
Information Processing Letters 19 (1984) 125-129 

North-Holland 

19 October 1984 

NON-PARTITIONABLE POINT SETS 

David AVIS 

School of Computer Science, McGill Uniuersity, Montreal, Quebec H3A 2K6, Canada 

Communicated by K. Ikeda 

Received 12 June 1983 

Revised 14 March 1984 

Let S be a finite set of n points in d-dimensional space. S is e.(n)-partitionable if there exists a set of d mutually intersecting 

hyperplanes that divide d-space into 2d open regions, no 2d - 1 of which together contain more than o(n) points of S. Willard 

(1982) has shown that every set in 2-space is :n-partitionable. Yao (1983) has shown that every set in 3-space is 

gn-partitionable. It is shown here that there exist sets S of arbitrary cardinality in d-space, d 2 5, for which d2 +l open 

regions together contain at least n - d2 points of S, in any partition by d intersecting hyperplanes. Further, at least 2d - dZ - 1 

open regions contain no points of S. This implies that the powerful balanced quad and act-trees introduced by the above 

authors may not be generalized to balanced 2d-trees in dimension at least 5. 
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1. Introduction 

It is often useful to consider records in a data- 
base as points in space, the dimension of which 
corresponds to the number of data fields. Let S 
denote such a set of n points in d-dimensional 
space. A powerful data structure on this set of 
points can be obtained by dividing d-space into 2d 
regions by a set of d intersecting hyperplanes, in 
such a way that each region contains some fixed 
fraction of the points in S. If such a division by 
hyperplanes exists, we say that S is partitionable. 
This data structure has been used in two and three 
dimensions to find efficient algorithms for various 
range queries, involving linear restraints on the 

keys. For example, Willard [3] has given a sublin- 
ear time algorithm for reporting all points lying in 
a given planar polygon. Yao [4] has given a sublin- 
ear time algorithm for reporting all points in a 
three-dimensional polytope. In this paper we are 
concerned with the question of whether these 
methods can be extended to higher dimensions. 

We begin by making the notion of partitionabil- 
ity precise. Let a(n) be a function on the integers. 
A set of n points in d-space is cY(n)-partitionable if 

there exists a set of d mutually intersecting hyper- 
planes that divide d-space into 2d open regions, 

such that no 2d - 1 regions together contain more 
than a(n) points of S. Willard [3] has shown that 
every planar set S is an-partitionable. Yao [4] 
extended this result to three dimensions by show- 
ing that every set in 3-space is $n-partitionable. 
We say that a set S is partitionable if it is a(n)-par- 
titionable for some function u(n) such that n - a(n) 
is increasing in n, and non-partitionable otherwise. 
We will show that there exist non-partitionable 
sets in all dimensions greater than or equal to 5. 
Specifically, we will exhibit a set of points S of 
arbitrary cardinality n in d-space with the follow- 

ing properties: 
Any partition of d-space by d intersecting hy- 

perplanes has 
(i) at most d2 + 1 open regions containing at 

least n - d2 of the points of S, 
(ii) at least 2d - d2 - 1 open regions containing 

no points of S. 
Thus in 5-space there will be at least 6 regions 

containing no points of S. The situation in 4-space 
is not settled in general. For the point sets consid- 
ered in this paper, the existence of a Gray code of 
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length 16 with some special properties implies the 
existence of a partition such that each open region 
contains at least l&nJ points. 

2. Non-partitionable sets 

The point sets described in this section are the 
vertices of the so-called cyclic polytopes which play 
an important role in the theory of convex poly- 
hedra. An accessible introduction to these fascinat- 
ing polytopes is the paper by Gale [l]. Let d > 5 
and n > d be fixed. For any positive integer t let 
s, = (t, t*, . . . , td) and set 

S= {s,:l<t<n}. (1) 

