facets of the 0-1 peg game have some natural interpretation in terms of the game itself.

3.3 Bounds on number of facets

As mentioned in the introduction, experimental evidence and the fact that the n by n game is NP-complete indicates that solitaire cones are likely to have a very large number of facets. In this section we give some additional theoretical evidence for this observation. We begin by a simple exponential upper bound applicable to a large number of different boards. For simplicity we restrict ourselves to boards which are a connected subset of the square lattice.

Lemma 3.7 [upper bound] Let n_B be the number of moves on a board B with h_B holes. S_B has at most ( n_B h_B −1 ) < 2^{nB} facets. In particular the m by n toric board generates at most (_4mn mn−1 ) < (^{44}_{33} )^{mn} facets.

Proof. This follows from the fact that S_B is a cone in h_B dimensions defined by n_B extreme rays. Each facet is defined by a set of h_B − 1 of these rays. 2

Theorem 3.8 [lower bound]

1. There are at least 6^{m+n}9 0-1 facets of the m by n toric board generated by products of facets of the 1 by m and 1 by n toric boards, for m and n both divisible by 9.

2. There are at least 2^{mn}4 0-1 facets generated by the m by n toric board, for even values of m ≥ 4, and n divisible by 4.

Proof.

1. First consider the case m = 1 and set n = 9k for any positive integer k. Consider vectors of length 9k with the following properties: (a) the first component is zero;

(b) there are a total of 3k zeroes, no two of which are consecutive;

(c) there are 6k ones arranged in 3k blocks, with precisely k blocks each of length one, two and three, in any order.

Each such vector satisfies the conditions of Corollary 3.6 (1) and so generates a facet of the 1 by n toric board. There are ( 3k k )( 2k k ) > 6^k = 6^{n9}

such facets. For any m which is a multiple of nine, we get the stated bound by combining the result above with Corollary 3.6 (2).

2. Consider an m by n matrix defined by

a_{ij} = 1 i + j ≡ 0 (mod 2) 0 i + j ≡ 1 (mod 2), and j ≡ 0, 1 (mod 4) x i = 1, j = 2 1 − x i = 3, j = 2 ∗ otherwise.

In the above, x and ∗ denote elements than can be arbitrarily set to either zero or one. A generic form of the matrix for m=4, n=8 is:

a = 1 x 1 0 1 ∗ 1 0 0 1 ∗ 1 0 1 ∗ 1 1 1 − x 1 0 1 ∗ 1 0 0 1 ∗ 1 0 1 ∗ 1

For x = 0 or x = 1, the remaining^{mn}_4 − 2 entries of a may be chosen freely. Therefore there are 2^{mn}4^{−1} matrices with this generic form. We use Theorem 3.5 to show that they generate facets for the m by n toric board. Indeed, by construction, there can be no two consecutive zeroes. The vertices in G_a corresponding to any given row are connected, since no row has 4 consecutive ones. Column one connects all the odd numbered rows together, and column 4 connects all the even rows. Finally the consecutive triple (x, 1, 1 − x) in column two connects rows one and two, so G_a is connected. To complete the proof, we note that we can obtain an additional distinct set of 2^{mn}4^{−1} matrices as follows. For each matrix generated previously, delete column one and append it after the last column. These matrices are all new because the bottom right entry changes from one to zero. 2 4 Skeletons and Diameters of Solitaire Cones

In this Section, after presenting in details more than 50 small dimensional cases, we give some results and conjectures on the combinatorial and geometric properties of the solitaire cone. In particular, we investigate the diameter, edge connectivity, adjacency and incidence relationships of the solitaire cone and its dual. Two extreme rays (resp. facets) of a polyhedral cone are adjacent if they belong to a face of dimension (resp. codimension) two. The number of rays (resp. facets) adjacent to the ray r (resp. facet F ) is denoted A_r (resp. A_F ). A ray and a facet are incident if the ray belongs to the facet. We denote by I_r (resp. I_F ) the number of facets (resp. rays) incident to the ray r (resp. facet F ). The diameters of S_B and its dual S^∗_B are, respectively, δ(S_B ) and δ(S^∗_B ). We recall that for n ≥ 4 or m ≥ 4 S_{m,n} is pointed and full-dimensional and that the moves are extreme rays (for the toric case this holds for n ≥ 3 or m ≥ 3).

