Lectures on Semidefinite Programming for Combinatorial Optimization Problems at the School of Computer Science, McGill University

Miguel F. Anjos Operational Research Group, School of Mathematics University of Southampton, U.K. Email: anjos@ stanfordalum ni.org

Notes compiled by : Rudy Raymond Harry Putra

February 2004

1 Introduction to Semidefinite Programming (SDP)

The standard formulation of SDP is as follows, where (P ) is the primal problem and (D) is its dual.

(P ) max C · X (D) min b^T y s.t. A_i · X = b_i for i = 1 . . . m, s.t. Z = ∑_m i=1 y_iA_i − C, X ⪰ 0. Z ⪰ 0. where A · X = ∑ i,j A_{i,j} B_{i,j} = trace (B^T A), b and y (as well as other small alphabets) denote column vectors, while y_i’s denote y’s i-th component.

Notes

1. All matrices of interest, such as X and Z but not necessarily A_i or C^1 in the above formulation, are symmetric and real.

2. SDP is a linear problem except for the positive semidefinite (psd) contraint.

3. The set of psd matrices is a closed convex cone (ccc).

4. SDP is a convex optimization problem.

1However, we can construct Ai and C to be symmetric. Therefore, it is safe to assume that all matrices are symmetric.

5. As an example, let us write down the SDP relaxation for the MAX-CUT problem. max ∑ i,j ( 1 − X_{i,j} 2 ) w_{i,j} s.t. X_{i,i} = 1 ∀i, X ⪰ 0, rank(X) = 1.

Roughly speaking, the diagonal-ones and rank constraints require that all elements of X be in {−1, 1}, while the psd constraint eliminates non-cut integer solutions. Removing the rank constraint gives the SDP relaxation.

2 PSD Matrices

Definition 1 A matrix A ∈ S^n, where S^n denotes the set of n × n real symmetric matrices, is said to be psd if for all y ∈ R^n: y^T Ay = ∑ i,j A_{i,j} y_iy_j ≥ 0. When the condition holds with strict inequality, A is said to be positive definite (pd).

Example The matrix M = ( 1 1 1 1 ) is a rank-1 feasible solution for MAX-CUT.

Notes 1. A non-negative linear combination of psd matrices is psd:

y^T ∑ j λ_j X_j y = ∑ j λ_j ( y^T X_j y ) ≥ 0

for λ_j ≥ 0, X_j ⪰ 0.

2. Definition of cone: If X is an element of the cone, then λX is also in the cone for all λ ≥ 0.

Therefore, the psd matrices form a convex cone.

3. The closedness of the cone means that the boundary is included. In fact, the boundary is precisely the collection of the singular psd matrices.

4. We denote the cone of psd matrices by S^n_+. The relative interior of the cone are the pd matrices denoted by S^n_{++}.

5. The partial order over the psd cone is called the Löwner partial order: A ⪰ B ⇐⇒ A − B ⪰ 0.

To verify that it is a partial order, note that: • A ⪰ A, • A ⪰ B and B ⪰ A =⇒ A = B.

• A ⪰ B and B ⪰ C =⇒ A ⪰ C. It is not a total order because ∃ A, B s.t. A ⪰̸ B and B ⪰̸ A. See the exercise.

Theorem 1 A ∈ S^n ⇐⇒ A is orthogonally diagonalizable, i.e. ∃ orthogonal matrix U s.t. A = UDU^T with U^T U = UU^T = I and D a diagonal matrix of the eigenvalues of A. Corollary 1 All the eigenvalues of A are real.

From the above facts, we have the first characterization of psd matrices. Theorem 2 For A ∈ S^n, A ⪰ 0 ⇐⇒ all the eigenvalues of A are non-negative. Corollary 2 The trace and determinant of a psd matrix are non-negative.

Definition 2 Given A ∈ S^n and a subset I ⊆ {1 . . . n}, the principal submatrix of A corresponding to I is the submatrix with rows and columns indexed by I. Its determinant is called the principal minor.

Example For I = {1, 3} and

A = 1 2 3 2 4 5 3 5 6 ,

the principal submatrix is A(I) = ( 1 3 3 6 )

and the principal minor is det A(I) = −3.

Theorem 3 A ⪰ 0 ⇐⇒ all principal minors are non-negative.

Another characterization is the fact that psd matrices are Gram matrices.

Theorem 4 A ⪰ 0 ⇐⇒ ∃ set of vectors {w_1, . . . , w_n} s.t. A_{i,j} = w^T_i w_j , i.e., A = W^T W where W = (w_1, . . . , w_n).

