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Guidelines for Strong Formulations
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songFomuatons_____ - m G00d linear programming formulations have as few variables
. .

SRS and constraints as possible.

e Convex Hu

Valid Inequalies Remember: Running time of LP solvers depends heavily on

Ry —— number of variables and on number of constraints.

Cutting-Plane Algorithms

Gomory Cuts
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songFomuatons_____ - m G00d linear programming formulations have as few variables
. .

SRS and constraints as possible.

e Convex Hu

Valid Inequalies Remember: Running time of LP solvers depends heavily on
Chvétal-Gomory Procedure number of variables and on number of constraints.

Cutting-Plane Algorithms ] leferent for IP|

Gomory Cus 0 Computational experiments suggest that the choice in

formulation crucially influences solution time and
sometimes solvability

0 Feasible region of LP relaxation resembles convex hull of
feasible integer points closely
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= The important novelty over linear programs is that the
« LP Relaxation solution space is not any more convex.
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= The important novelty over linear programs is that the
« LP Relaxation solution space is not any more convex.

= Example

max J3x1 + 10z, (IP)
Ss.t. x1+4xy <8
r1+ w2 <4
T1,To > 0

x1, X9 INteger
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m Geometric view:
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R = \We obtain the linear programming relaxation of an integer
program by dropping the integrality constraints
e Convex Hu

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

O F N W b~ O

O 1 2 3 4 5
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R = \We have seen: optimal solution to LP relaxation is fractional.
« LP Relaxation Can we write a different LP with the same set of feasible
iInteger solutions for which has an integral optimal solution?

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts
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R = \We have seen: optimal solution to LP relaxation is fractional.
« LP Relaxation Can we write a different LP with the same set of feasible

iInteger solutions for which has an integral optimal solution?

= Yes! Let X be the set of all solutions to original IP. Then
define the convex hull of X as

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts CH(X) ::{x c Rn : €T = Z )\ZE . IE,
reX
> -
reX

Az >0 Vze X}
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Stong Fornatns = The convex hull CH (X)) of feasible integer solutions X is the
« LP Relaaton smallest polyhedron containing X:

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

O F N W b~ O

O 1 2 3 4 5
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Stong Fornatns = The convex hull CH (X)) of feasible integer solutions X is the
« LP Relaaton smallest polyhedron containing X:

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

O F N W b~ O

O 1 2 3 4 5

= |f P is the feasible region of an LP relaxation then CH C P
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R = The convex hull CH (X)) of feasible integer solutions X is the
« LP Relaxation smallest polyhedron containing X
Valid Inequalities
Chvatal-Gomory Procedure 5
Cutting-Plane Algorithms 4
Gomory Cuts
3
2
1
0

O 1 2 3 4 5

= |f P is the feasible region of an LP relaxation then CH C P

= Each vertex of the convex hull corresponds to an integer
solution!
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Valid Inequalities

Valid Inequalities
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= In this class, we are interested in integer programs of the
following general form:

e [ntroduction

max{c'z : z € X} (IP)

and X ={z : Az <b,X € Z" }.
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Sirong Formlations = |n this class, we are interested in integer programs of the
following general form:

e Valid Inequalities

e Finding Valid Inequalities max { CT.CC - E X} (|P)
Chvatal-Gomory Procedure

Cutting-Plane Algorithms and X = {33‘ . Ax S b; X € Z:L_}

Gomory Guts = \We have seen: To be able to solve (IP) efficiently, we want

{z : Ax < b} to be close to the convex hull CH(X) of the
feasible integer solutions.
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Strong Formulations = In this class, we are interested in integer programs of the
following general form:

e Valid Inequalities

e Finding Valid Inequalities maX{CT.CC . X } (|P)

Chvatal-Gomory Procedure

Cutting-Plane Algorithms and X — {.CE . AZE S b, X E Z:L_}.

Gomory Cus = \We have seen: To be able to solve (IP) efficiently, we want
{z : Ax < b} to be close to the convex hull CH(X) of the

feasible integer solutions.
= Fact: There is A and b such that

CH(X) = {z : Az < b}
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Strong Formulations

Valid Inequalities

e Introduction

e Valid Inequalities
e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

In this class, we are interested in integer programs of the
following general form:

max{c'z : z € X} (IP)

and X ={z : Az <b,X € Z" }.

We have seen: To be able to solve (IP) efficiently, we want
{z : Ax < b} to be close to the convex hull CH(X) of the
feasible integer solutions.