As in previous sections, for a solitaire game played on a board B a black (respectively white) hole represents a peg (respectively an empty hole) as in Fig. 4.17 and 4.20. The coordinates of a ray or a facet of S_B are naturally indexed by B as in Fig. 4.19 and 4.23.

4.1 Small dimensional solitaire cones

We first consider a solitaire game played on a rectangular or triangular board as in Fig. 4.17. In Fig. 4.18 we give for each board B, the number of extreme rays and facets, the minimal and maximal adjacency and incidence of the extreme rays A_r, I_r and of the facets A_F , I_F of the solitaire cone S_B, its diameter δ(S_B ) and the diameter of its dual δ(S^∗_B ).

Figure 4.17: Moves on the 15 triangular board B = Δ_{15}

Board #rays I_r A_r #facets I_F A_F δ(S_B ) δ(S^�_B ) 3 × 3 12 11∼17 10∼11 18 8∼11 8∼17 2 2 4 × 4 32 1 584∼2 109 29∼31 3 531 15∼26 15∼695 2 ≤ 3 3 × 4 20 50∼82 17∼19 107 11∼28 11∼79 2 3 3 × 5 28 421∼856 25∼27 1 277 14∼24 14∼429 2 3 Δ_{10} 18 87∼105 16∼17 182 9∼14 9∼79 2 3 Δ_{15} 36 6 920∼10 905 33∼35 21 744 14∼30 14∼4 750 2 ≤ 3

Figure 4.18: Small rectangular and triangular boards

For example, the last row in Fig. 4.18 means that the 36 extreme rays of the cone S_{Δ15} belong to at least 6 920 and at most 10 905 of its 21 744 facets. These facets are of size at least 14, that is, simplices, and at most 30 (we recall that the size of a facet is the number of extreme rays contained in the facet). The unique facet F_0 of maximal incidence I_{F0} = 30 and maximal adjacency A_{F0} = 4 750 is induced by the inequality: c· x ≤ 0, where c =[ 1 0 0 1 0 1 0 0 0 0 1 0 1 0 1 ]; see Fig. 4.19. More than half of the facets of S_{Δ15} are simplices and its diameter δ(S_{Δ15} ) = 2.

Figure 4.19: The unique facet F_0 of maximal size and adjacency of S_{Δ15}

Then, we consider a solitaire game played on a toric rectangular or triangular board as in Fig. 4.20. The adjacency and incidence relationships and the diameters are given in Fig. 4.21. For example, the 16-dimensional cone generated by the 64 moves of the 4 by 4 toric board has 95 444 facets of which almost half are simplices.

Figure 4.20: Moves on the 4 by 4 and 1 by 5 toric boards

Board #rays I_r A_r #facets I_F A_F δ(S_B ) δ(S^�_B ) 1 × 3 3 2 2 3 2 2 1 1 1 × 4 8 3 3 6 4 4 3 2 1 × 5 10 7 6 15 4∼6 4∼6 2 3 1 × 6 12 9 9 17 6∼8 6∼12 2 2 1 × 7 14 32 12 70 6∼8 6∼13 2 5 1 × 8 16 42 14 86 7∼10 7∼21 2 4 1 × 9 18 119 16 255 8∼12 8∼36 2 5 1 × 10 20 214 18 447 9∼12 9∼34 2 5 1 × 11 22 508 20 1 078 10∼14 10∼51 2 6 1 × 12 24 964 22 2 013 11∼16 11∼84 2 6 3 × 3 18 11 15 15 12∼14 12∼14 2 2 4 × 4 64 25 348 58 95 444 15∼48 15∼8 195 2 ? 3 × 4 36 190∼233 30∼33 498 13∼26 14∼166 2 3 3 × 5 45 12 963∼13 438 40∼42 39 060 14∼34 14∼3 404 2 ?

Figure 4.21: Small rectangular toric boards

4.2 Skeletons and diameters

The following results and conjectures are stated in terms of rectangular toric board but require only minor modifications for solitaire games played on toric or non-toric boards of any shapes; see Remark 4.7. We consider the solitaire cone S_{m×n} induced by a game played on a m by n rectangular toric board with n ≥ m ≥ 1 and n ≥ 3. The number of extreme rays of S_{m×n}, that is, the moves of the solitaire game is:

f_o(S_{m×3}) = 3, 6, 18 for m = 1, 2, 3. f_o(S_{m×n}) = 2mn for n ≥ 4 and m ≤ 2. f_o(S_{3×n}) = 3mn for n ≥ 4. f_o(S_{m×n}) = 4mn for n ≥ m ≥ 4.