Cholesky decomposition: A ⪰ 0 ⇐⇒ A = LL^T where L is a lower triangular matrix. If A is pd, then L is nonsingular with positive entries on the diagonal. Note that it is easier to solve Ax = b: first solving Ly = b and then L^T x = y.

Theorem 5 (Schur Complement) If M = ( A B B^T C ) , and A is pd, then M ⪰ 0 ⇐⇒ C − B^T A^{−1}B ⪰ 0.

Theorem 6 (Fejer’s Theorem) A ⪰ 0 ⇐⇒ A · B ≥ 0 for all B ⪰ 0.

Since S^n is a finite dimensional Euclidean space, with the scalar product A · B = trace (B^T A), with the cone S^n_+ is associated the dual cone: (S^n_+)^∗ = {Y ∈ S^n|X · Y ≥ 0 ∀X ∈ S^n_+} = S^n_+ by Fejer’s Theorem.

That is, S^n_+ is self-dual. The same holds for R^n_+ with the usual scalar product. Another example of self-duality is the second order cone defined as x_0 ≥ √ x^2_1 + . . . + x^2_n.

3 Duality in SDP

Recall the SDP formulation:

(P ) max C · X (1) s.t. A_i · X = b_i for i = 1 . . . m (2) X ⪰ 0. (3)

(D) min b^T y (4) s.t. Z = m∑ i=1 y_iA_i − C (5)

Z ⪰ 0. (6)

Theorem 7 (Weak Duality) If X̃ is feasible for (P ) and ỹ, Z̃ for (D), then C · X̃ ≤ b^T ỹ.

Proof. We have: C · X̃ − b̃^T ỹ = (_m ∑ i=1 ỹ_iA_i − Z̃ ) · X̃ − ∑ i ỹ_iA_i · X̃ = −Z̃ · X̃ ≤ 0.

However, because of the non-linear psd constraint, the strong duality analogy with Linear Programming (LP) fails in SDP. The following examples are from [22, pp. 71-72].

1. In LP, if both (P ) and (D) are feasible, then there is no duality gap. This may fail for SDP. For example, (P ) max −ax_{11}

s.t. x_{11} + 2x_{23} = 1,

x_{22} = 0, X ⪰ 0.

(D) min −y_2

s.t. Y = y_2 − a 0 0 0 y_1 y_2 0 y_2 0 ⪯ 0.

It is easy to see that (P ) has the optimal objective value −a, while (D) has 0. 2. Even if there is no duality gap at optimality, the optimal value may not be attained for (P ) and (D). Consider (P ) sup 2x_{12}

s.t. ( 1 x_{12} x_{12} 0 ) ⪰ 0.

(D) inf y_1

s.t. ( y_1 −1 −1 y_2 ) ⪰ 0. (P ) has the objective value 0 which is attained, but inf y_1 = 0 is not.

To avoid these difficulties, we require that the SDP pair satisfy a constraint qualification (CQ). We will use Slater’s CQ which imposes the existence of a feasible pd solution for the SDP. The main purpose of requiring a constraint qualification is to ensure the existence of Lagrange multipliers at optimality. These multipliers are an optimal solution to the dual problem and ensure that there is no duality gap.

4 Primal-Dual Interior Point Methods for SDP

For linear programming (LP), consider the primal-dual pair max c^T x (7) s.t. Ax = b, (8) x ≥ 0. (9)

min b^T y (10) s.t. z = A^T y − c, (11) z ≥ 0. (12) The central path equations are:

Ax = b (primal feasibility) (13) A^T y − z = c (dual feasibility) (14) x ∘ z = μe (perturbed complementary slackness) (15)

We also require (separately) that x and z are interior. The symbol ∘ denotes component-wise product, so that x ∘ z is a column vector whose i-th element is x_iz_i and e denotes the column vector whose elements are all 1. Applying Newton’s method we obtain the linearized version of this system: AΔx = 0 (16) A^T Δy − Δz = 0 (17) z ∘ Δx + x ∘ Δz = μe − (x ∘ z). (18) There are m + 2n equations in total: m equations in Eq. (16), n equations in Eq. (17), and n equations in Eq. (18); and the number of variables from Δx, Δy and Δz is also m + 2n.

Generic Primal-dual Interior Point Algorithm for LP (and SDP)

Step 0. Start with an initial point (x, y, z) and the corresponding μ “near” the central path, satisfying Eq. (13), (14), and (15).

Step 1. Reduce μ.