Fact: There is A and b such that
CH(X) = {z : Az < b}

A may be be huge! We will not be able to generate a
description of the convex hull in polynomial time for all
problems.
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= A more tractable task: Find valid inequalities for
X :={x : Ax < b,z integer}.

e Valid Inequalities

An inequality
T < T

Is valid for X if is satisfied for all z € X.
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Strong Formulations = A more tractable task: Find valid inequalities for
Valid Inequalities X = {:L' : AQ’} S b, 5 |nteger}

e Introduction

: :
e Finding Valid Inequalities An | n eq U al Ity

Chvatal-Gomory Procedure X < 7T0

Cutting-Plane Algorithms

Is valid for X If is satisfied for all x € X.
s Recall the IP from last class:

Gomory Cuts

max 3x1 + 10z- (IP)
s.t. x1 +4x5 <8
r1+ w92 <4
r1,29 > 0

x1,x9 INteger
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Strong Formulations

Valid Inequalities
e Introduction

e Valid Inequalities

e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

Geometric view of LP relaxation:

5
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Geometric view of LP relaxation:

Strong Formulations 5

Valid Inequalities
e Introduction

e Valid Inequalities 4

e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms 3

Gomory Cuts

0 1 2 3 4 5

Optimum solution: x; = 8/3, x5 = 4/3.

Can you find a good valid inequality for this example?
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Geometric view:

Strong Formulations 5

Valid Inequalities
e Introduction

e Valid Inequalities 4

e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms 3

Gomory Cuts

0 1 2 3 4 5

Inequality x1/3 + o < 2 is valid for (IP)!
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Geometric view:

Strong Formulations 5
Valid Inequalities

e Introduction

e Valid Inequalities

e Finding Valid Inequalities 4
Chvatal-Gomory Procedure

Cutting-Plane Algorithms 3
Gomory Cuts

0 1 2 3 4 5

Inequality x1/3 + o < 2 is valid for (IP)!
Its addition to existing inequalities yields the convex hull of all
feasible integer solutions.
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Sirong Formuletions = |In example, inequality x, /3 + zo < 2 was useful as its

s e addition to original constraints yielded CH(X).

e e Remember last class: Adding this inequality gives us the
Ghvatal-Gomeory Procediure optimum integer solution at once! No branch and bound
Cutting-Plane Algorithms SearCh necessaryl

Gomory Cuts
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Sirong Formuletions = |In example, inequality x, /3 + zo < 2 was useful as its

s e addition to original constraints yielded CH(X).

e e Remember last class: Adding this inequality gives us the
Ghvatal-Gomeory Procediure optimum integer solution at once! No branch and bound
Cutting-Plane Algorithms SearCh necessaryl

Gomory Cus = \What are the useful valid inequalities in general?
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SRR = |In example, inequality x, /3 + zo < 2 was useful as its

s e addition to original constraints yielded CH(X).

e e Remember last class: Adding this inequality gives us the
Ghvatal-Gomeory Procediure optimum integer solution at once! No branch and bound
Cutting-Plane Algorithms SearCh necessaryl

Gomory Cuts = \What are the useful valid inequalities in general?

= How do we find these inequalities? Are there systematic
ways?
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= Another set of integer solutions:

X :={2€{0,1}° : 32, — dao + 205 — 314 + x5 < —2}

e Finding Valid Inequalities
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= Another set of integer solutions:

X :={2€{0,1}° : 32, — dao + 205 — 314 + x5 < —2}

e Finding Valid Inequalities

= Can there be a solution with z, = x4 = 0?
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Strong Formulations = Another set of integer solutions:

Valid Inequalities

e Introduction PR— 5 .

-Vali(:jli(;q(:mlities X T {‘/’C E {07 ]‘} ° 3‘/'61 - 4[‘62 —|_ 2:63 - 3334 —|_ '755 S _2}
e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algoritms = Can there be a solution with z, = x4 = 0?

Gomory Cuts = No! This implies that 3z1 + 223 + =5 < —2. That is
Impossible since all variables are in {0, 1}.
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Strong Formuiations = Another set of integer solutions:
Valid Inequalities
© Vel el X :={xe€{0,1}" : 3z1 — 4wy + 2x3 — 3w4 + x5 < —2}

ChwétabGomory Procedtre
Cuting-Plane Algoritms = Can there be a solution with 3 = 4 = 07?
Gomory Cuts = No! This implies that 3z1 + 223 + =5 < —2. That is

iImpossible since all variables are in {0, 1}.
= S0 all feasible solutions must satisfy

To+ x4 > 1
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Strong Formuiations = Another set of integer solutions:
Valid Inequalities
© Vel el X :={xe€{0,1}" : 3z1 — 4wy + 2x3 — 3w4 + x5 < —2}

ChwétabGomory Procedtre
Cuting-Plane Algoritms = Can there be a solution with 3 = 4 = 07?
Gomory Cuts = No! This implies that 3z1 + 223 + =5 < —2. That is

iImpossible since all variables are in {0, 1}.
= S0 all feasible solutions must satisfy

To+ x4 > 1

= How about z; =1 and 25 = 07
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Strong Formuiations = Another set of integer solutions:
Valid Inequalities
© Vel el X :={xe€{0,1}" : 3z1 — 4wy + 2x3 — 3w4 + x5 < —2}

e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algoritms = Can there be a solution with z, = x4 = 0?

Gomory Cuts = No! This implies that 3z1 + 223 + =5 < —2. That is
Impossible since all variables are in {0, 1}.