The coordinates and coefficients of the extreme rays and facets of S_{m×n} are naturally indexed by the m × n board. For example, the extreme ray r =[ 0 -1 -1 1 0 ] of S_{1×5} and the corresponding start and finish positions are represented in Fig. 4.22. The support of r is the set σ_r = {2, 3, 4} of nonzero coordinates of r.

Figure 4.22: The extreme ray r of S_{1×5} corresponding to the move from S to F

In the next lemma we give a characterization of the adjacency of the extreme rays of the solitaire cone induced by an 1 by n board. As corollary, we obtain the adjacency, edge-connectivity, diameter and the number of 2-faces of this cone.

Lemma 4.1 Any pair of extreme rays of S_{1×3} are adjacent and, for n ≥ 4, two distinct extreme rays u and v of S_{1×n} are non-adjacent if and only if:

1. u · v ∈ {0, −2} for n = 4;

2. u · v = −2 or u · v = −1 and |σ_u ∩ σ_v| = 1 for n = 5; 3. u · v = −2 or u_{i+3 mod 6} = v_i i : 1, . . . , 6 for n = 6; 4. u · v = −2 for n ≥ 7.

Proof. Given in the Appendix. 2 Corollary 4.2 The skeleton of S_{1×n} satisfies

1. the adjacency of an extreme ray is k_{1×n} = 2, 3, 6, 9, 2(n − 1) for n = 3, 4, 5, 6, ≥ 7; 2. the diameter δ(S_{1×n}) = 1, 3, 2 for n = 3, 4, ≥ 5;

3. S_{1×n} has exactly 3, 12, 30, 54, 2n(n − 1) 2-faces for n = 3, 4, 5, 6, ≥ 7; 4. the edge connectivity c_e(S_{1×n}) = 2, 3, 6, 9, 2(n − 1) for n = 3, 4, 5, 6, ≥ 7.

Proof. (1), (2) The adjacency and the diameter are straightforward. (3) The number of 2-faces of a cone is half the total adjacency of its skeleton. (4) We recall the following result of Plesník [23]: the edge connectivity of a graph of diameter 2 equals its minimum degree. Then, since for n ≥ 5 the cone S_{1×n} has diameter 2 and since c_e(S_{1×n}) = 2, 3 for n = 3, 4, we have c_e(S_{1×n}) = k_{1×n} for n ≥ 3. 2 Clearly, for the solitaire cone induced by a 2 by n board, two rays with supports lying in the same row have the same adjacency relationships as in S_{1×n} and two rays with supports lying in different rows are always adjacent. In Theorem 4.3 we generalize the adjacency relationships of S_{1×n} and S_{2×n} to S_{m×n} for n ≥ 4 or m ≥ 4.

Theorem 4.3 [characterization of extreme rays adjacency] Any pair of extreme rays of S_{m×n} with distinct support are adjacent and, for m ≥ 3, the adjacency relationship of any pair u, v of extreme rays of S_{m×n} is given by:

1. either σ_u and σ_v do not belong to the same row or column, then u and v are adjacent; 2. or σ_u and σ_v belong to the same row or column of length n, then u and v have the same adjacency relationship as in S_{1×n}, except that u and v are not adjacent if σ_u = σ_v.

Proof. Given in the Appendix. 2 Corollary 4.4 For n ≥ 7 and m ≥ 7, the skeleton of a S_{m×n} satisfies

1. the adjacency of an extreme ray is k_{m×n} = 4mn − 3;

2. the diameter δ(S_{m×n}) = 2;

3. S_{m×n} has exactly 2mn(4mn − 3) 2-faces;

4. the edge connectivity c_e(S_{m×n}) = 4mn − 3.

Proof. Same as for Corollary 4.2. 2

Two rays are called strongly conflicting (respectively conflicting) in there exist 2 pairs i, j and k, l (respectively a pair i, j) such that the two rays have nonzero coordinates of distinct signs at positions i, j and k, l (respectively i, j). For example, the two adjacent rays of S_{4×4} given in Fig. 4.2 are conflicting at the position 2, 2 but not strongly conflicting.