Step 2. Solve Eq. (16,17,18) for (Δx, Δy, Δz) and take a step α ∈ (0, 1] in that direction, i.e. x ← x + αΔx, y ← y + αΔy, z ← z + αΔz, such that x + αΔx > 0 and z + αΔz > 0 (ensuring that the next iteration is away from the boundary).

Step 3. If ∑ i x_iz_i is sufficiently small, STOP (because we are sufficiently close to the optimum).

Otherwise, if the current point is sufficiently close to the central path, go to Step 1. Else, go to Step 2 to obtain a point for the current value of μ which is closer to the central path.

For SDP, the central path equations are: (Notice the similarity with those for LP) A_i · X = b_i for i = 1, . . . , m (primal feasibility) (19) ∑ i y_iA_i − Z = C (dual feasibility) (20)

XZ = μI (perturbed complementary slackness) (21) Note that XZ = 0 at optimality.

The Newton system for SDP is as follows. (Again, it is similar to the LP case.) A_i · ΔX = 0 for i = 1, . . . , m (22) ∑ i Δy_iA_i − ΔZ = 0 (23) ΔX Z + X ΔZ = μI − XZ (24) However, unlike the LP case, there are m + (_{n+1} 2 ) + n^2 equations (the first term from Eq. (22), the second term from Eq. (23) by noting that the left hand side is symmetric, and the last term from Eq. (24)) while there are m + 2 (_{n+1} 2 ) variables which implies an overdetermined system.

The generic algorithm for SDP is similar to that for LP, replacing the corresponding variables. Note that ΔX may be non-symmetric and thus additional steps are needed to ensure the validity of the next iteration X + αΔX.

Here are three approaches that have been proposed.

1. (AHO direction) Symmetrize the equation XZ = μI to^{XZ+ZX}_2 = μI. The symmetric linearized version is: 1 2 (ΔX Z + Z ΔX + X ΔZ + ΔZ X) = μI − 1 2 (XZ + ZX) . (25)

This technique essentially reduces the number of equations to the number of variables. One important drawback is that it is slower than several other methods in practice.

2. (HRVW/KSH/M or simply HKM direction) Solve for unsymmetric ΔX, then symmetrize: ΔX ← ΔX + (ΔX)^T 2 . (26)

It is fast, and arguably the most popular method.

3. (GN direction) Find the least squares solution for the overdetermined system (22-24). This is motivated by the application of a technique called Gauss-Newton (GN) to find the minimum norm solution of the system of non-linear equations (19-21). It is a very robust method, though again more expensive computationally.

5 Application of SDP to MAX-CUT

Let G = (V, E) denote an edge weighted undirected graph without loops or multiple edges. For S ⊆ V , let δ(S) denote the set of edges with one end in S and the other in V \ S. The weight of this cut is w(δ(S)) = ∑ (i,j)∈δ(S) wij. The MAX-CUT problem is to maximize w(δ(S)) over all S ⊆ V .

Without loss of generality, we assume that G is a complete graph (set w_{ij} = 0 for all non-edges). Let W = (w_{ij} ) be the weighted adjacency matrix of G (note that w_{ij} = w_{ji}). The following is our first formulation for MAX-CUT. max ∑ i<j ( 1 − v_iv_j 2 ) w_{ij} s.t. v^2_i = 1, i = 1, . . . , n = |V |

where v_i = { +1 if node i ∈ S −1 otherwise

(27)

Since w_{ij} = w_{ji}, the formulation can be written in the full sum as follows. max ∑ i,j ( 1 − v_iv_j 4 ) w_{ij} s.t. v^2_i = 1, i = 1, . . . , n. (28)

The objective function can be expressed as: 1 4 ∑ ij (1 − v_iv_j)w_{ij} = 1 4 ∑ i ∑ j w_{ij} v^2_i − ∑ j w_{ij} v_iv_j

= 1 4 ∑ i ( ∑ j w_{ij} )v_iv_i − ∑ ij v_iv_j

= 1 4 (v^T Diag(W e)v − v^T W v) = 1 4 v^T Lv, (29) where L = Diag(W e) − W is the Laplacian of the graph G, and Diag(x) is the diagonal matrix with diagonal elements defined by x. Thus, we have our second formulation for MAX-CUT as a problem with quadratic objective function and quadratic constraints.

max v^T Qv s.t. v^2_i = 1 for all i (30)

where Q =^1_4 L.

We use this last formulation to get a matrix formulation. Define the cut matrices X = vv^T for v ∈ {−1, 1}^n. These matrices are real, symmetric, psd, rank-1, and satisfy diag(X) = e. In fact, MAX-CUT is equivalent to: max Q · X s.t. diag(X) = e X ⪰ 0 rank(X) = 1 (31)

Dropping the rank constraint (which is not convex), we have the following primal-dual pair of SDP relaxations for MAX-CUT.