Then, as shown in [l], S is the set of extreme 
points of a d-dimensional convex polytope, called 
a cyclic polytope. Let 

d 

f(q,x*, . . . . xd) = C aixi + ad+i. 
i=l 

We denote by f the hyperplane f(x,, . . , , xd) = 0 in 
d-space. The set S is partitioned by f according to 

the sign of the function 

d 

g(t)= C ait’+ ad+i. 
i=l 

Integers t for which g(t) is positive correspond to 
points s, in S that lie in one of the open half-spaces 
bounded by f, and integers t for which g(t) is 
negative correspond to points in the other open 
half-space. Integers for which g(t) = 0 correspond 
to points of S on f. Since g is a polynomial of 
degree d, it has some number k, which is at most 
d, of real roots. Therefore, f can contain at most d 
points of S. If k is zero, then all points of S lie on 
the same side of f. If k is positive, let t, < t, < . . . 
< t k denote the real roots of g. Then S is parti- 
tioned by f into sets H, M and L as follows: 

Case 1. k = 0. H = S, M = L = @ 
Case 2. k = 2m + 1 is odd. 

H = {s,: 1 < t < ti} 

ufi{ St 1 t,i < t < t2i+l 13 

i=l 

L= {s,:t,<t<n} 
m 

u U {St: t*i_l < t < t*i}r 
i=l 

M=S-(HuL). 

Case 3. k = 2m is even. 

H = {s,: 1 < t -C ti} u {s,: t, -c t d n} 

m-l 

uU{ s,: tzi <t < tzi+, , 1 

i=l 

L= ij {St:t,i_l<t<t2i}, 
i=l 

M=S-(HuL). 

The crucial observation is that the sets H and L 
together contain at most d + 1 consecutive strings 
of points from S. This fact is required in proving 
the following theorem. 

Theorem. Let F = {f,, . . . , f, } be a set of hyper- 
planes in d-space that intersect at a common point, 

and let S be defined as in (1). Then at least 2d - d* 
- 1 open regions generated by F contain no points 

of s. 

Proof. For each i, i = 1, 2, . . . , d, define g i, Hi, 
Mi, Li with respect to fi in the same way that g, H, 
M, L were defined with respect to f. Let 

hi(t)= 1, 

1 

0, s,EHi, 

s,ELi, t=l,2, . . . . n. 

2, s, E Mi, 

Then s, lies in an open region generated by F if 
and only if h,(t) = 0 or 1, i = 1, . . ., d. Further- 
more, two points s, and s, lie in the same open 
region if and only if hi(t)= h,(u)= 0 or 1, i = 1, 
. . . , d. We now construct a d X n matrix A = [aij] 
as follows: 

aij=hi(j), i=l, . . . . d, j=l,..., n. 

This construction of a typical row of A is il- 
lustrated in Fig. 1 for d = 3 and n = 10. From the 
preceding remarks, each column j of A consisting 
entirely of zeros and ones corresponds to a point sj 
of S lying in an open region of F. Such a column is 

126 



Volume 19, Number 3 INFORMATION PROCESSING LETTERS 19 October 1984 

called a binary column. The number of different 
binary columns of A is the number of open re- 
gions generated by F containing points of S. The 
remarks preceding the Theorem show that each 
row of A can contain at most d + 1 consecutive 
strings of zeroes and ones. Starting from column 1 
of A, find the first binary column. Let this be 
column i. Thus point si lies in an open region of F. 
Continue scanning the columns of A until a differ- 
ent binary column is found. In at least one row, 
one binary digit has been interchanged. We now 
find a binary column that is different from the 
first two. Again a binary interchange must have 
occurred in at least one row of A. We precede in 
this way until all columns of A have been scanned. 
Suppose we have found some number, r + 1, of 
different binary columns in A. This implies that r 
open regions of F contain points of S. By the 
above discussion, at least r binary interchanges 
have occurred. Each row of A can contribute at 
most d such interchanges, and there are d rows. 
Therefore, we can have at most d2 interchanges 
and hence d2 + 1 different binary columns of A. 
The Theorem now follows. In case d is even we 
can conclude that A has at most d2 different 
binary columns. This is because if each row con- 
tributes exactly d interchanges, the first binary 
column in A will be the same as the last one. q 

As previously remarked, each hyperplane in F 
can contain at most d points of S. Thus at most d2 
points of S are contained in hyperplanes in F, and 
hence we have the following corollary. 

Corollary. At most d2 + 1 open regions generated by 

F contain at least n - d2 points of S. 

Therefore, we have shown that S is not par- 
titionable if d > 5. 