Figure 4.23: Two rays conflicting as the position 2, 2

Remark 4.5 While for n ≥ 7 and m ≥ 7 a pair of extreme rays of the solitaire cone S_{m×n} are adjacent if and only if they are not strongly conflicting, for n ≥ 4 two extreme rays of the dual metric cone M^∗_n are adjacent if and only if they are not conflicting; see [9].

The following conjectures are based on Remark 4.5 and other similarities between the solitaire cone and the dual metric cone investigated in Section 2.

Conjecture 4.6

1. For n ≥ 3 and m ≥ 3, the {0, 1}-valued facets of the solitaire cone form a dominating set in the skeleton of its dual, that is, each facet of S_{m×n} is adjacent to a {0, 1}-valued facet.

2. For m, n large enough, at least one facet of S_{n×m} is a simplex (that is, the number of rays contained in the facet equals the dimension of the cone minus one).

Item (1) of Conjecture 4.6 holds for S_{3×4} but is false for m ≤ 2. The smallest 1 by n toric board for which the conjecture fails is the 1 by 7 board. If true, item (2) would imply that the edge connectivity, the minimal incidence and the minimal adjacency of the skeleton of S^∗_{m×n} are equal to mn − 1. This holds for the cones presented in Fig. 4.21 except for S_{3×i} : i = 3, 4 and S_{1×i} : i = 4, 6.

Remark 4.7 For the non-toric boards given in Fig. 4.18, a pair of extreme rays of the solitaire cone S_B are adjacent if and only if they are not strongly conflicting and their supports do not lie entirely on the boundary of the board.

5 The Boolean Solitaire Cone and Other Relatives

The link with the dual metric cone - see Theorem 2.3 - and the similarities between their combinatorial structures - see Remark 4.5 - leads to the study of a dual cut cone analogue; that is, the cone generated by the {0, 1}-valued facets of the solitaire cone, when this cone is full dimensional.

5.1 The boolean solitaire cone

The dual cut cone is generated by the {0, 1}-valued facets of the dual metric cone. Similarly, we consider the cone generated by the {0, 1}-valued facets of the solitaire cone. This cone is called the boolean solitaire cone, denoted BS_B, and is studied in [4]. The following two results are contained there.

Theorem 5.1 [4] The extreme rays of the solitaire cone, that is, the moves, are extreme rays of the boolean solitaire cone.

Conjecture 5.2 [4] The incidence of the moves is maximal in the skeleton of BS_{m×n}.

This strengthens the analogy with the dual metric cone, for which the extreme rays are also extreme rays of the dual cut cone.

5.2 The trellis solitaire cone

The {0, 1}-valued facets of the solitaire cone have much less structure than the set of cut metrics. In fact, the cut metrics are related to products of vectors of length n. This motivates the next definition. Let f and g be {0, 1}-valued vectors of length m and n respectively, and let c_{ij} = f_i·g_j for i = 1, . . . m, j = 1, . . . n. If c · x ≤ 0 defines a facet of BS_{m×n}, we call it a trellis facet. The trellis solitaire cone T S_B is generated by all of the trellis facets of the boolean solitaire cone BS_B. See item 2 of Corollary 3.6 for an easy construction of trellis facets. For example, among the two following facets of BS_{3×5}, only the right one is a trellis facet.

Figure 5.24: A facet and a trellis facet of BS_{3×5}

5.3 The complete solitaire cone

The complete solitaire cone CS_B is induced by a variation of the Solitaire game. To the classical moves we add the moves which consist of removing two pegs surrounding an empty hole and placing one peg in this empty hole as shown in Fig. 5.25.

Figure 5.25: The extreme ray r of CS_{1×5} corresponding to the move from S to F

6 Conclusions

The solitaire cone shares many similar combinatorial properties with the dual metric cone M^∗_n. In particular:

1. their extreme rays have similar adjacency relationships; see Remark 4.5;

2. both cones have diameter 2; see Deza and Deza [9] and Corollary 4.4;

3. their numbers of facets are bounded above and below by an exponential in the dimension;

see Lemma 3.7 and Theorem 3.8 and, for the metric cone, Avis [2] (lower bound) and Graham, Yao and Yao [16] (upper bound);

4. their extreme rays are also extreme rays of the cones generated by their {0, 1}-valued facets; see Theorem 5.1.