= S0 all feasible solutions must satisfy

To+ x4 > 1

= How about z; =1 and 25 = 07
m This implies 3 + 2x3 — 3z4 + 25 >3 —3 =0.
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Strong Formulations

Valid Inequalities
e Introduction
e Valid Inequalities

e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

Another set of integer solutions:

X :={2€{0,1}° : 32, — dao + 205 — 314 + x5 < —2}

Can there be a solution with 29 = 24, = 0?

No! This implies that 3z + 2x3 + x5 < —2. That is
iImpossible since all variables are in {0, 1}.

So all feasible solutions must satisfy

To+ x4 > 1

How about z; = 1 and z, = 0?
This implies 3 + 2x3 — 3z4 + x5 >3 —3 =0.

Implies: Whenever x; = 1 then x5, must have value 1 as well.

Valid inequality:
r1 < T2
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= Another IP:

max(x — 5y) S.t. (z,y) € X
e Finding Valid Inequalities Wlth X = {(:I/.7 y) . X S 100 ’ y7 O S X S 57 y 6 {07 1}}
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= Another IP:

max(x — 5y) S.t. (z,y) € X
e Finding Valid Inequalities W|th X = {(ZU, y) . L S 100 - Yy, 0 S X S 5, Y € {O, 1}}
= What is the LP relaxation of this IP?
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Strong Formulations u An Oth er I P
Valid Inequalities maX(ZE L 5y) S.t. (x’ y) c X

e Introduction
e Valid Inequalities

with X := {(z,y) : # <100-y,0 <z <5,y € {0,1}}
St /Gy e = What is the LP relaxation of this IP?

SR A = LP relaxation of above IP:

Gomory Cuts

max(x —by) St (z,y) e X

with X :={(z,y) : <100-y5,0< 2 <5 0<y <1}
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Strong Formulations u An Oth er I P
Valid Inequalities maX(fE L 5y) S.t. (x’ y) c X

e Introduction

e Valid Inequalities

with X := {(z,y) : # <100-y,0 <z <5,y € {0,1}}
St /Gy e = What is the LP relaxation of this IP?

SR A = LP relaxation of above IP:

Gomory Cuts

max(x —by) St (z,y) e X

with X :={(z,y) : <100-y5,0< 2 <5 0<y <1}

= This relaxation is bad! The LP optimum is x = 5,y = .05 with
value 5 — .25 = 4.75.

IP optimum has value 0!
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Strong Formulations

Valid Inequalities
e Introduction

e Valid Inequalities

e Finding Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

Gomory Cuts

Another IP:
max(x — by) St (z,y) € X
with X = {(z,y) : © <100 -y,0 <z <5,y € {0,1}}
What is the LP relaxation of this IP?
LP relaxation of above IP:

max(x —by) St (z,y) e X

with X :={(z,y) : <100-y5,0< 2 <5 0<y <1}

This relaxation is bad! The LP optimum is x = 5,y = .05 with
value 5 — .25 = 4.75.

IP optimum has value 0!

x < 100 - y is a big-M constraint where the M is chosen
poorly.

Is there a good valid inequality? Can you find a better M?
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= Another IP:

max(x — 5y) S.t. (z,y) € X
e Finding Valid Inequalities Wlth X = {(:I/.7 y) . X S 100 ’ y7 O S X S 57 y 6 {07 1}}
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Strong Formulations u An Oth er I P
Valid Inequalities maX(ZE L 5y) S.t. (x’ y) c X

e Introduction

e Valid Inequalities

with X := {(z,y) : # <100-y,0 <z <5,y € {0,1}}
Chvatal-Gomory Procedure || The |nequa||ty
Cutting-Plane Algorithms 5 S 5y

Gomory Cuts

Is valid! Variable x can only be positive if y = 1. Whenever
y = 1, x must have value at most 5.
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Strong Formulations u An Oth er I P
Valid Inequalities maX(ZE L 5y) S.t. (x’ y) c X

e Introduction

e Valid Inequalities

with X := {(z,y) : # <100-y,0 <z <5,y € {0,1}}
Chvatal-Gomory Procedure || The |nequa||ty
Cutting-Plane Algorithms 5 S 5y

Gomory Cuts

Is valid! Variable x can only be positive if y = 1. Whenever
y = 1, x must have value at most 5.

m CH(X) ={(z,y) : © <5y,0<y <1}
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= One more example:

X :={x €Z% : 13z; + 2025 + 1133 + 634 > 72}

e Finding Valid Inequalities
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= One more example:

X :={x €Z% : 13z; + 2025 + 1133 + 634 > 72}

e Finding Valid Inequalities

= The inequality
a- (13x1 4+ 202 + 1lxg + 624) > - 72

Is valid for X for all a > 0.
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Strong Formulations [ One more example
Valid Inequalities
STl X :={zx €Z{ : 1321 + 20x3 4 113 + 6x4 > 72}

< Fnang va naualics —
Chvatal-Gomory Procedure ] T h e | n e q u al |ty

Cutting-Plane Algorithms

a- (13x1 4+ 202 + 1lxg + 624) > - 72

Gomory Cuts

IS valid for X for all o > 0.