(P ) max Q · X (D) min e^T y s.t. diag(X) = e s.t. Z = Diag(y) − Q X ⪰ 0. Z ⪰ 0. Notes 1. The feasible set of (P ) is called the elliptope: E_n = {X ∈ S^n | diag(X) = e, X ⪰ 0}. For n = 3, X = 1 X_{12} X_{13} X_{12} 1 X_{23} X_{13} X_{23} 1 and E_3 can be graphed in three-dimensional space (see [9, p.518]). E_n is a non-polyhedral relaxation of MAX-CUT.

The ”ideal” relaxation is the cut polytope, C_n = conv{X = vv^T , for v ∈ {−1, 1} }. 2. Both (P ) and (D) satisfy Slater’s constraint qualification.

3. The SDP (D) is actually the Lagrangian dual of Formulation 2 [18, 16].

4. We can consider the triangle inequalities for elements of E_n. Define the metric polytope: M_n = {X ∈ S^n | diag(X) = e, X_{ij} + X_{ik} + X_{jk} ≥ −1, X_{ij} − X_{ik} − X_{jk} ≥ −1 ∀i, j, k }. (Obtain these by substituting (1 − X_{ij} )/2 for X_{ij} in the 0/1-space triangle inequalities.)

6 The Goemans-Williamson Approximation Algorithm for MAX- CUT Håstad proved that, unless P=NP, MAX-CUT cannot be approximated better than 16/17 ≈ 0.94117. Until the algorithm of Goemans and Williamson (GW), the best approximation guarantee was 1/2, from the algorithm that assigns each node in G to either side of the cut with equal probability. The GW algorithm gives a 0.87856 approximation under the assumption that w_{ij} ≥ 0. Here is the outline of the GW algorithm.

Algorithm: Given G with w_{ij} ≥ 0.

Step 1. Solve (P ) and compute vectors v_1, v_2, . . . , v_n such that X^∗_{ij} = v^T_i v_j for the optimal solution X^∗.

Step 2. Generate a random unit vector r and set S = {i | v^T_i r ≥ 0}.

Then, δ(S) has expected weight satisfying the approximation ratio as stated in the following theorem.

Theorem 8

(expected weight of randomized cut) ≥ α_0 (optimal value of SDP),

where α_0 := min_{0≤θ≤π}^2_π^θ_{1−cos θ} > 0.87856.

Since the weight of the maximum cut is at least the expected weight of the randomized cut, we get the approximation guarantee.

Sketch of proof:

1. Prob[edge(ij) is cut] =^{arccos(vTi vj )}_π ∈ [0, 1].

2. The expected weight of the cut is E = ∑ i<j w_{ij} arccos(v^T_i v_j ) π = ∑ i<j w_{ij} ( 1 − v^T_i v_j 2 ) ( 2 π arccos(v^T_i v_j ) 1 − v^T_i v_j )

≥ α_0 (opt. value SDP).

6.1 Higher Liftings

When we go from v_i’s to cut matrices, we are lifting the problem from R^n to S^n. One way to see this is to view the X matrices as being indexed by v_i’s, i.e. X = (X_{ij} ) such that X_{ij} = v_iv_j . If we call this a first lifting, what is a second lifting?

Idea: Construct a matrix in S(^{n2}) indexed by the edges. For n = 3, the matrix X is as follows.

X = 1 X_{12} X_{13} X_{23} X_{12} 1 X_{23} X_{13} X_{13} X_{23} 1 X_{12} X_{23} X_{13} X_{12} 1 . (32)

Theorem 9 All the triangle inequalities hold for the second lifting.

Proof. The theorem holds for any dimension. For brevity, only n = 3 is presented. From the psd condition for the matrix X in Eq. (32),

e^T Xe = 4 + 4X_{12} + 4X_{13} + 4X_{23} ≥ 0

This yields the triangle inequality X_{12} + X_{13} + X_{23} ≥ −1. Similarly, other triangle inequalities can be obtained.

If F_n is the projection of the second lifting back to S_n, then C_n ⊆ F_n ⊆ E_n ∩ M_n with strict containments for n ≥ 5. Further results are given in [1, 5, 3, 14, 2].

7 Conclusion

Semidefinite programming is currently one of the most active research areas in optimization. I hope that these lectures wet your appetite to learn more about it, and I will conclude with some references for further reading.

The Handbook [22] contains a wealth of information on SDP and applications. It also contains an extensive bibliography up to the time of publication.