5. while the extreme rays of the solitaire cone are conjectured to be of maximum incidence in the cone generated by its {0, 1}-valued facets, the corresponding result is proved for the dual metric cone; see Conjecture 5.2 and Deza and Deza [10];

6. we have M^∗_n = CS_{Ln} where L_n is the line graph of the complete graph on n nodes; see Theorem 2.3;

7. the {0, 1}-valued facets of the flow cone are the incidence vectors of cuts in the complete graph. The cone generated by these facets is the dual of the well studied cut cone; see Deza and Laurent [13]. Papernov [22] gave a complete characterization of multiflow problems for which the flow cone F_n = M^∗_n in Theorem 2.2 can be replaced by the dual of the cut cone. For example, single commodity flow problems are in this class, and the corresponding theorem is the celebrated max flow/min cut theorem. It would be interesting to see if any analogous relaxation of Theorem 1.5 can be found;

8. so far we have not yet found an analogue of the hypermetric facets of the metric cone M_n, that is, a “nice” family of {0, −1, 1}-valued extreme rays of the boolean solitaire cone BS_B. Another open question is the determination of a tighter relaxation of the solitaire cone S_B by some cuts analogue. The trellis solitaire cone T S_B is a candidate as well as the cone generated by the {0, 1}-valued facets with the minimal number of ones. For S_{4×4} and S_{3×i} : i = 3, 4, 5, these facets have maximal incidence and adjacency in the skeleton of S^∗_{m×n}.

Appendix

In this Section, the dual problem being easier to state, we always consider the dual solitaire cone S^∗_B whose extreme rays (respectively facets) are the r_i (respectively induced by c_j · x ≤ 0) where r_i · x ≤ 0 induces a facet of S_B (respectively c_j is an extreme ray of S_B). Clearly, a pair of extreme rays r^′, r^{′′} are adjacent in S_B if and only if their corresponding facets F_r0, F_r00 are adjacent in S^∗_B, that is, if the codimension of F_r0 ∩ F_r00 is two.

Proof of Lemma 4.1 and Theorem 4.3

Proof of Lemma 4.1 In the following we identify the extreme ray r of S_{1×n} with the facet F_r of S^∗_{1×n} . All facets of S^∗_{1×n} being equivalent up to a scrolling and a reversing of the board, it is enough to find all the neighbours of the facet F_u : [ -1 -1 1 0 . . . 0 ]. The adjacency relationships were checked by computer up to n = 8, so we can assume that n ≥ 9. We first prove that the facet F_v : [ 0 1 -1 -1 0 . . . 0 ] is not adjacent to F_u and then that all other facets are adjacent to F_u. Any extreme ray r belonging to F_u ∩ F_v satisfies: { r_1 + r_2 − r_3 = 0 r_2 − r_3 − r_4 = 0

⇒ { r_1 = r_4 = 0 r_2 = r_3

(since 0 ≤ r_i for 1 ≤ i ≤ n)

⇒ { r_3 = r_5 r_4 = 0

(since r_3 − r_4 − r_5 ≤ 0 and −r_3 − r_4 + r_5 ≤ 0)

which implies that F_u ∩ F_v ⊂ F^′_v where v^′ = [ 0 0 1 -1 -1 0 . . . 0 ] and therefore F_u ∩ F_v, being an intersection of more than 3 facets, is of codimension at least 3, that is, F_u and F_v are not adjacent.

Then, to prove that all other facets are adjacent to F_u, we consider any facet F_a ≠ F_v and show that for any third facet F_b we can find an extreme ray r of S^∗_{1×m} satisfying both r ∈ F_u ∩F_a and r /∈ F_b, that is, codim(F_u ∩ F_a) = 2. First, let assume that the supports of F_u, F_a and F_b do not overlap and that the gaps between σ_b and σ_u and between σ_b and σ_a are not equal to 0 or 2, as in the following example: σu −1, −1, 1, 0, . . . , 0, σa 1, −1, −1, 0, . . . , 0, σ_b 1, −1, −1, 0, . . . , 0 n

Consider the following {0, 1}-valued ray:

r = σu 1, 0, 1, 0, 1, 0 . . . , 0, 1, 0 σa 1, 0, 1, 0, 1, 0 . . . , 1, 0, σ_b 1, 1, 1, 0, 1 . . . , 1, 0 n This ray r is an extreme ray of S^∗_{1×n} if and only if its 1-graph G_r is connected; see Theorem 3.5. According to the parity of the gaps between the supports σ_u and σ_a, σ_a and σ_b and σ_b and σ_u, we can fill these gaps by 0, 1-valued strings: 0 1 0 1 . . . 0 1 0 or 0 1 1 0 1 0 1 . . . 0 1 0 such that the graph G_r obtained is connected. Therefore r is an extreme ray of S^∗_{1×n} satisfying both r ∈ F_u ∩ F_a and r /∈ F_b, that is, F_u and F_a are adjacent.