= Valid inequality for o = ---:
13 20 11 § 72
—X1 + —T2 + —T3 + —X >

11 11 11 117 =11
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Stong Pormustons = Valid inequality for a = --:

Valid Inequalities

: l;zi(c)jdllrj:::;r;lities 1 3 _I_ 20 _|_ 1 1 _|_ 6 > 72
e Finding Valid Inequalities 11 aj 11 CB 11 aj 11 x i
11T 11T T 1M 1

Chvatal-Gomory Procedure

= Rounding up all coefficients on left-hand side does not affect
validity:

Cutting-Plane Algorithms

Gomory Cuts

72
201 + 229 + 3 + 4 > ﬁ
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Stong Pormustons = Valid inequality for a = --:
Valid Inequalities
T 13,20 1 6 T
Finding Valid Inequalities _'CU _a: _w _x — P
11 1 11 2 11 3 11 4 11
Chvatal-Gomory Procedure . o .
i e Ao = Rounding up all coefficients on left-hand side does not affect
ooy e validity:
72
201 + 229 + 3 + 4 > 1

m |eft-hand side is integer! Can round up right-hand side:
201 + 29+ 23+ 24 > 7

This inequality is valid for original set X.
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Chvatal-Gomory Procedure

Chvatal-Gomory Procedure



http://www.math.uwaterloo.ca/~jochen

= Back to IP example from last class:

s s . max 3z + 10 (IP)

st. xe€P

P ={(x1,x2) . x1 + 4y < 8, (1)
r1 +x9 <4,z >0}

x1, o INteger
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Strong Formulations m Back to IP example from last class:

Valid Inequalities

Chvatal-Gomory Procedure

e Valid Inequalities for LP max 3331 _|_ 10332 (|P)

e Strengthening Inequalities

e CG Procedure

e Discussion St i E P
Cutting-Plane Algorithms P — { (xl : 332) . 331 _"_ 43}2 S 87 (1)
Gomory Cuts

r1 +x9 <4,z >0}
x1,ro INteger

= Notice that the inequality

’U,1(£U1 + 4332) + ’LLQ(SEl + 562) < 8uq + 4us

Is valid for P for any uq,us >0
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Strong Formulations m Back to IP example from last class:

Valid Inequalities

Chvatal-Gomory Procedure

max 3z + 102- (IP)

e Strengthening Inequalities
e CG Procedure

e Discussion St i E P
Cutting-Plane Algorithms P — { (xl : 332) . 331 _"_ 43}2 S 87 (1)
Gomory Cuts

r1 +x9 <4,z >0}
x1,ro INteger
= Notice that the inequality
’LL1(CU1 + 4562) + ’LLQ(SEl + 562) < 8uq + 4us

Is valid for P for any uq,us >0
= |n fact: Any valid inequality for P can be obtained in this way.
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= Notice that the inequality
”U,l(CIZl + 45132) + ”UQ(CIZl + 5132) < 8uq + 4us

e Valid Inequalities for LP

Is valid for P for any uq,us >0
= Let's try this with uy = 2/3,us = 1/3:

2 1 16
(@1 +dwg) + oz +22) <

3 3 i

W =~
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Strong Formulatons = Notice that the inequality

Valid Inequalities

ul(xl + 4332) + UQ(ZCl + 332) < 8uq + 4us

Chvatal-Gomory Procedure

L+ Vald nequaies or 1P
" Suenatenng inequaltes Is valid for P for any uq,us >0
R » Let’s try this with u; = 2/3,us = 1/3:
Gomory Cuts 2 ]_ 16 4
—(x Ax —(x To) < — + —
3( 1+ 2)—|-3( 1+ 2)_ 3 —I—3
= ...and this is equivalent to
20
1+ 3x9 < 3
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Geometric view:

Strong Formulations 5

Valid Inequalities

Chvatal-Gomory Procedure

e Valid Inequalities for LP 4
e Strengthening Inequalities

e CG Procedure

e Discussion

Cutting-Plane Algorithms

Gomory Cuts

0
0 1 2 3 4 5

Red line is the inequality =1 + 3z, < 2.
It is clearly satisfied by all points in P.
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= Have seen that inequality

20
1+ 319 < 3

e Strengthening Inequalities

Is valid for P.
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Strong Formulatons = Have seen that inequality

Valid Inequalities

| 20
Chvatal-Gomory Procedure 5171 —|— 3 T 2 S ? (1)

e Valid Inequalities for LP
e Strengthening Inequalities

e CG Procedure

e Discussion IS Valld fOr P-
CDoE ol e ol = Every feasible solution for the LP relaxation satisfies this
Gomory Cuns iInequality.

We haven't gained anything, have we?
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Strong Formulatons = Have seen that inequality

Valid Inequalities

| 20
Chvatal-Gomory Procedure 5171 —|— 3 x2 S ? (1)

e Valid Inequalities for LP
e Strengthening Inequalities

e CG Procedure

e Discussion IS Valld fOr P-

Cutting-Plane Algorithms = Every feasible solution for the LP relaxation satisfies this
Gomory Cuts | n e q u al |ty.