3. Partitions in 4-space 

In this section we show that the sets S described 
in the last section are sn-partitionable in 4-space. 
By examining the proof of the Theorem for d = 4, 
we see that a set S in 4-space defined by (1) is 
partitionable only if there exists a 4 X 16 binary 
matrix A with the following properties: 

Pi : A is a binary matrix and every column of A 
is distinct. 

Pz : Each row of A consists of at most 5 strings 
of zeroes and ones. 

P3 : Two consecutive columns of A differ in ex- 
actly one row. 

Pi follows from the fact that every open region 
generated by a set of four intersecting hyperplanes 
must contain some point of S. Pz follows from the 
fact that each 4th degree polynomial has at most 
four roots. P3 follows from the fact that 15 binary 
interchanges are required, there are three rows of 
A that can contribute four interchanges and one 
row that can contribute three interchanges. Thus 

1 2 3 4 

RowlofA: 0 0 1 1 2 0 0 2 1 
Consecutive 

strings : -- - 

Fig. 1. Illustration of the proof of the Theorem. 
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0 1 1 0 0 0 1 1 

A= 
0 0 1 1 1 1 1 1 

0 0 0 0 1 1 1 1 

0 0 0 0 0 1 1 0 

1 2 3 4 5 6 7 8 

Fig. 2. Matrix satisfying PI, Pz, 5. 

1 1 1 1 0 0 0 0 

0 0 0 1 1 0 0 0 

1 1 0 0 0 0 1 1 

0 1 1 1 1 1 1 0 1 
9 10 11 12 13 14 15 16 

there must be exactly one interchange between 
each pair of columns. 

Properties Pi and P3 define a Gray code. Gilbert 
[2] has published a list of all Gray codes of length 
16. Of the nine such codes, one satisfies P2, and is 
shown in Fig. 2. From this matrix, we can con- 
struct a En-partition of the set S for any n. For 
example, suppose n = 16. Then we can define the 
functions g,, g,, g,, g, as follows: 

gi(t) = 16(t - +)(t - ;)(t - $)(t - 9))/6825, 

gz(t) = 16(t - $)(t - y)(t - y)(t - %)/52785, 

gs(t)= -8(t-;)(t-+)(t--)/5481, 

g4(t) = 16(t - ‘Z’)(t - u)(t - y)(t - T-)/97185. 

using f, and any three additional planes, S is 
non-partitionable. Therefore, in 4-space, the initial 
bisecting plane cannot be chosen arbitrarily. 

Our final result concerns simultaneous parti- 
tioning of two equal cardinality point sets. Firstly, 
we recall the following corollary of Helly’s theo- 
rem (see [4]). 

Centre Theorem. Let S be a set of n points in 

d-space. A point x exists in d-space, called a centre 

of S, such that on each side of any hyperplane H 
passing through x there are at least n/(d + 1) of the 

given points (including points lying on the hyper- 
plane H itself). 

From the above, f,, f,, f,, f, may be readily 
computed. Each function gi is normalized so that 
g,(O) = 1. Thus all hyperplanes intersect at the 
origin, and each open region contains exactly one 
point of S. Similar partitions can be generated for 
any value of n, and for more general cyclic poly- 
topes defined, for any n positive numbers 0 < t 1 < 
t,< ... <tn, byS={s,,li=l, . . . . n}. 

Let S, and S, be two planar point sets, each of 
cardinality n, with a common centre. Then it is 
shown in [4] that there exist two lines that simulta- 
neously form a En-partition for both S, and S,. 
We can show that this result does not extend to 
three dimensions. For arbitrary n, there exist n 

point sets S, and S, with a common centre that 
cannot be simultaneously partitioned by any set of 
three planes. 

4. Additional results Note added in proof 

We now state informally some related results. 
Detailed statements and proofs will be included in 
a later paper. In the plane, Willard showed that 
the first line in a an-partition can be chosen to be 
any bisector of the given point set. Similarly, in 
3-space, Yao showed that the first plane may be 
chosen to be any bisecting plane of the given point 
set. In 4-space, consider the set S defined in (1) of 
Section 2, and let 

F. Yao has informed the author (personal com- 
munication) that she has proved that every point 
set in 3-space is in-partitionable. 
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