If F_u, F_a and F_b do not overlap but the gaps between σ_b and σ_u or between σ_b and σ_a equal 0 or 2, then we can use the same technique considering one of the following {0, 1}-valued rays:

r^1 = σu 1, 0, 1, 0, 1, 0 . . . , 0, 1, 0 σa 1, 0, 1, σ_b 0, 1, 0 n r^2 = σu 1, 0, 1, 0, 1, 0 . . . , 0, 1, 0 σa 1, 0, 1, 0, 1, σ_b 0, 1, 1, 0, 1 . . . , 1, 0 n When the supports of F_u, F_a and F_b overlap, we can, by essentially projecting on the joint support σ_u ∪ σ_a ∪ σ_b, use the same technique and generalize what happens for n ≤ 8). For example, take n = 11 and F_u, F_a and F_b given by: σu −1, −1, 1, 0, 0, 0, 0, 0, 0, 0, 0 σa 1, −1, −1, 0, 0, 0, 0, 0, 0, 0, 0 0, 0, σ_b 1, −1, −1, 0, 0, 0, 0, 0, 0 the desired extreme ray of S^∗_{1×11} satisfying both r ∈ F_u ∩ F_a and r /∈ F_b is:

r = σu∪σa∪σ_b 1, 0, 1, 1, 1, 0, 1, 0, 1, 0, 1

which means that F_u and F_a are adjacent. Note that for some cases, the desired extreme ray is not {0, 1}-valued. For example, take n = 11 and F_u, F_a and F_b given by: σu −1, −1, 1, 0, 0, 0, 0, 0, 0, 0, 0 0, σa −1, −1, 1, 0, 0, 0, 0, 0, 0, 0 σ_b 1, −1, −1, 0, 0, 0, 0, 0, 0, 0, 0 Projecting on B_{1×5}, we get the extreme ray r_{1×5} = 1, 1, 2, 3, 2 satisfying both r ∈ F_{u1}�_5 ∩ F_{a1}�_5 and r /∈ F_{b1}�_5 and the desired extreme ray of S^∗_{1×11} satisfying both r ∈ F_u ∩ F_a and r /∈ F_b is derived from r_{1×5} using GENFACET; see Theorem 3.2: r = 1, 1, 2, 3, 2, 1, 1, 0, 1, 0, 1.

Proof of Theorem 4.3 We first consider a pair of facets F_u and F_v such that σ_u and σ_v belong to the same row or column of length d. For d = 3, we have σ_u = σ_v and one can easily check that F_u and F_v are never adjacent. For d ≥ 4 and σ_u ≠ σ_v, we can in the same way as for the proof of Lemma 4.1, find a third facet F^′_v containing F_u ∩ F_v if F_u and F_v, seen as facet of S_{1×n}, are non-adjacent. For example, with:

F_u :

−1 −1 1 0 0 0 . . .

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

F_v :

0 1 −1 −1 0 0 . . .

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

the following facet:

F_v0 :

0 0 1 −1 −1 0 . . .

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

satisfies F_u ∩ F_v ⊂ F_v0, that is, F_u and F_v are non-adjacent. The only difference between S_{m×n}

and S_{1×n} is that F_u and the facet F_w with σ_u = σ_w are not adjacent. We have:.

F_u :

−1 −1 1 0 0 0 . . .

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

F_w :

1 −1 −1 0 0 0 . . .

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

and the following facet :

F_w0 :

0 −1 0 0 0 0 . . .

0 −1 0 0 0 0 . . .

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

0 1 0 0 0 0 . . .

satisfies F_u ∩F_w ⊂ F_w0, that is, F_u and F_w are non-adjacent. Then, to prove that all other facets

which support belongs to the same row or column as σ_u are adjacent to F_u, we can apply the

same technique as for the proof of Lemma 4.1.