We haven't gained anything, have we?

m Well, if x1, x5 are integer, then the left-hand side of (1) is
Integer.
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Strong Formulations

Valid Inequalities

Chvatal-Gomory Procedure

e Valid Inequalities for LP

e Strengthening Inequalities

e CG Procedure
e Discussion

Cutting-Plane Algorithms

Gomory Cuts

Have seen that inequality

20
I -+ 3332 S ? (1)
Is valid for P.
Every feasible solution for the LP relaxation satisfies this
iInequality.
We haven’t gained anything, have we?

Well, if 1, zo are integer, then the left-hand side of (1) is
Integer.

For every feasible integer solution in X, the left-hand side of
(1) has value at most [20/3| = 6.
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Strong Formulations

Valid Inequalities

Chvatal-Gomory Procedure

e Valid Inequalities for LP
e Strengthening Inequalities

e CG Procedure
e Discussion

Cutting-Plane Algorithms

Gomory Cuts

Have seen that inequality

20
I -+ 3332 S ? (1)
Is valid for P.
Every feasible solution for the LP relaxation satisfies this
iInequality.
We haven’t gained anything, have we?

Well, if 1, zo are integer, then the left-hand side of (1) is
Integer.

For every feasible integer solution in X, the left-hand side of
(1) has value at most [20/3| = 6.

Inequality =1 + 322 < 6 is valid for CH(X') but not valid for P.
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Strong Formulations

Valid Inequalities

Chvatal-Gomory Procedure

e Valid Inequalities for LP
e Strengthening Inequalities

e CG Procedure
e Discussion

Cutting-Plane Algorithms

Gomory Cuts

Have seen that inequality

20
I -+ 3332 S ? (1)
Is valid for P.
Every feasible solution for the LP relaxation satisfies this
iInequality.
We haven’t gained anything, have we?

Well, if 1, zo are integer, then the left-hand side of (1) is
Integer.

For every feasible integer solution in X, the left-hand side of
(1) has value at most [20/3| = 6.

Inequality x1 + 3z2 < 6 is valid for CH(X') but not valid for P.
We gained strength over the LP relaxation of (IP).
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Geometric view:

Strong Formulations 5

Valid Inequalities

Chvatal-Gomory Procedure
e Valid Inequalities for LP 4
e Strengthening Inequalities

e CG Procedure
e Discussion

Cutting-Plane Algorithms

Gomory Cuts

0 1 2 3 4 5

Red line is the inequality 1 + 3x5 < 6.
Adding this inequality gives the convex hull CH(X) of all integer
solutions in X.
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Sirong Formlations = Suppose you have a valid inequality for the polyhedron P
Valid nequalites given by the relaxation of your integer program:

Chvatal-Gomory Procedure

e Valid Inequalities for LP n

T — Z ajr; <b

e Discussion j: 1

Cutting-Plane Algorithms

s How can we strengthen this inequality to lead to a valid
Inequality for X?
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= The Chvatal-Gomory procedure:

1. x; is non-negative for all s € {1,...,n}. So the inequality
ZLCLijj <b (1)
j=1

Is valid for P as well.
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il = The Chvatal-Gomory procedure:
Valid nequalies 1. x; is non-negative for all : € {1,...,n}. So the inequality
Chvatal-Gomory Procedure
e Valid Inequalities for LP n
esFEmm > lajla; <b (1)
e Discussion ]: 1
Cutting-Plane Algorithms
Gomory Cuts is valid for P as well.
2. The left-hand side of (1) is integer for (x1,...,x,) € X.
Therefore,

Z laj|zj < |b)]

Is a valid inequality for X.
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e Discussion

= Notice that the linear program

max Jdx1 + 10xs
s.t. x1+4xy <8
x1+ w2 <4
x1+ 312 <6
r1,To > 0

describes the convex hull CH(X) of all feasible integer
solutions for the original LP.
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Strong Formulations = Notice that the linear program

Valid Inequalities

Chvatal-Gomory Procedure

e Valid Inequalities for LP
e Strengthening Inequalities max 3:'61 _|_ 10:62
e CG Procedure
S.t. x1 +4z9 <8
Cutting-Plane Algorithms xl _|_ 332 < 4
Gomory Cuts
r1+ 372 <6
L1,T2 Z 0

describes the convex hull CH(X) of all feasible integer
solutions for the original LP.

= Solving this LP gives us an integer solution right away. No
need for branch and bound!
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Strong Formuiations = Notice that the linear program
Valid Inequalities
Chvatal-Gomory Procedure
e Valid Inequalities for LP
e Strengthening Inequalities max 3561 _|_ 10$2
e CG Procedure
St. x1 +4x2 <8
Cutting-Plane Algorithms 331 _|_ a«;2 S 4
Gomory Cuts
r1+ 372 <6
L1,T2 Z 0

describes the convex hull CH(X) of all feasible integer
solutions for the original LP.