Excellent additional sources on the theoretical aspects underlying SDP are [9, 8, 19, 11] The approximation algorithm of Goemans and Williamson is published in [10]. Two recent surveys covering many applications of SDP to combinatorial optimization problems are [4] and [15].

Research papers relevant to parts of these lectures are [18, 16, 21, 12, 5, 3, 13, 14]. Other lifting schemes, which I did not have time to mention, have been proposed in the literature. Important references include [6, 20, 17, 7].

Finally, if you have any questions or want more information about SDP, please contact me at

anjos@stanfordalumni.org.

References

[1] M.F. Anjos. New Convex Relaxations for the Maximum Cut and VLSI Layout Problems. PhD thesis, University of Waterloo, 2001. Available online at

http://etd.uwaterloo.ca/etd/manjos2001.pdf.

[2] M.F. Anjos. An improved semidefinite programming relaxation for the satisfiability problem.

Math. Program., (Ser. A), to appear.

[3] M.F. Anjos and H. Wolkowicz. Geometry of semidefinite max-cut relaxations via matrix ranks.

J. Comb. Optim., 6(3):237–270, 2002.

[4] M.F. Anjos and H. Wolkowicz. Semidefinite programming for discrete optimization and matrix completion problems. Discr. App. Math., 123/124:507–571, 2002.

[5] M.F. Anjos and H. Wolkowicz. Strengthened semidefinite relaxations via a second lifting for the max-cut problem. Discrete Appl. Math., 119(1–2):79–106, 2002.

[6] E. Balas, S. Ceria, and G. Cornuéjols. A lift-and-project cutting plane algorithm for mixed 0-1 programs. Math. Program., 58(3, Ser. A):295–324, 1993.

[7] D. Bienstock and M. Zuckerberg. Subset algebra lift operators for 0-1 integer programming.

Technical Report CORC 2002-01, Columbia University, July 2002.

[8] J.M. Borwein and A.S. Lewis. Convex analysis and nonlinear optimization. CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC, 3. Springer-Verlag, New York, 2000.

[9] M.M. Deza and M. Laurent. Geometry of cuts and metrics, volume 15 of Algorithms and Combinatorics. Springer-Verlag, Berlin, 1997.

[10] M.X. Goemans and D.P. Williamson. Improved approximation algorithms for maximum cut and satisfiability problems using semidefinite programming. J. Assoc. Comput. Mach., 42(6):1115– 1145, 1995.

[11] R.A. Horn and C.R. Johnson. Matrix analysis. Cambridge University Press, Cambridge, 1990.

[12] S. Kruk, M. Muramatsu, F. Rendl, R.J. Vanderbei, and H. Wolkowicz. The Gauss-Newton direction in semidefinite programming. Optim. Methods Softw., 15(1):1–28, 2001.

[13] J.B. Lasserre. An explicit equivalent positive semidefinite program for nonlinear 0-1 programs.

SIAM J. Optim., 12(3):756–769 (electronic), 2002.

[14] M. Laurent. Semidefinite relaxations for max-cut. In M. Grötschel, editor, The Sharpest Cut, Festschrift in Honor of M. Padberg’s 60th Birthday. SIAM, to appear.

[15] M. Laurent and F. Rendl. Semidefinite programming and integer programming. In G. Nemhauser K. Aardal and R. Weismantel, editors, Handbook on discrete optimization. Elsevier, to appear.

[16] C. Lemaréchal and F. Oustry. Semi-definite relaxations and Lagrangian duality with application to combinatorial optimization. Rapport de Recherche 3710, Inria, 1999.

[17] L. Lovász and A. Schrijver. Cones of matrices and set-functions and 0-1 optimization. SIAM J.

Optim., 1(2):166–190, 1991.

[18] S. Poljak, F. Rendl, and H. Wolkowicz. A recipe for semidefinite relaxation for (0, 1)-quadratic programming. J. Global Optim., 7(1):51–73, 1995.

[19] R.T. Rockafellar. Convex analysis. Princeton Mathematical Series, No. 28. Princeton University Press, Princeton, N.J., 1970.

[20] H.D. Sherali and W.P. Adams. A hierarchy of relaxations between the continuous and convex hull representations for zero-one programming problems. SIAM J. Discrete Math., 3(3):411–430, 1990.

[21] M.J. Todd. A study of search directions in primal-dual interior-point methods for semidefinite programming. Optim. Methods Softw., 11/12(1-4):1–46, 1999.

[22] H. Wolkowicz, R. Saigal, and L. Vandenberghe, editors. Handbook of semidefinite programming.

Kluwer Academic Publishers, Boston, MA, 2000.