We then consider F_u and F_a with σ_u and σ_a not in the same row or column. As for Lemma 4.1,

we show that for any third facet F_b, we can find an extreme ray r of S^∗_{m×n} satisfying both

r ∈ F_u ∩ F_a and r /∈ F_b, that is, codim(F_u ∩ F_a) = 2. First let assume that the supports of

F_u, F_a and F_b do not overlap as in the following example:

F_a :

0 . . . 0 0 0 0 0 . . .

0 . . . 0 0 0 0 0 . . .

0 . . . 0 −1 −1 1 0 . . .

0 . . . 0 0 0 0 0 . . . . . · · · . . . . . . . . . . · · · 0 . . . 0 0 0 0 0 . . .

F_b :

0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · 0 0 0 0 0 0 . . .

−1 0 0 0 0 0 . . .

−1 0 0 0 0 0 . . .

1 0 0 0 0 0 . . .

Consider the following {0, 1}-valued ray

r :

1 0 1 0 · · · 0 1 0 1 0 . . . 0 0 0 0 · · · 0 0 0 0 0 . . . 1 0 1 0 · · · 0 1 0 1 0 . . . 0 0 0 0 · · · 0 0 0 0 0 . . . . . . . . . . . · · · . . . . . . . . . . · · · 0 0 0 0 · · · 0 0 0 0 0 . . . 1 0 1 0 · · · 0 1 0 1 0 . . . 1 0 1 0 · · · 0 1 0 1 0 . . . 0 0 0 0 · · · 0 0 0 0 0 . . .

This ray r is an extreme ray of S^∗_{m×n} if and only if its 1-graph G_r is connected; see Theorem 3.5. According to the parity of the gaps between the supports σ_u and σ_a, σ_a and σ_b and σ_b and σ_u, we can fill these gaps by the following 0, 1-valued matrices (or their transposes) such that the graph G_r obtained is connected.

0 0 0 0 0 0 . . . 1 0 1 0 1 0 . . . 0 0 0 0 0 0 . . . 1 0 1 0 1 0 . . . . . . . . . . . . . . . · · ·

1 0 1 0 1 0 . . . 1 0 1 0 1 0 . . . 0 0 0 0 0 0 . . . 1 0 1 0 1 0 . . . . . . . . . . . . . . . · · ·

1 0 1 0 1 0 . . . 1 0 1 0 1 0 . . . 1 0 1 0 1 0 . . . 0 0 0 0 0 0 . . . . . . . . . . . . . . . · · · Therefore r is an extreme ray of S^∗_{m×n} satisfying both r ∈ F_u ∩ F_a and r /∈ F_b, that is, F_u and F_a are adjacent.

When the supports of F_u, F_a and F_b overlap, once again, we use the same technique which amounts to a tedious but easy case by case study and completes the proof. For example, take the following facets of S^∗_{4×4}:

F_u :

−1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 Fa : 0 0 0 0 −1 1 0 −1 0 0 0 0 0 0 0 0 Fb : 1 0 0 0 −1 0 0 0 −1 0 0 0 0 0 0 0

the desired extreme ray of S^∗_{1×11} satisfying both r ∈ F_u ∩ F_a and r /∈ F_b is:

r : 0 0 0 0 1 1 1 0 0 0 0 0 1 1 1 0

which means that F_u and F_a are adjacent.

Acknowledgments We would like to thank Donald Knuth and Günter Ziegler for introducing us to this problem and relevant earlier work, and Tomomi Matsui for informing us of the paper [25]. We thank Komei Fukuda for the use of his cdd convex hull code, and Ambros Marzetta for performing some runs using his parallelized version of lrs code. We thank John Beasley for the example in Fig. 1.7 and the facet given in item 4 of Remark 3.4 which shows its infeasibility. An anonymous referee kindly provided us with many comments and corrections to an earlier version of the paper. Finally we are very grateful to Masakazu Kojima for providing the environment that nurtured this work from the beginning.

References

[1] Avis D.: On the extreme rays of the metric cone. Canadian Journal of Mathematics XXXII 1 (1980) 126-144 [2] Avis D.: Extremal metrics induced by graphs. Annals of Discrete Mathematics 8 (1980) 217-220 [3] Avis D.: lrs, A revised implementation of the reverse search vertex enumeration algorithm. (1998) ftp://mutt.cs.mcgill.ca/pub/doc/avis/Av98a.ps.gz [4] Avis D. and Deza A.: On the boolean solitaire cone Research Reports on Math. and Comp. Sciences, B-346, Tokyo Institute of Technology (1999) [5] Avis D. and Deza M.: The cut cone, ℓ_1-embeddability, complexity and multicommodity flows.