= Solving this LP gives us an integer solution right away. No
need for branch and bound!

= CG Procedure is a tool to strengthen valid inequalities for the
LP relaxation.
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= |s adding more valid inequalities useful?

e Discussion
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Strong Formulations = |s adding more valid inequalities useful?

Yald ineqaltes = Advantages: More strong inequalities lead to a better
S approximation of CH(X), the convex hull of integer solutions.
e Strengthening Inequalities

A —— Hopefully this reduces the size of our branch & bound tree.

Cutting-Plane Algorithms

Gomory Cuts
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Strong Formulations = |s adding more valid inequalities useful?

B = Advantages: More strong inequalities lead to a better
fhvvjfZ'Ifgq"J;ﬂﬁi?ﬁffEe approximation of CH(X), the convex hull of integer solutions.
Hopefully this reduces the size of our branch & bound tree.
Gutting Plane Algoritms = Disadvantages: The size of the LP formulation may grow
Gomory Cuts quite dramatically. We need to solve an LP at each node in

the branch & bound tree.
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Strong Formulations = |s adding more valid inequalities useful?

B = Advantages: More strong inequalities lead to a better
fhvvjfi'Ifgq"Jgﬁﬁi?ﬁffEe approximation of CH(X), the convex hull of integer solutions.
Hopefully this reduces the size of our branch & bound tree.
Gutting Plane Algoritms = Disadvantages: The size of the LP formulation may grow
Gomory Cuts quite dramatically. We need to solve an LP at each node in

the branch & bound tree.
= There is no good answer here. Need to experiment!
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Cutting-Plane Algorithms

Cutting-Plane Algorithms
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= Have seen how to find strong valid inequalities for a given IP.

e General Framework
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S R = Have seen how to find strong valid inequalities for a given IP.

= Also know that there maybe too many such inequalities to
write them all out. What can we do?

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

e General Framework

e General Framework

Gomory Cuts
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Sirong Formlations = Have seen how to find strong valid inequalities for a given IP.

TS = Also know that there maybe too many such inequalities to
write them all out. What can we do?

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

= Cutting-Plane algorithms solve the LP relaxation of the given
integer program and add strong valid inequalities one by one.

e General Framework

Gomory Cuts
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= Suppose you want to solve integer program

max c¢lx (IP)
e General Framework S.t- xr E PO
x integer

for some polyhedron F.
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Strong Formulations = Suppose you want to solve integer program

Valid Inequalities

Chvatal-Gomory Procedure

T
Cutting-Plane Algorithms max c X (IP)
e General Framework
st. xe
Gomory Cuts T Integer
for some polyhedron F.
m Solve the LP relaxation
max ¢!z (LP)
st. ze€e bR

of (IP). Let xy be the solution.
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= \WWe're done if zg Is integral. Otherwise find a valid inequality

aopx S bo

for X such that

e General Framework

apTo > bg
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= \WWe're done if zg Is integral. Otherwise find a valid inequality

aopx S bo
for X such that
apTo > bg
= Add this inequality to Fy:
P1:P0ﬂ{a: . CL()CIS‘SZ?()}
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S R = \WWe're done if zg Is integral. Otherwise find a valid inequality

Valid Inequalities

Chvatal-Gomory Procedure a’O XL S bO
Cutting-Plane Algorithms
e General Framework fo r X S u C h th at

apro > bg
Gomory Cuts

= Add this inequality to Fy:

PlzPoﬂ{x . CLQ.Q?SZ)()}

= Resolve LP relaxation with P, replaced by P;.
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Strong Formulations = We're done if zg Is integral. Otherwise find a valid inequality
Valid Inequalities

Chvatal-Gomory Procedure a’Oaj S bO

S Gevee et for X such that

G | F k ao0To > bO

Gomory Cuts

= Add this inequality to Fy:

P1:Poﬂ{x . CLo.Q?Sb()}

= Resolve LP relaxation with P, replaced by P;.
= Continue this way until integral solution is found.
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Gomory Cuts
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= Consider general IP of the form

max{cr : Az < b,z > 0 and integer}
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Strong Formulations = Consider general IP of the form

Valid Inequalities

Chvatal-Gomory Procedure

max{cr : Az < b,z > 0 and integer}

Cutting-Plane Algorithms

Gomory Cuts

= Bring to canonical form by adding slack variables:

e Gomory Cuts
e An Example
e Discussion

max{cx : Ax+ Is = b,z > 0 and integer, s > 0}

Observe that slack variables must take on integral values if
A, b are integer!
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Strong Formulations = Consider general IP of the form

Valid Inequalities

Chvatal-Gomory Procedure

max{cr : Az < b,z > 0 and integer}

Cutting-Plane Algorithms

Gomory Cuts

= Bring to canonical form by adding slack variables:

e Gomory Cuts
e An Example
e Discussion

max{cx : Ax+ Is = b,z > 0 and integer, s > 0}

Observe that slack variables must take on integral values if
A, b are integer!

