Gomory’s cutting plane
algorithm for integer
programming
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Rounding does not give any useful result
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We first solve the LP-relaxation

5 x, =6-3x,—2x,
T x, =0+3x, —2x,
max X,
z X,
O
O X




Optimize using primal simplex method

X, =60-3x, —2x,

x, =0+3x, —2x,

z = X,




Optimize using primal simplex method

X, =60-3x, —2x,

x, =0+3x,|-2x,

X, =6—06x, +x,
3 1
X, :0+§x1 —§x4
3 1
Zz = §X1—§X4




Optimize using primal simplex method

x, =6-3x, —2x,

x, =0+3x,|-2x,

_ 1 1
z = Xy X, =l—-—x,+—x
1 6 3 6 4
v N
2 2 4 3 4 4
X, = 6—6x, tx, 1 i
x,=0+=x, ——x, 2 4 ° 4
2 2
3 1
Zz = 5X1—5X4




The optimal solution is fractional

X2
3 O O O O
x:1—1x+lx
1 63 64
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oo, [0 2 47 47
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Generating an
objective row cut

X =1—lx +lx
1 6 3 6 4
311
X2—5—2X3—ZX4
3 1 1
7z ==——==0, —=—7i,

11 3
Z +—X,+—X, =—
477 474 2

(1)



Generating an
objective row cut

X =1—lx +lx
1 6 3 6 4
311
X2—5—2X3—ZX4
3 1 1
7z ==——==0, —=—7i,

(weakening)



Generating an
objective row cut

X =1—lx +lx
1 6 3 6 4
311
X2—5—2X3—ZX4
3 1 1
7z ==——==0, —=—7i,

(weakening)

+ l < 3 (2)
X3 4 X4 = o (for integers)



Generating an

objective row cut . +lx +lx 3 .
477 4% 2
| | » z + 1 X, + 1 x4£§ (weakening)
X, =l——x,+—x, 4 4 2
6 6
3 1 1
2. 1 ] 1 3
X, = X X 2
P2 470 47 z +LZJX3+LZJX4SLEJ Efo)rintegers)
3 1 1
i :E_Zx3_zx4 _lx _lx _l .
477 477 2

Cutting plane is violated by current optimum solution



Generating an
objective row cut

X =1—lx +lx

1 6 3 6 4
3 1 1

31 1

A

X, =6-3x —2x,

x, =0+3x, —2x,

1 1 3
A +ZX3 +ZX4:§ (1)
» = +Lin3 +Lin4 g% (weakening)
1 1 3
(2)
Z LZJ% + LZJ)% = LEJ (for integers)
1 1 1
—ZX3—ZX4—_§ (2)-(1)
<> X, <] (substitute for slacks)






A new slack variable is added: 1 1 1




The new cut is added to the dictionary

1 1

4 2
1—1x3+lx4
3 1.1
2 477 47
2 47 47
3] I

———X;——X
2 477 47"




Re-optimize using dual simplex method

l—lx3+lx4
3 1. 1.
2 477 47
SR SV
2 4770 47
301 1

T Ay TNy

2 477 4




Re-optimize using dual simplex method

11
x= l—-——x;+—x, > |
o i_lx _lx X = §—§x5+§x4
P2 477 47" » x, =1 —x,
x5:—l+lx3+lx4 X, =2 +4x,—x,
2| 477 4 ;21 o
S B S N |
2 477 47"




A new fractional solution has been found

X2
3 © O O O
2 2 1
X, =——=Xs +—=-X,
2 O O o TR
Second T X, —1 x,
optimum max x,
\ First cut, x,= 1 X3 =2 +4x5—x4
e 5 R
0 O X1



Generating a
constraint row cut

=22y
1 3 3 5 3 4
x, =1 —x

X, =2 +4x,—x,

z =1 —x




Generating a 2 1 )

: X, +—=X;——x,=— (1)
constraint row cut 3 3 3
2 2 1 xrl_L%st—l{_%JMS% (weaken)
X =——=X;+—-X
e AL 2
x, =1 —x

X, =2 +4x,—x,

z =1 =X




Generating a
constraint row cut

=22y
1 3 3 5 3 4
x, =1 —x

X, =2 +4x,—x,

z =1 —x

(valid for integers)



Generating a
constraint row cut

=22y
1 3 3 5 3 4
x, =1 —x

X, =2 +4x,—x,

z =1 —x

(2)-(1)



Generating a
constraint row cut

=22y
1 3 3 5 3 4
x, =1 —x

X, =2 +4x,—x,

z =1 —x

X, =6-3x —2x,

x, =0+3x, —2x,

2 2 2 (2)- (1)




The second cutting plane

O
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Second cut, x, + x,= 0




Add a new slack variable: _gxs —2x4 < _2
3 3 3
X2
3 O O O O
2 g 2

Second cut, x; + x,= 0 X _g + 3x5 +_x4

3




The new cut is inserted into the optimum dictionary

X2
3 O ® O ® 22 2
370 370 3
Second cut, x, + x,= 0
2 O O
22 1
Tmaxxz = 3TN TR
L ngt cut, x,= IO X, = — X,
X= 2 +4x, —x,
L S
0 O x, ° 3 37 3%
0 | 2 3




Re-optimize using dual simplex method

2 2 1
X, = §—§X5+§X4
x,= 1 =—x
X, = 2 +4x; —x,
Xy =t [+ 2
6 N e
z = 1 —x

x, =1-x; +lx6
2
x, =1-x,
3

x, =14 35x, —§x6

2

x,=l-x; +—x,

z =1-x;




The new optimum solution is integral

X2
3 O ® O ®
=1 + 1
Second cut, x; + x,= 0 X = Xs 2x6
2 () O x2 :1_x5
=145 3
Tmaxxz Xy =1+ x5_§x6
First cut, x,= 1 2
1 O O O x,=l-x; +—=x,
Third optimum
z =1-x