Networks 21 (1991) 595-617 [6] Beasley J. D.: The Ins and Outs of Peg Solitaire. Oxford University Press (1992) [7] Beasley J. D.: personal communication. (1997) [8] Conway J. H. with Berlekamp E. R. and Guy R. K.: Purging Pegs Properly. Winning Ways for your mathematical plays. 2 Academic Press (1982) 697-734 [9] Deza A. and Deza M.: The ridge graph of the metric polytope and some relatives. In T. Bisztriczky, P. McMullen, R. Schneider and A. Ivic Weiss eds. Polytopes: Abstract, Convex and Computational (1994) 359-372 [10] Deza A. and Deza M.: On the skeleton of the dual cut polytope. In H. Barcelo and G. Kalai eds.

Contemporary Mathematics 178 (1994) 101-111 [11] Deza A., Deza M. and Fukuda K.: On skeletons, diameters and volumes of metric polyhedra.

Combinatorics and Computer Science, Lecture Notes in Computer Science 1120 Springer-Verlag, Berlin (1996) 112-128 [12] Deza A. and Onn S.: Solitaire lattices. Research Reports on Math. and Comp. Sciences, B-345, Tokyo Institute of Technology (1998) [13] Deza M. and Laurent M.: Geometry of cuts and metrics. Algorithms and Combinatorics 15 Springer- Verlag, Berlin (1997) [14] Fukuda K.: cdd/cdd+ reference manual 0.75. ETHZ, Zürich, Switzerland (1997) [15] Garey M.R. and Johnson D.S.: Computers and Intractability. Freeman, New York (1979) [16] Graham R., Yao A. and Yao F.: Information bounds are weak for the shortest distance problem.

Journal of the Association for Computing Machinery 27 (1980) 428-444 [17] Grünbaum B.: Convex Polytopes. Pure and Appl. Math. 16 Wiley-Interscience, New York (1967) [18] Iri M.: On an extension of maximum-flow minimum-cut theorem to multicommodity flows. Journal of the Operational Society of Japan 13 (1970-1971) 129-135 [19] Leibniz G. W.: Miscellenea Berolinensia ad incrementum scientarium 1 (1710) 22-26 [20] Lomonosov M.: Combinatorial Approaches to Multiflow Problems. Discrete Applied Mathematics 11 (1985) 1-93 [21] Onaga K. and Kakusho O.: On feasibility conditions of multicommodity flows in networks. IEEE Trans. Circuit Theory 18 (1971) 425-429 [22] Papernov B. A.: On existence of multicommodity flows. Studies in Discrete Optimization Nauka, Moscow (1976) 230-261 (in Russian) [23] Plesník J.: Critical graphs of given diameter. Acta Math. Univ. Comenian 30 (1975) 71-93 [24] Takagi S., Nakamura G., Nishiyama T. and Arisawa M.: Puzzle Quartet [α]. Science (1980) (in Japanese)

[25] Uehara R. and Iwata S.: Generalized Hi-Q is NP-complete. Trans. IEICE E 73 (1990) 270-273 [26] Vallot J. N.: Rapport sur un travail de Suremain de Missery: Théorie générale du jeu de solitaire, consideré comme problème d’analyse et de situation. Compte-rendu des travaux de l’académie des sciences, arts et belles lettres de Dijon (1841-2) 58-70 [27] Ziegler G. M.: Lectures on Polytopes. Graduate Texts in Mathematics 152 Springer-Verlag, New York, Berlin, Heidelberg (1995)

David AVIS McGill University, school of computer science, 3480 University, Montréal, H3A 2A7, Canada. Email: avis@mutt.cs.mcgill.ca

Antoine DEZA Department of Mathematical and Computing Sciences, Tokyo Institute of Technology, Oh-Okayama, Meguro-ku, Tokyo, Japan. Email: deza@is.titech.ac.jp and École des Hautes Études en Sciences Sociales, Centre d’Analyse et de Mathématique Sociales, 54 bd Raspail 75270 Paris, France. Email: deza@ehess.fr