= \We can therefore assume that the slack variables were part
of the original set of variables:

max{cr : Az = b,z > 0 and integer} (IP)
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Stiong Formuations = \We can therefore assume that the slack variables were part
Vald nequaliis of the original set of variables:

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

S max{cx : Ax = b,z > 0 and integer} (IP)
oomryCuts . . . . .
B = Solve the linear programming relaxation of (IP) via Simplex.

e Discussion
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Strong Formulations = \We can therefore assume that the slack variables were part
Vald nequaliis of the original set of variables:

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

S max{cr : Az = b,z > 0 and integer} (IP)
oomryCuts . . . . .
B = Solve the linear programming relaxation of (IP) via Simplex.
e Discussion . .
= Gives a final tableau of the form
BV |2y - =z - 2 --- x, | Value
Z C1 Cj C; Cn z
E 0
Ly ;1 aij 1 Ain bz
0
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Strong Formulations [ ] F|na| tableau Of the form

Valid Inequalities

BV | vy -+ x - x - oz, | Value

Chvatal-Gomory Procedure

Cutting-Plane Algorithms 2 C 1 CJ C’L C’I’L

Gomory Cuts

e Gomory Cuts . . . O
e An Example ' ' ’
e Discussion —

Ti | G a;j 1 Ain b;
0

= The optimal basis is B = {1, ..., m} and the non-basis is
N={1,...,n}\B.

Y
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Strong Formulations m Final tableau of the form

Valid Inequalities
BV |z, -+ =z - x; --- x, | Value
Chvatal-Gomory Procedure
Cutting-Plane Algorithms - - - - =
: : Z C1 C; C; Cn, Z
Gomory Cuts
e Gomory Cuts . . . O
e An Example ' ' '
e Discussion — — — 7
Ti | G a; 1 Qin, b;
0

= The optimal basis is B = {1, ..., m} and the non-basis is
N={1,...,n}\B.
= Row of z; corresponds to:

T; + Z ;T = b;
JEN

Any feasible solution to (IP) must satisfy this equation!
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= Row of x; corresponds to:

xr; + Z Q;;Tj = BL
JEN

Any feasible solution to (IP) must satisfy this equation!

e Gomory Cuts
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= Row of x; corresponds to:

T; + Z Q;;T; = b; (1)
JEN

Any feasible solution to (IP) must satisfy this equation!
= Assume that value b; of x; is not integer

e Gomory Cuts
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Strong Formulaions = Row of x; corresponds to:

Valid Inequalities

Chvatal-Gomory Procedure €I; _|_ Z E’L] X j — bz (1)
Cutting-Plane Algorithms ] EN

Gomory Cuts . . . . .

i Any feasible solution to (IP) must satisfy this equation!

- . .

" Aol = Assume that value b; of x; is not integer

» Use Chvatal-Gomory procedure and conclude that any
feasible solution to (IP) must also satisfy

i+ ) a@i)e; < [bi)

jEN
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Strong Formulations [ ROW Of ZBZ Corresponds to

Valid Inequalities

Chvétal-Gomory Procedure ZEZ _|_ E 52 ] xr ] — bz (1)

Cutting-Plane Algorithms ] EN

Gomory Cuts . . . . .
i Any feasible solution to (IP) must satisfy this equation!
e Gomory Cuts
e An Exale
e Discussion

Assume that value b; of z; is not integer

» Use Chvatal-Gomory procedure and conclude that any
feasible solution to (IP) must also satisfy

x; + Z (@ij |y < |bi]

jEN

r; = b; — E [

jEN

= From (1):
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Song Formulations = Any feasible solution to (IP) must also satisfy
Valid Inequalities

Chvatal-Gomory Procedure xXr 1 —|_ Z I_EZ ] J xr ] S I_l—)’LJ (1)

Cutting-Plane Algorithms ] EN

Gomory Cuts n an d

e The Idea
7 N
e An Example L = b’L a’Z] 'CUJ (2)

e Discussion ]6 N
= Combining (1) and (2) leads to a new valid inequality for (IP):

> (@i — i)z > b — [bi) 3)

JEN
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Any feasible solution to (IP) must also satisfy

Strong Formulations

Valid Inequalities

Chvatal-Gomory Procedure ZC/L —|_ Z I_EZ ij ] S I_B@J (1)

Cutting-Plane Algorithms j EN

S = ...and

—=Db— > Tyt

e An Exaple xz o b'L Z aZ] x] (2)

e Discussion ] c N

= Combining (1) and (2) leads to a new valid inequality for (IP):

> (@i — |@i;))x; > bi — | (3)
JEN

= Notice that current optimum solution x does not satisfy (1) as
z; =0forallj e N.
x therefore does not satisfy (3) either!
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= The new valid inequality is called a Gomory Cut:

> (@i — @)z > by — b

jEN
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= The new valid inequality is called a Gomory Cut:
> (@ — @)z > b; — [b;]
JEN

= Add this to optimum tableau and use dual simplex to

re-optimize!
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Song Formulations = The new valid inequality is called a Gomory Cut:

Valid Inequalities

Chvatal-Gomory Procedure Z (az Y Laz ]J )x 7 Z E’L T I_B’LJ

Cutting-Plane Algorithms ] EN

St i = Add this to optimum tableau and use dual simplex to

e The Idea
e Gomory Cuts re-optl m IZe !
e An Example
e Discussion

= Repeat until optimum solution is integral.
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= Back to IP example from last class:

max 3x1 + 10z- (IP)
st. »ze€P
P = {(x1,22) . xp +4xy <8, (2)

r1+x9 <4,z >0}
x1, o INteger
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Strong Formulations m Back to IP example from last class:

Valid Inequalities

Chvatal-Gomory Procedure

Cutting-Plane Algorithms max 33:1 _|_ 10332 (IP)
Gomory Cuts St xr E P

e The Idea

e Gomory Cuts

P = 1(z1,22) :@1+dre <8, @
e Discussion

r1+x9 <4,z >0}
x1,ro INteger

= Final tableau:
BV | z1 29 S1 S9 Value

z| 0 0 7/3 2/3| 64/3

x| 0O 1 13 -1/3 4/3
zy | 1 0 -1/3 4/3 8/3



http://www.math.uwaterloo.ca/~jochen

Strong Formulations BV i 1 xr 2 S 1 S 2 Val U e

Valid Inequalities

z| 0 0 7/3 2/3| 64/3

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

T, | 0O 1 1/3 -1/3 4/3
e 1| 1 0 -1/3 4/3 8/3

e Gomory Cuts

e An Example
e Discussion

= Both variables x; and x, are fractional. What is the Gomory
cut for x; row?
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Strong Formulations BV i 1 xr 2 S 1 S 2 Val U e

Valid Inequalities

z| 0 0 7/3 2/3| 64/3

Chvatal-Gomory Procedure

Cutting-Plane Algorithms

T, | 0O 1 1/3 -1/3 4/3
e 1| 1 0 -1/3 4/3 8/3

e Gomory Cuts

e An Example

e Discussion

Both variables x; and xz, are fractional. What is the Gomory
cut for x; row?

= Gomory cut formula is
> (@i — las))x; > bi — [
JEN
and therefore cut is
2 1 2

- Tan > 2
391t g%2=3
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= Add new slack-variable s3 and row

9 . 9
——=81 — =82+ 83 = ——
37t g7 e 3

to final tableau.

e An Example
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Strong Formulations = Add new slack-variable s3; and row

Valid’ Inequalities 2 1 —l_ 2

Chvatal-Gomory Procedure ——S — —8 S —_—

Cutting-Plane Algorithms 3 1 3 ] ’ 3

somoyci to final tableau.

e Tableau becomes:

e Discussion BV xTq 9 S1 S9 S3 Va.l ue

z| 0 0 7/3 2/3 0| 64/3

o o 1 1/3 -1/3 O 4/3
1 1 0 -1/3 4/3 O 8/3
s3| 0 0 -2/3 -1/3 1 -213
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Strong Formulations = Add new slack-variable s3 and row

Valid’ Inequalities 2 1 —l_ 2

Chvatal-Gomory Procedure ——S — —8 S —_—

Cutting-Plane Algorithms 3 1 3 ] ’ 3

somoyci to final tableau.

e Tableau becomes:

e Discussion BV xTq 9 S1 S9 S3 Va.l ue

z| 0 0 7/3 2/3 0| 64/3

o o 1 1/3 -1/3 O 4/3
1 1 0 -1/3 4/3 O 8/3
s3| 0 0 -2/3 -1/3 1 -213

= Use dual simplex to remove infeasibility.
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= All variables have integer values. Done!
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Strong Formuiations = \WWe were really lucky with the Gomory cut we chose but . ..
Valid Inequalites 0 ...in practice we're often not that lucky and have to go
Chvatal-Gomory Procedure throu g hm any iterations.

Cuting-Plane Algorithms 0 ...fractional coefficients cause numerical instability.

Gomory Cuts

e The ldea

e Gomory Cuts
e An Example

e Discussion
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Strong Formulations = \We were really lucky with the Gomory cut we chose but ...
Valid nequalies 0 ...in practice we’re often not that lucky and have to go
Chvétal-Gomory Procedure through many iterations.

Cutting-Plane Algoritms 0 ...fractional coefficients cause numerical instability.
T = There are often better cuts to add than Gomory cuts

¢ oo cue 0 Chvatal-Gomory cuts, specially tailored cuts, ...

e Discussion
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Strong Formulations = \We were really lucky with the Gomory cut we chose but ...
Valid nequalies 0 ...in practice we’re often not that lucky and have to go
Chvétal-Gomory Procedure through many iterations.

Cutting-Plane Algoritms 0 ...fractional coefficients cause numerical instability.
T = There are often better cuts to add than Gomory cuts

¢ oo cue 0 Chvatal-Gomory cuts, specially tailored cuts, ...

= Cuts are often used in Branch & Bound
0 Add cuts while you go and reduce B&B tree size.
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